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ABSTRACT

Link reversal algorithms provide a simple mechanism for
routing in mobile ad hoc networks. These algorithms main-
tain routes to any particular destination in the network, even
when the network top ology changesfrequently. In link rever-
sal, a node reversesits incident links whenewer it losesroutes
to the destination. Link reversal algorithms have beenstud-
ied experimentally and have beenused in practical routing
algorithms, including TORA [8].

This paper preserts the rst formal performance analy-
sis of link reversal algorithms. We study these algorithms
in terms of work (number of node reversals) and the time
needed until the network stabilizes to a state in which all
the routes are reestablished. We focus on the full reversal
algorithm and the partial reversal algorithm, both due to
Gafni and Berstekas [5]; the rst algorithm is simpler, while
the latter has been found to be more e cien t for typical
cases.Our results are as follows:

(1) The full reversal algorithm requires O(n?) work and
time, where n is the number of nodes which have lost the
routes to the destination.

(2) The partial reversal algorithm requires O(n a + n?)
work and time, where a is a non-negative integer which
depends on the state of the network. This bound is tight in
the worst case,for any a .

(3) There are networks such that for every deterministic
link reversal algorithm, there are initial states which require
requires ( n?) work and time to stabilize. Therefore, sur-
prisingly, the full reversal algorithm is asymptotically opti-
mal in the worst case, while the partial reversal algorithm
is not, sincea can grow arbitrarily large.

Categoriesand Subject Descriptors
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1. INTRODUCTION

A mobile ad hoc network is a temporary interconnection
network of mobile wirelessnodeswithout a xed infrastruc-
ture. The attractiv e feature of such a network is the ease
with which one can construct it: there is no physical set
up neededat all. If mobile nodes come within the wireless
range of each other, then they will be able to communicate.
More signi cantly, even if two mobile nodes aren't within
the wireless range of each other, they might still be able to
communicate through a multi-hop path. The lack of a xed
infrastructure makes routing between nodes a hard prob-
lem. Since nodes are moving, the underlying communica-
tion graph is changing, and the nodeshave to adapt quickly
to such changesand reestablish their routes.

Link reversal routing algorithms [9, Chapter 8] are adap-
tiv e, self-stabilizing, distributed algorithms used for routing
in mobile ad hoc networks. The rst link reversalalgorithms
are due to Gafni and Bertsekas[5]. Link reversalis the basis
of the TORA [8] routing algorithm, and has also beenused
in the design of leader election algorithms for mobile ad hoc
networks [6]. Link reversal routing is best suited for net-
works where the rate of topological changesis high enough
to rule out algorithms based on shortest paths, but not so
high asto make o oding the only alternativ e.

In the graph represerting the network, eact node has a
link with ead other node in its transmission radius. For
any given destination node, the link reversal algorithms are
applied on top of this underlying graph, which they convert
to a destination oriented graph (see Figure 1). The links
(edges) of the network are assigneddirections, such that the
resulting directed graph is acyclic and every directed path in
the graph leadsto the destination. Routing on a destination
oriented network is easy: when a node receives a packet, it
forwards the packet on any outgoing link, and the packet
will eventually reach the destination.

The task of the link reversal algorithm is to create and
maintain the routes to the destination. When two nodes

If there are multiple destinations in the network, then there
is a separate directed graph for ead destination; here, we
will assumefor simplicity that there is only one destination.



move out of range from one another, the link betweenthem
gets destroyed, and somenodes might losetheir routes. The
routing algorithm reacts by performing link reversals (i.e.
re-orienting someof the edges)sothat the resulting directed
graph is again destination oriented. In particular, when a
node nds that it has becomea sink (has lost all of its out-
going links), then the node reacts by reversing the directions
of someor all of its incoming links. The link reversals due
to one node may causeadjacent nodesto perform reversals,
and in this way, the reversalspropagate in the network until
the routes to the destination are reestablished.

Gafni and Bertsekas [5] describe a general family of link
reversal algorithms, and presert two particular algorithms:
the full reversal algorithm and the partial reversal algorithm
(referred to asthe GB algorithms in the rest of this paper).
In the full reversal algorithm, when a node becomesa sink
it reversesthe directions of all of its incident links. In the
partial reversal algorithm, the sink reversesthe directions
only of those incident links that have not beenreversed by
adjacent nodes. The full reversalalgorithm is simpler to im-
plement, but the partial reversal algorithm may need fewer
link reversalsin the typical case. Gafni and Bertsekas show
that when link failures occur, these algorithms eventually
converge to a destination oriented graph. However, it was
not known how many reversalsthe nodesperformed, or how
much time it would take till convergence.

1.1 Our Results

We presert the rst formal performance analysis of link
reversal routing algorithms. We give tight upper and lower
bounds on the performance of the full and partial reversal al-
gorithms. We also show a lower bound on the performance
of any deterministic link reversal algorithm. Surprisingly,
from the perspective of worst-case performance, the full re-
versal algorithm is asymptotically optimal while the partial
reversal algorithm is not.

Our setting for analysis is as follows. Supposetop ological
changesoccur in the network, driving the systemto a state
where some nodes have lost their paths to the destination.
This is called the initial state of the network. If there are
no further topological changes,the network is said to have
stabilized when it again becomesdestination oriented (i.e.
reachesa nal state). We analyze two metrics:

Work: The number of node reversalstill stabilization. This
is a measureof the power and computational resources
consumed by the algorithm in reacting to topological
changes.

Time: The number of parallel stepstill stabilization, which
is an indication of the speed in reacting to topologi-
cal changes. We model reversals so that ead reversal
requires onetime step, and reversalsmay occur simul-
taneously whenever possible.

Reversalsare implemented using heights A reversal algo-
rithm assignsa height to every node in the network. The link
betweenadjacernt nodesis directed from the node of greater
height to the node of lesserheight. Formally, a node v is a
sink if all of v's adjacert links are pointing in, and v is not
the destination. A sink performs a reversal by increasing its
height by a suitable amount. This will reversethe direction
of someor all of its incident links. Unless otherwise stated,
we consider deterministic link reversal algorithms, in which

a sink node increasesits height according to somedetermin-
istic function of the heights of the adjacent nodes. The GB
link reversal algorithms are deterministic.

We say that a node is bad if there is no route from the
node to the destination. Any other node, including the des-
tination, is good. Note that a bad node is not necessarilya
sink.

Our main results are as follows:

Full Reversal Algorithm. For the full reversal algorithm,
we show that when started from an initial state with n bad
nodes, the work and time neededto stabilize is O(n?). This
bound is tight. We show that there are networks with initial
states which require ( n?) time for stabilization.

Our result for full reversal is actually stronger. For any
network, we presert a decomposition of the bad nodesin the
initial state into layers which allows usto predict exactly the
work performed by ead node in any distributed execution.
A node in layer j will reverseexactly j times before stabi-
lization. Our lower and upper bounds follow easily from the
exact analysis.

Partial Reversal Algorithm. For the partial reversal al-
gorithm, we show that when started from an initial state
with n bad nodes, the work and time neededto stabilize is
O(n a + n?), where a corresponds to the dierence be-
tween the maximum and minimum height of the nodes in
the initial state. This bound is tight. We show that there
are networks with initial states which require ( n a + n?)
time for stabilization.

The a value can grow unbounded as topological changes
occur in the network. Consequerly, in the worst-case, the
full reversal algorithm outp erforms the partial reversal algo-
rithm. This suggeststhat it might be worth rethinking the
popular partial reversal algorithm to seeif it can have good
average caseand worst caseperformance.

DeterministicAlgorithms. We show a lower bound on the
worst casework and time till stabilization for any deter-
ministic reversal algorithm. We show that for any deter-
ministic reversal algorithm, there exist networks and initial
stateswith n bad nodessuch that the algorithm needs ( n?)
work and time till stabilization. As a consequencefrom the
worst-case perspective, the full reversal algorithm is work
and time optimal, while the partial reversal algorithm is
not.

Equivalenceof Executions.we show that for any deter-
ministic reversal algorithm, all distributed executions of the
algorithm starting from the same initial state are equiva-
lent: (1) ead node performs the same number of reversals
till stabilization in all executions, and (2) the resulting nal

state of the network upon stabilization is the same. As a
result, the work of the algorithm as a whole is independert
of the execution schedule.

1.2 RelatedWork

Link reversal algorithms were introduced by Gafni and
Bertsekas in [5]. In that paper the authors provide a proof
that shows that a general class of link reversal algorithms,
including the partial and full reversal algorithms, eventually
stabilize when started from any initial state.

The TORA [8] algorithm (Temporally Ordered Routing



Algorithm) builds on a variation of the GB partial reversal
algorithm, and adds a mechanism for detecting and dealing
with partitions in the network. The practical performance of
TORA hasbeenstudied in [7]. Another link reversal routing
algorithm is the LMR [3, 4] algorithm (Lightweight Mobile
Routing Algorithm). An overview of link reversal routing
algorithms can be found in [9, Chapter 8]. A performance
comparison of various ad hoc routing algorithms, including
TORA, is preserted in [1]. Further surveys can be found
in [10, 11].

A mobility aware leader election algorithm is built in [6]
on top of TORA, and the authors presert partial correctness
proofs (TORA does not have any) showing the stability of
the algorithm. None of the above works have any formal
analysis of the performance of link reversal algorithms.

The rest of the paper is organized as follows. Section 2
contains a description of the GB partial and full reversal
algorithms. In Section 3 we show that the equivalence of
executions of a given deterministic algorithm. Sections 4
and 5 contain the analyses of the full and partial reversal
algorithms respectively. In Section 6, we show the general
lower bound for deterministic link reversal algorithms. Fi-
nally, in Section 7, we conclude with a discussionand open
problems.

2. LINK REVERSAL ALGORITHMS

We assumethat eac node has an unique integer id, and
denote the node with id i by vi. The nodes have heights
which are guaranteed to be unique (ties broken by node ids),
and are chosenfrom a totally ordered set. The destination
has the smallest height. Since any directed path in such a
graph always proceedsin the direction of decreasingheight,
the directed graph will be acyclic (DAG). If the graph is des-
tination oriented, all directed paths end at the destination.
There could possibly be multiple paths from any node to
the destination. Note that the graph remains a DAG even
when topological changesoccur. If the underlying graph is
connected, the link reversal algorithms bring the directed
graph from its initial state to a state where it is destina-
tion oriented. In our analysis, we only consider connected
graphs. We now describe the GB algorithms, adapting the
discussionfrom [5], and then de ne the classof deterministic
algorithms.

Full Reversal Algorithm. In the full reversal algorithm,
when a node becomesa sink it simply reversesthe directions
of all its incoming links (seeFigure 1). The algorithm canbe
implemented with heights as follows. The height h; of node
v is the pair (a;i) (the second eld is usedto break ties).
The height of the destination (say vq) is (0;d). Heights are
ordered lexicographically. If v; is a sink, then its height upon
reversal is updated to be larger than the heights of all its
neighbors. Let N (vi) denote the set of adjacert nodesto v;.
Formally, the height of v; after its reversalis (maxfa;j jv; 2
N (vi)g+ L)

Partial Reversal Algorithm. In the partial reversal algo-
rithm, every nodev; other than the destination keepsa \list"

of its neighboring nodesv; that have reversedlinks into v;.
If vi becomesa sink then it reversesthe directions of the
links to every neighbor v; which was not presert in this list,
and empties the list. If no such v; exists (i.e. the list con-

tains all its neighbors), then vi empties the list and reverses
all its links (seeFigure 1). This can be implemented using
heights in the following way.

The height h; of each node v; is the triple (ai;hb;i). Es-
sertially , the eld a; represens the height of vi, and b im-
plements the list of nodeswhich have reversedsince the last
reversal of vi. The height of the destination vq is (0;0; d).
Heights are ordered lexicographically. If node v; is a sink
then, when it reverses,its height is updated to be bigger
than the height of every neighbor which is not in the list.
Formally, let hi = (ai;b;i) denote the height of v; after its
reversal. We have,a; = minfa; jv; 2 N(vi)g+ 1: Moreover,
b = minfy jvi 2 N(vi) and ai = ajg 1, if there exists a
neighbor v; with a; = a;, otherwise, b = b. Note that if an
adjacent node of v; is in the \list" of v; before v; reverses,
then it must bethat a; = @;. In that case,b will be smaller
than the by of any node in the list, and the links from these
nodestowards v; are not reversed.

DeterministicAlgorithms. A deterministic reversal algo-
rithm is de ned by a \height increase" function g. We as-
sumethat the heights are chosenfrom sometotally ordered
universe,and that the heights of di eren t nodes are unique.
If node v is a sink whose current height is hy, and adja-
cert nodesvi;V; :::vq haveheights hq;hy 1 ::hg respectively,
then v's height after reversalis g(h1;h2:::hy). The GB full
and partial reversal algorithms are deterministic.

3. EQUIVALENCE OF EXECUTIONS

In this section, we prove some properties about general
reversal algorithms. The main result of this section is that
for any deterministic reversal algorithm, all executions that
start from the sameinitial state are essetially equivalent.
We rst prove a basic lemma that holds for any reversal
algorithm, whether deterministic or not. This result is also
proved in [5], however we believe our proof is simpler.

Lemma 3.1. For any reversalalgorithm starting from any
initial state, a good node never reversestil | stabilization.

Pr oof. If visagood node, then by de nition there exists
apath v = vi;Vvk 1;:::V1;Vo = Swheres is the destination,
and there is a edgedirected from vi to v; 1 fori = 1:::k.
For every i = 0:::k, we prove that node v; never reverses,
using induction oni.

The base case (i = 0) is obvious since the destination
S = Vo hever reverses. Suppose the hypothesis is true for
i = | < k. Then v, never reverses,so that the edgebetween
vi+1 and v, is always directed from vi;; to vi. Thus, there is
always an outgoing edge from v;.1 , which implies that v+
never reverses. []

When started from an initial state, the algorithm reverses
nodesuntil no more reversalsare possible,and the network is
destination oriented. The execution of a reversalalgorithm is
a sequenceof reversals. A full execution starts in an initial
state and ends in a destination oriented graph. At ead
step of the execution, the algorithm non-deterministically
choosesany of the current sinks and reversesit, according to
some strategy. Clearly, there are many possible executions
starting from the sameinitial state, since there is a choice
of many possible reversals at each execution step. For a
deterministic reversal algorithm, a reversalr can be viewed
as atuple r = (v;h;H) where v is the sink executing the
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Figure 1: Sample executions of the GB full and partial

reversal, h is v's height before reversal, and H is the set of
the heights of all of v's neighbors before the reversal.
Any execution imposesa partial order on the reversals.

where ri = (vi;hi;Hi), is dened as a directed graph in
which the nodes are the reversalsri, i In this
graph, there is a directed edgefrom ri = (vi; hi;H;) to rj
(vij;hy; Hp) if (1)v; is a neighbor of vi, and (2)r; is the rst

reversal of v; after r; in execution R. We will refer to this
graph asthe dependency graph of the execution. Intuitiv ely,
if there is a directed path between reversalsr; and r;j in
the dependency graph, then the order of reversalsr; and
ri cannot be interchanged in the execution. Moreover, if
there is no directed path from r; to r; and vice versa, then
these two reversals are independert and can be performed
in parallel (in the sametime step). We de ne the depth of
a reversal in the dependency graph as follows. A reversal
which does not have any incoming edgeshas depth 0. The
depth of any other reversalr is one more than the maximum
depth of a reversal which points to r. The depth of the
dependency graph is the maximum depth of any reversal in
the graph.

We say that two executions are equivalent if they impose
the same dependency graph. We will show that all execu-
tions of a link reversal algorithm are equivalent. We rst
show a lemma which will be of usein further proofs.

Lemma 3.2. If a nodeis a sink, it remains a sink even if
other nodesin the network reverse.

Pr oof. If a node v is a sink, then clearly none of its
neighbors can be sinks at the sametime. The only node
which can change the direction of the incoming links to v
is v itself. Reversalsby other nodesin the network do not
aect this. O

The following is the main theorem of this section.

Theorem 3.3. Any two executions of a deterministic re-
versal algorithm starting from the sameinitial state are equiv-
alent.

Pr oof. Consider two executions starting from the same

Let pr and ps be the dependency graphs induced by R
and S respectively. In order to show that P and R are

rev ersal algorithms

equivalent, we need to show that pr and ps are identical.
We will show by induction that for for every k = 0;1:::, the
induced subgraph of pr, consisting of vertices at depths Kk,
is identical to the similar induced subgraph of ps consisting
of vertices at depths k.

Base casek = 0: Consider any reversal in pr at depth 0,
say r = (v;h;H). Sincer doesnot have any incoming edges
in pr, v must be a sink in the initial state of the network.
From Lemma 3.2, v must also reversein S. Since h and
H are the heights of v and its neighbors respectively in the
initial state, the rst reversalof v in S is also(v;h;H), and
is at depth 0. Similarly, we can show that every reversal at
level 0 in ps is a reversal at level 0 in pr. This completes
the proof of the basecase.

Inductive case: Suppose the hypothesis was true for all
k < I. We show that it is true for k = |. Consider any
reversalr = (v;h;H) at depth | in pr. We show that this
reversal is also presert in ps with the same set of incoming
edges. Let V be the set of vertices that are pointing into r
in pr. Once all reversalsin V are executed, node v is a sink
in execution R. From the inductiv e step, all reversalsin V
are also presert in ps and hencein S.

Casel: r isthe rst reversalof vin R. Then, the reversal
of every node in V will also causev to be asink in S. So,v
will reversein S. Its height beforereversalin S is h, sincethe
height has not changed from the initial state. Consider the
heights of the neighbors of v in S during Vv's reversal. These
are the sameas H. The reasonis as follows. The neighbors
of v who haven't reversedso far in S have the same height
asin the initial state. The other neighbors are presert in V
and hence their heights are the sameasin H. Thus, there
isanode (v;h;H) at level | in ps whoseincoming edgesare
the sameasin pr.

Case2: r is not the rst reversalof vin R. This casecan
be treated similar to Casel.

Thus, we have shown that every node in level | of pr is
presert in level | of ps, with the sameincoming edges. The
sameargument goesthe other way too: every node in ps is
presert in pr. This provesthe inductiv e casefor k = I, and
concludesthe proof. [

It is easyto seethat the dependency graph uniquely de-
termines the nal state and the work neededby ead pro-
cessor. Therefore, we derive the following corollaries from
Theorem 3.3.



Cor ollar y 3.4. For all executions of a deterministic re-
versal algorithm starting from the sameinitial state: (1) the
nal state is the same, and (2) the number of reversals of
each node is the same.

Cor ollar y 3.5. The time of execution of a determinis-
tic reversal algorithm is lower-bounded by the depth of the
dependency graph correspnding to the initial state, and is
the minimum possiblewhen all the sink nodesreversesimul-
taneously.

Pr oof. Supposethe depth of the partial order graph was
d. There exists a directed path of length d in the dependency
graph. No two reversals on this path can execute in paral-
lel, and the time taken for the all reversalsin this path to
complete is at leastd+ 1. Henced + 1 is a lower bound on
the time for the execution.

Now, if all sink nodes reversedimmediately, we have the
invariant that after k time steps, all the reversalsat depth
k 1 have completed. Thus, the execution would be com-
plete in time d+ 1, which is the minimum possible. [

4. FULL REVERSAL ALGORITHM

In this section, we presert the analysis of the full reversal
algorithm. Our analysis is exact We presert a decomposi-
tion of the bad nodesin the initial state into layers which
allows usto predict exactly the work performed by eac node
in any distributed execution till stabilization. From these,
the worst casebounds follow easily.

4.1 StateSequencdor Full Reversal

We show that starting from any initial state, there exists
an execution which consists of consecutive segmerts, such
that eac bad node reversesexactly oncein ead segmer.

Lemma 4.1. Consider a state | in which a node v is bad.
Then, node v will reverseat least one time before it becomes
a good node.

Pr oof. If v is a sink, then clearly node v hasto reverse
at least one time. Now consider the case where v is not
a sink in state |. Suppose, for contradiction, that node v
becomesgood without performing any reversals after state
. Let E be an execution which brings the graph from state
| to astate 19 in which nodev is good. A non-reversal node
is any node w such that in state | node w is bad, while in
state 19 node w is good, and w didn't reversebetweenl and
19, In state 19, node v is good; thus, in | 9 there must exist

a directed path v;vi;:::; vk 1;Vk, K 1, in which all nodes
are good, while in state |, vi;:::;vk 1 are bad, and vk is
good.

We will show that nodes vi;:::;vk 1 are non-reversed.

Consider node vi. Assume for contradiction that node vi
has reversedbetweenstates | and 19. Sincein | ¢ there is a
link directed from node v to node vi, and vi has reversed,
it must ne that node v has reversed at least one time; a
contradiction. Thus, node vi is non-reversed. Using in-
duction, we can easily show in a similar fashion that nodes

good node. A contradiction. [

Lemma 4.2. Consider some state | which contains bad
nodes. There exists an execution E which brings the system

from state | to a state | % such that every bad node of state
I reversesexactly one time in E.

Pr oof. Assume for contradiction that there is no such
execution E in which eath bad node reversesexactly one
time. There must exist an execution Ef which brings the
system from state | to a state | such that the following
conditions hold: (i) there is at least one bad node in | which
hasn't reversedin E' ; let A denote the set of such bad nodes
of I'; (ii) any other bad node v of | , with v 62A, hasreversed
exactly onetime; let B denote the set of such bad nodes of
I'; (iii) the number of nodesin set B is maximal.

From condition (iii), it must be that all the nodes that
are sink in state |7 belong to set B, that is, only nodes of
set B are ready to reversein |, since B is maximal. From
Lemma 4.1, we have that eac node of set A is bad in state
IT. We will show that at least one node in A is a sink in
state | *, which violates condition (ii).

Assumefor contradiction that no node of A isasinkin I .
Then, each nodein A hasan outgoing edgein | . Theseout-
going edgesfrom A cannot be towards nodesin B, sincethe
nodesin B have reversedtheir edges,while the nodesin A
haven't. Moreover, these outgoing edgescannot be towards
good nodes of state I, since this would imply that nodes
in A are good. Thus, these outgoing edgesmust be toward
nodesin set A. Since each node in set A has an outgoing
edgein setA, it must be, from the pigeonhole principle, that
there is a walk in which a nodein A is repeated. Thus, there
is a cycle in the graph, violating the fact that the graph is
acyclic. A contradiction. Thus, it must be that a node in A
is a sink. A contradiction. [

Consider someinitial state |1 of the graph which contains
bad nodes. Lemma 4.2 implies that there is an execution
E = E1;E2;Es;:::, and states 11;12;13;:::, such that exe-
cution segmen E;, i 1, brings the network from a state
I to astate li+1, and in E; eacd bad node of |; reversesex-
actly onetime. The node-state of a node v is the directions
of its incident links. We show that eact execution segmen
leavesthe node-state of bad nodesunchanged (when the bad
nodes are not adjacent to good nodes).

Lemma 4.3. At astate l;, i 1, any bad node not adja-
cent to a good node will remain in the same (bad) node-state
in |i+1 .

Pr oof. Let A(v) denote the set of nodesadjacent to v in
state |;. Since all nodesin A(v) are bad in state |, eat of
them reversesin execution Ei. Moreover, v also reversesin
Ei. Thesereversalsleave the directions of the links between
v and A(v) in state I+; the sameasin state |;. [

4.2 Layersfor Full Reversal

Consider the nodes of the network in somestate | which
contains bad nodes. We can partition the bad nodes into

v is in layer L} if the following conditions hold: (i) there is
an incoming link to node v from a good node, or (ii) there is
an outgoing link from nodev to anodein layerL}. A nodev
isin layer Ll, k> 1,if k isthe smallestinteger for which one
of the following hold: (i) there is an incoming link to node
v from a node in layer L} ,, or (ii) there is an outgoing
link from node v to a node in layer L. From the above
de nition, it easyto seethat any node of layer L}, where
k > 1, can be connected only with nodesin layersL} ;, Lk



and L}., . The nodesof layer L} are the only onesthat can
be connected with good nodes. The links connecting two
consecutive layers L} ; and L} can only be directed from
L, , to L}. Note that the number of layersm ism n,
where n is the number of bad nodesin the network.

Consider now the states|1;12;::: and execution segmerts
E1;E»;:::, asdescribed above. For each of these states we
can divide the bad nodes into layers as described above.
In the next results, we will show that the layers of state
11 becomegood one by one, at the end of each execution
segmen E;, i 1. First we show that the rst layer of state
i becomesgood at the end of execution E;.

Lemma 4.4. At the end of execution E;j, i 1, all the
bad nodes of layer L'li become good, while all the bad nodes
in layers L;', j > 1, remain bad.

Pr oof. First we show that the bad nodes of layer L}
becomegood. There are two kinds of bad nodesin layer L'li
at state |;: (i) nodeswhich are connectedwith an incoming
link to a good node, and (ii) nodeswhich are connectedwith
an outgoing link to another node in layer L'li. It is easyto
seethat there is a direct path from any type-ii node to some
type-i node, consisting from nodes of layer L'li . Since all
bad nodes reverse exactly once in execution E;i, all type-i
nodes becomegood in state li+; . Moreover, from Lemma
4.3, the paths from type-ii nodesto type-i remain the same
in state 1i+1 . Thus, the type-ii nodes becomealso good in
state |41 . Therefore, the bad nodes of layer L'li become
good in state I+ .

Now we show that the bad nodes in layers Lj", j>1
remain bad in state li+; . From Lemma 4.3, in state |1,
the links connecting layers L} and L, are directed from
L} to LY. Thus, in state ;.1 , there is no path connecting
nodes of layer L'2i to good nodes. Similarly, there is no path
from the nodes of layer LjIi , for any j > 2, to good nodes.

Thus all nodesin layersL!',j > 1, remain bad. [

We now show that the basic structure of layers of the bad
nodesremains the samefrom state |; to state li+1 , with the
only di erence that the rst layer of li:+1 is now the second
layer of I;.

Lemma 4.5. L/ =L\, i;j L

Pr oof. From Lemma 4.4, at the end of execution E;, all
the bad nodes of layer L'li becomegood, while all the bad

nodesin layers LjIi ,] > 1 remain bad. From Lemma 4.3 all
bad nodesin layers L}i, j > 1, remain in the same node-
state in li+1 asin |;. Therefore, LjIi+1 = Lj'Ll 10O

From Lemmas 4.4 and 4.5, we have that the number of
layers is reduced by one from state |; to state li+1 . If we
considerthe layers of the initial state | 1, we havethat all the
bad nodesin the layers becomegood one by one at the end
of executions E1; E2; E3;::: with the order L}*; L5t L5 0
Since at each execution E; all the bad nodesreverseexactly
one time, we obtain the following:

Lemma 4.6. Each node in layer L;*,
actly j times before it becomes a gaod node.

1, reversesex-

From Corollary 3.4, we know that all possible executions
when started from the same initial state require the same

number of reversals. Thus, the result of Lemma 4.6, which is
speci ¢ to the particular execution E applies to all possible
executions. Therefore, we obtain the following result.

Theorem 4.7. For any initial state |, and any execution
of the full reversal algorithm, each node in layer L} L
reversesexactly j times before it becomes a good node.

4.3 Boundsfor Full Reversal

From Theorem 4.7, we have that for any initial state I,
each node in layer Lj' reversesexactly j times until it be-
comesgood. Thus, the total humber of reversalsof the nodes
of layer j isj ij' j- If there are k layers, the total number
of reversalsis jk=1 j jL} j- If I contains n bad nodes, there
are in the worst caseat most n layers (each layer contains
one bad node). Thus, eat node reversesat most n times.
Since there are n bad nodes, the total number of reversals
in the worst caseis O(n?). Moreover, since a node reversal
takes one time step and in the worst caseall reversals are
executed sequertially , the total number of reversalsgivesan
upper bound on the stabilization time. Thus, we have:

Cor ollar y 4.8. For any graph with an initial state with
n bad nodes, the full reversal algorithm requires at most
0O(n?) work and time until stabilization.

Figure 3: Graph G; with 6 bad nodes

Actually , the upper bound of Corollary 4.8istight in both
work and time in the worst case. First we show that the
work bound is tight. Consider a graph G; with an initial
state in which the destination is the only good node and
the remaining nodes are bad and partitioned into n layers
such that ead layer has exactly one node (see Figure 3).
From Theorem 4.7, eath node in the ith layer will reverse
exactly i times. Thus, the sum of all the reversalsperformed
by all the bad nodesis n(n + 1)=2. Therefore, we have the
following corollary.

Cor ollar y 4.9. There is a graph with an initial state
containing n bad nodes such that the full reversal algorithm
requires ( n2) work until stabilization.

Lt L} L] LY LL

Figure 4: Graph G, with 8 bad nodes

We will show that the time bound of Corollary 4.8is tight
(within constant factors) in the worst case. Consider a graph
G2 in an initial state in which there are n bad nodes, such
that it consistsof m; = bn=2c + 1 layers. The rst m; 1
layers contain one node ead, while the last layer contains
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Figure 2: Partitioning

m, = dn=2e nodes. The last layer m; is as follows: there
all nodesv; sud that j < i. The node of layer m1 1 has
an outgoing link to node v, (seeFigure 4).

From Theorem 4.7, we know that eac node in layer m;
requires exactly m reversalsbefore it becomesgood. Since
there arem, nodesin layermy, my m, = ( n?) reversalsare
required beforethesenodesbecomegood. All thesereversals
have to be performed sequerially , since the nodes of layer
m; are adjacent, and any two of these nodescannot be sinks
simultaneously. We obtain the following corollary.

Cor ollar y 4.10. There is a graph with an initial state
containing n bad nodes such that the full reversal algorithm
requires ( n?) time until stabilization.

5. PARTIAL REVERSAL ALGORITHM

In this section, we presert the analysis of the partial re-
versal algorithm. We rst give a general upper bound, and
then presert lowers bounds for a classof worst casegraphs.

5.1 Upper Boundsfor Partial Reversal

According to the partial reversal algorithm, ead node
vi has a height (ai;b;i). We will refer to a; as the alpha
value of node v;. Consider an initial state | of the network
containing n bad nodes. We say that a bad node v of state |
isin level i if the shortest undirected path from v to a good
node haslength i. Note that the number of levelsis between
landn. Let a™ and a™ denote the respective maximum
and minimum alpha values of any node in the network in
state | . Leta = a™ a™.

Lemma 5.1. When a node in level i becomesgood, its al-
pha value does not exeed a™ + i.

Pr oof. We prove the claim by induction on the number
of levels. For the induction basis, consider a node v in level
1. If the alpha value of v becomesat least a™ + 1, then v
must have becomea good node, sinceits height is more that
the height of the adjacent nodeswhich are good in state |
(these good nodesdon't reverse,and thus their alpha values
remain the samein any state of the network). We only need
to show that during its nal reversal, the alpha value of v
will not exceeda™ + 1. According to the partial reversal
algorithm, the alpha value of v is equal to the smallest alpha
value of its neighbors plus one. Moreover, the smallest alpha
value of the neighbors cannot be greater than a™, sincein
I, v is adjacent to good nodeswhich don't reversein future
states. Thus, the alpha value of v will not exceeda™ + 1,
when v becomesa good node.

Layers of Bad Nodes

|
Lin L)

the nodes into layers

For the induction hypothesis, let's assumethat the alpha
value of any nodein leveli, wherel i < k, doesnot exceed
a™ + i, when that node becomesgood. For the induction
step, consider layer L. Let v be a node in level k. Clearly,
node v is adjacert to somenode in level k 1. From the
induction hypothesis, the alpha value of every node in level
k 1cannot exceeda™ + (k 1) in any future state from | .
If the alpha value of v becomesat leasta™ + k, then v must
have becomea good node, sinceits height is more than that
of the adjacert nodesin levelk 1 when thesenodesbecome
good. We only needto show that during its nal reversal,
the alpha value of v will not exceeda™ + k. According
to the partial reversal algorithm, the alpha value of v is not
more than the smallest alpha value of its neighbors plus one.
Moreover, the smallest alpha value of the neighbors cannot
exceeda™™ + (k 1) which is the maximum alpha value
of the nodesin level k 1 when these node become good.
Thus, the alpha value of v will not exceeda™ + k, when v
becomesa good node. [

At ead reversal, the alpha value of a node increasesby
at least 1. Sincethe alpha value of a node can be as low as
a™ , Lemma 5.1 implies that a node in level i reversesat
most a™  a™ + i times. Furthermore, sincethere are at
most n levels, we obtain the following corollary.

Cor ollar y 5.2. A bad node will reverseat mosta + n
times before it becomes a gaod node.

Considering now all the n bad nodes together, Corollary
5.2 implies that the work neededuntil the network stabilizes
isat mostn a + n?. Sincein the worst casethe reversal of
the nodes may be sequertial, the upper bound for work is
also an upper bound for the time neededto stabilize. Thus
we have:

Theorem 5.3. For any initial state with n bad nodes, the
partial reversalalgorithm requiresat most O(n a + n?) work
and time until the network stabilizes.

We would like to note that there are scenariosthat result
in initial states, such that, the a value may be arbitrarily
large. For example, while topological changesoccur in the
network, two or more adjacen nodesmay alternate between
bad and good nodes, which may causethem to increasetheir
height to high alpha values. At the sametime, some nodes
in the network may remain good, with low alpha values. In
such a scenario, a is large.

5.2 Lower Boundsfor Partial Reversal

In a state of a network, we say that a node is a source if all
the links incident to the node are outgoing. A full reversalis



areversal in which a node reversesall of its links. Note that
after a full reversal, a node becomesa source. We show that
bad nodes which are sourcesalways perform full reversals
whenever they becomesinks.

Lemma 5.4. Consider any state | of the network in which
a bad node v is a source with alpha value a. In a subseguent
state 1% in which node v becomes a sink for the rst time
after state |, the following occur: (1) v performs a full re-
versal, and (2) after the reversal of v, the alpha value of v
becomesa + 2.

Pr oof. In state |, sincev is a source, all the adjacent
nodesof v have alpha value at most a. Betweenstates| and
1% each adjacert node of v has reversedat least once. We
will show that in state 1° the alpha value of each adjacernt
node of visa+ 1.

Let w be any adjacent node of v. First, we show that the
alpha value of v in 1%is at least a+ 1. If in 1° the alpha
value of w is lessthan a then v must have an outgoing link
towards w, and thus v cannot possibly be a sink in 1° a
contradiction. Therefore, in | ° the alpha value of w, has to
be at least a. Next, we show that this alpha value cannot
be equal to a. If the alpha value of w in 1 %is a then it must
be that the alpha value of v in | was lessthan a (since w
reversedbetween! and |9. When w wasa sink the last time
before| °, w must have beenadjacert to another node u with
height a 1. When w reversed, its alpha value became a,
but its incoming link from v didn't change direction sinceu
had a smaller alpha value. Thus v cannot possibly be a sink
in 19 a contradiction. Therefore, the alpha value of w in 1°
cannot be equal to a, and it hasto be at least a+ 1.

Next, we show that the alpha value of v cannot be greater
than a+ 1. When w reverses,its alpha value is at most the
minimum alpha value of its neighbors, plus one. Therefore,
sincev is a neighbor of w with alpha value a, when w reverses
its alpha value cannot exceeda + 1.

Therefore, the alpha value of w in state | %is exactly a+ 1.
This implies that in | °all the neighbors of v have alpha value
a+ 1. Thus, when v reverses,it performs a full reversal and
its alpha value becomesa+ 2. [

Here, we consider special casesof graphs in which the bad
nodes are partitioned into layers in a particular way as we
describe below. Consider a graph with an initial state | con-
taining n bad nodessuch that the bad nodesare partitioned

nodesin layer L; are the only bad nodes adjacent to good
nodes. Let G denote the set of good nodesadjacert to layer
L:. Nodesin layer L; may be adjacert only to nodes of the
same layer and layers L; 1 and Li+1, such that eac node
of L; is adjacert to at least one node of L; 1 and at least
onenode of Li+1 Y

Let a™ and a™ denote the respective maximum and
minimum alpha values of any node in the network in state
I.Leta = a™ a™" . State | is such that all good nodes
in the network have alpha value a™, while all the bad
nodes have alpha value a™" . First we show an important

property.
YIf i = 1, substitute G for L; 1. If i = m, don't consider
Li+1 -

Lemma 5.5. When the network stabilizes, the alpha val-
ues of all the nodesin layers Ly 1 and Lo, 1 i m=2,
are at least a™™ + i.

Proof. Let |° denote the state of the network when it
stabilizes. We prove the claim by induction on i. For the
basis case,where i = 1, we consider layers L1 and L». In
state |, all the nodes of layer L1 have only incoming links
from G. In state | °, there must exist a set S, consisting from
nodes of L1, such that the nodesin S have outgoing links
towards G.

Let v be a node in S. In state 1° the alpha value of
v is at least a™®, since the nodesin G have alpha value
a™ . Moreover, we can show that the alpha value of v in
1%is not a™* . Assume for contradiction that this value is
a™ . When node v reversed and obtained the alpha value
a™ it cannot possibly have reversedits links towards G,
since for these links, v adjusted only its second eld on its
height. Thus, in state | %node v is still bad, a contradiction.
Therefore, in state | % node v hasalpha value at least a™ +
1; thus, in state 1° all nodesin set S have alpha value at
least 2™ + 1.

Now, consider the rest of the nodesin layersL;, j 1.
Let w be any such node. In state 1° wis good, and thus
there exists a directed path from w to a good node in G.
This path hasto go through the nodesof S; thus each node
in the path must have alpha value at least a™ + 1, which
implies that w has alpha value at least a™ + 1. Therefore,
in state 1% all nodesin L1 and L» (including S) have alpha
value at least a™ + 1.

Now, let's assumethat the claim holds for all 1 i < k.
We will show that the claim is true for i = k. We consider
layersLac 1 and L. In state | all the nodesof layer Lk 1
have only incoming links from L2k ». In state | °, there must
exist a set S, consisting from nodes of L,k 1, such that the
nodesin S have outgoing links towards L,k ». The rest of
the proof is very similar with the induction basis, where now
we show that the nodesin S in state 1° have alpha values
at least a™ + k, which implies that all nodesin Lk ; and
Lok have alpha value at least a™ + k. [

We are now ready to show the main result which is the
basis of the lower bound analysis.

Theorem 5.6. Until the network stabilizes, each node in
layers Loi 1 and Lai, 1 i m=2, will reverse at least
b(a + i)=2c times.

Pr oof. Consider a bad nodev of L,i. Node v is a source
in state |. Lemma 5.4 implies that whenewer v reversesin
the future, it reversesall of its incident links and therefore it
remains a source. Moreover, Lemma 5.4 implies that every
time that v reversesits alpha value increasesby 2. From
Lemma 5.5, we know that when the network stabilizes, the
alpha value of v is at least a™ + i. Sincein state | the
alpha value of v isa™ , node v reversesat least b(a + i)=2c
times after state |I. Similarly, any node in Ly reversesat
least b(a + i)=2c times.

Consider now a bad node w of L, 1. Node w is adjacent
to at least one node u in layer L. In state |, node u is a
source, and it remains a source every time that u reverses
(Lemma 5.4). Sinceu and w are adjacert, the reversalsof u
and w should alternate. This implies that node w reverses
at least b(a + i)=2c times, since node u reversesat least
b(a + i)=2c times. Similarly, any node in Ly 1 reversesat
least b(a + i)=2c times. O



Figure 5: Graph Gs with 6 bad nodes

Next, we give the lower bound on work. This lower bound
implies that the work bound of Theorem 5.3 is tight in the
worst case. Consider a graph Gz which is in state | as
described above, such that the destination is the only good
node and there are n bad nodes, where n is even (seeFigure
5). From Theorem 5.6, each node in the ith layer will reverse
at least b(a + di=2e)=2c times before the network stabilizes.
Thus, the sum of all the reversals performed by all the bad
nodesis at least ., b(a + di=2e)=2c, whichis ( n a + n2).
Thus, we have the following corollary.

Cor ollar y 5.7. There is a graph with an initial state
containing n bad nodes, such that the partial reversal algo-
rithm requires ( n a + n?) work until stabilization.

Figure 6: Graph G with 8 bad nodes

Now, we give the lower bound on time. The lower bound
implies that the time bound of Theorem 5.3 is tight in the
worst case. Consider a graph G4 in a state | as described
above, in which there are n bad nodes, where n=2 is even.
The graph consistsof m; = n=2+ 2 layers. The rst m; 2
layers contain one node eadh, while layer m; 1 contains
m; = n=2 1 nodes, and layer m; contains 1 nodes. The
layerm; 1isasfollows: there are my nodesvi;va;:::;Vm,.
Node v; has outgoing links to all nodesv; such that j < i
(seeFigure 6).

From Theorem 5.6, we know that eadh nodein layerm; 1
requires at least k1 = b(a + dim: 1)=2e)=2c reversals
before it becomesa good node. Sincelayer m; 1 contains
m nodes, at leastky m> = (n a + n?) reversals are
required before these bad nodes become good nodes. All
these reversals have to be performed sequertially , since the
nodes of layer m1 1 are adjacent, and any two of these
nodes cannot be sinks simultaneously. Thus, we have the
following corollary.

Cor ollar y 5.8. There is a graph with an initial state
containing n bad nodes, such that the partial reversal algo-
rithm requires ( n a + n?) time until stabilization.

6. DETERMINISTIC ALGORITHMS

We now show a general lower bound on the worst case
number of reversalsfor any deterministic reversal algorithm.
In this proof, we have assumedthat the heights of the nodes
can be unbounded; the reversal algorithms in the literature
also make the same assumption. We say that a bad node v
isin level i if the shortest undirected path from v to a good
nodeis i.

Theorem 6.1. Given any height increasefunction g, and
any network graph G, there exists an assignment of heights
to the nodesin G suchthat a nodein level d reversesat least
d 1 times.

Pr oof. (Sketch) We assignthe initial heights as follows.
Let * be the maximum node level. Nodesin level * are all
assignedthe lowest possible heights. For the other levels 1
till ~ 1, we guarantee that the initial heights will satisfy
the following condition: if node v is at a higher numbered
level than node w, then v gets a lower height than w.

We show the result for one particular execution schedule
E which proceedsas follows (Theorem 3.3 generalizesthe
result to any execution). If the systemis not yet destination
oriented, then next reversethe node with the smallest height
in the graph (except for the destination). The node with the
smallest height is surely a sink, and hence a candidate for
reversal.

Wedivide E into © 1 stages,numbered1to =~ 1. Stage
i consistsof all reversalsin E starting from the rst reversal
in level " i+ 1) until, but not including the rst reversal
in level © .

In Lemma 6.4, we show that there exists an assignmen
of heights to nodesin levels * 1 till 1 which satis es the
following condition: for i = 1:::° 1, each node in levels
(C i+ 1) till " reversesat least oncein stagei. Thus, a
node in level d reversesat least once in every stage from
¢ d+ Dtill © 1 (both limits inclusive), and thus at least
d 1times. This completesthe proof sketch. [

Before proving Lemma 6.4, we will need two other lem-
mas.

Lemma 6.2. If at the start of stagei, the height of every
node in levels 1 till = i is greater than the height of every
node in levels C i+ 1) till °, then each node in levels
i+ Dtill " will reverseat least once in stagei.

Pr oof. We prove this by contradiction. Supposea node
vin level 'y where(" i+1) °y ° did not reverseduring
stage i. This implies that v's height remained unchanged
during stagei. The very rst reversal after stagei is a re-
versal of a nodein level = i, say w. Thus w reverseshefore
v in the execution, though w's height was greater than that
of v. This contradicts the way we choseour execution sched-
ule, which mandated that the lowest height node reversed
rst. O

Lemma 6.3. At the end of stagei, the heights of nodesin
levels(" i+ 1) till * do not degend on the heights of nodes
inlevels1till C i 1).

Pr oof. Proof by contradiction. Consider two nodes, u
and v at levels *y and "y respectively. Supposel
¢ i and(C i+1) °y °,andat the end of stage
i, v's height dependedon u's height. Then, there must have

was adjacent to u, u; adjacert to u; and soon and nally
u; adjacent to v. But, this is impossiblesinceno node which
was adjacent to u has reversedso far. Thus, at the end of
stagei, v's height cannot depend on u's height. [

Lemma 6.4. There exists an assignmentof heightsto nodes
suchthat, for eachi = 1:::7, everynodein levels(" i+ 1)
till © reversesat least once in stagei. This assignment is
speci ¢ to the function g.



Pr oof. Weshow that there exists an assignmert of heights
such that for eachi = 1:::7, at the beginning of stagei, the
precondition for Lemma 6.2 is satis ed. From Lemma 6.2,
it follows that all nodesin levels™ i+ 1till * reverseat
least oncein level i.

Base Case: For i = 1, the precondition for Lemma 6.2
is true, since we guarantee that the initial heights decrease
with increasing levels.

Inductive Case: Suppose the precondition was true for
i = k. Then, we know from Lemma 6.3 that at the end of
stagek, the heights of nodesin levels (* k+ 1) till * do not
depend on the heights of nodesin levels1till (¢ k 1). We
now assignthe heights of every nodein level ¢ k 1)to be
avalue greater than the maximum height in levels™ k till ".
We don't assignspeci ¢ heights to nodesin levels k° where
k< (I k 1) yet, but guarantee that their heights will be
greater than the current maximum height in levels (* k)
till ~. By this assignmen, the precondition for Lemma 6.2
is satis ed for stagei = k + 1, and the Theorem follows by
induction. [

Theorem 6.1 applies to any graph. Consider the list graph
G1, shown in Figure 3 with n bad nodes. There is one node
in eah level 1 till N 1. From the above theorem, the lower
bound for the worst casenumber of reversalsof any reversal
algorithm onthe list is1+ 2+ :::n 1= ( n?). Thuswe
have the following corollary.

Cor ollar y 6.5. There is a graph with an initial state
containing n bad nodes such that any deterministic reversal
algorithm requires ( n?) work until stabilization.

We can derive a similar lower bound on the time needed
for stabilization. For this, we use the graph G4 with n bad
nodes, shown in Figure 6. The structure of the graph, and
the parameters m; and m, are the sameas de ned in Sec-
tion 5. From Theorem 6.1, we know that ead node in layer
m; 1 of G4 requires at least (m1  2) reversals before it
becomesa good node. Layer m; 1, contains m, nodes.
Therefore, at least (m1  2) m2 = ( n?) reversals are re-
quired before these nodes become good nodes. All these
reversalshave to be performed sequertially , since the nodes
of layerm; 1areadjacent, and no two of thesenodescan be
sinks simultaneously. Thus, we have the following corollary.

Cor ollar y 6.6. There is a graph with an initial state
containing n bad nodes such that any deterministic reversal
algorithm requires ( n?) time until stabilization.

7. DISCUSSION

We preserted a worst-caseanalysis of link reversal routing
algorithms in terms of work and time. We showed that for
n bad nodes, the GB full reversal algorithm requires O(n?)
work and time, while the partial reversal algorithm requires
O(n a + n?) work and time. The above bounds are tight in
the worst case. Furthermore, we showed that the worst-case
work and time of any deterministic algorithm is ( n?).

Since a can grow arbitrarily large, the full reversal al-
gorithm outperforms the partial reversal algorithm in the
worst case. It would be interesting to nd a variation of the
partial reversal algorithm which is as good as full reversal
in the worst case. Another researt problem is to analyze
the average performance of link reversal algorithms.

It would be alsointeresting to extend our analysis to non-
deterministic algorithms. An example of such an algorithm
is TORA, in which the height of a sink upon reversal may
depend on the current real time. Other classesof algorithms
are randomized algorithms, in which the new height of a sink
is somerandomized function of the neighbors' heights.
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