
Indexing for SubscriptionCovering in
Publish-SubscribeSystems

ZhenhuiShen SrikantaTirthapura SrinivasAluru
Departmentof ElectricalandComputerEngineering,Iowa StateUniversity, Ames,IA 50011

Abstract— Content basedpublish-subscribe systemsare
being increasinglyusedto deliver information in large dis-
trib uted envir onments.Subscription covering is an effective
way to reducethe complexity of content-basedrouting and
avoid unnecessaryproliferation of subscriptionsthr oughout
the system. Although covering detection has been imple-
mented in curr ent systems,their ef�cient implementation
has not been systematically studied so far.

In this paper, we propose a general framework for
covering detection and for maintaining curr ently exploited
covering relationships. We formalize the interaction be-
tween the above two tasksand show that a simple heuristic
provides a 2-approximation algorithm for optimizing the
number of covering queries on average. We also present
ef�cient indexing schemesfor covering queries resulting
fr om range-basednumeric subscriptions.We formulate this
as a multidimensional range-search problem and explore
the use of well-known spatial indexing schemesbased on
k-d tr ees and space �lling curves. Experimental results
demonstrate that the proposed indexing schemes offer
signi�cant performance gains.

I . INTRODUCTION

Contentbasedpublish-subscribesystemsarea �e xible
event-basedmiddleware for distributed applications.In
thesesystems,noti�cations from senders(publishers)are
routedto receivers (subscribers)basedon their content,
ratherthana �x ed destinationaddress.Receiversin turn
express their interestsin receiving a certain class of
noti�cations by submittingsubscriptionsto the system,
which arepredicateson thenoti�cation content.Content
basedpublish-subscribemiddlewareis beingusedwidely
� for example, in stock market applicationsand in
real-time delivery of events and statistics in sporting
events[IBM ].

If publish-subscribesystemsare to scale to large
networks, event routing must be performed in a dis-
tributedfashion.Many systemshave beendesignedthat
demonstratehow to constructa distributed network of
routers to accomplishthis task [CRW01], [ASS+ 99],
[MFB02]. The typical setupis as follows: Each router
managesa set of local clients and is connectedto a
set of peerrouters.Clients expressinterestin receiving
eventsby registeringtheir subscriptionsat the attached
router. Every router forwardsall its registeredsubscrip-
tions to its neighboringrouters.Thesesubscriptionsare
further forwardedin the network until essentiallyevery

routerknows the subscriptionsregisteredat every other
router. Whenever a noti�cation is publishedby a client,
the router forwards it to all neighboringrouters from
whom matchingsubscriptionswere received. Thus, the
forwarding of the subscriptionsthroughthe network of
routerscreatesa reversepath for matchingnoti�cations
to �o w back to the interestedsubscriber.

A problemwith theaboveapproachis thateveryrouter
needs global knowledge of all subscriptions,which
results in large routing tables. This in turn leads to
slower matchingof noti�cations andgreaterlatency for
eventdelivery. This is a seriousproblembecausetimely
delivery of events is important in most systems.To
alleviate this, multiple groups[CRW01], [MFB02] have
proposed taking advantage of covering relationships
amongsubscriptionsto signi�cantly reduceroutingtable
sizes.

De�nition 1: Let N (s) denotethe set of all noti�-
cationsthat matchsubscriptions. Let s1 ands2 be two
arbitrarysubscriptions.Wesaythats1 coverss2, denoted
by s1 � s2, if f N (s1) � N (s2).

Covering relationshipscan be exploited to increase
systemef�ciency as follows: If a newly arrived sub-
scription s1 is covered by an existing subscriptions2,
then s1 is not forwardedas all noti�cations matching
s1 arealreadybeing received.This reducesthe number
of subscriptionsforwarded, without losing interesting
noti�cations. Repeatingthis processat every interme-
diate router to which a subscriptionis forwardedcan
potentiallyreducethenumberof forwardedsubscriptions
signi�cantly. The advantagesare twofold: (1) The num-
ber of subscriptionandunsubscriptioncontrol messages
is reduced,and(2) The sizesof routing tablesdecrease.
While theseadvantagesarewell recognizedandcurrent
solutionsemploy coveringdetection[CRW01], [Müh01],
there has been little work on developing ef�cient al-
gorithms for covering detectionin a large databaseof
subscriptions.We addressthis problem by proposing
suitableindexing schemes.

A. Indexing for Covering Detection

In this paper, We proposea way to index a large
databaseof subscriptionsto quickly detect covering
relationships.The index is dynamic, i.e., it supports



additionanddeletionof subscriptions,andprovidestwo
operations.
Subscribe: When a new subscription s arrives, the
indexing schemeis used to �nd if there is a current
subscriptioncovering s. If s is covered, it is not for-
warded.Our index can �nd covering subscriptions(if
any) by examining only a fraction of the subscriptions
in the database.
Unsubscribe: When a previously issuedsubscriptions
is unsubscribed,it must be deletedfrom the database.
As a result, somesubscriptionswhich were previously
covered by s may no longer be covered by any other
subscriptions.Theseshouldbe detected,and forwarded
to otherrouters.Otherwise,the clientsmight missinter-
estednoti�cations in thefuture.To facilitatethis task,we
needa separatedatastructureto maintainthe currently
detectedcovering relations among subscriptions.We
namethis datastructurethe relation graph.

Our solution is structuredin two layers:

� The upperlayer is the relationgraph,which stores
thecurrentlydetectedcoveringrelationshipsamong
subscriptions.

� The lower layer is the actual index, which is used
to detectnew coveringrelationshipswhensubscrip-
tions areaddedor deletedfrom the database.

Relation Graph: Therearemany possibleorganizations
for the relation graph,and we investigatethe tradeoffs
among these. We presenta formal analysis to show
that a simple structure for the graph, where one
covering subscriptionis detected(if any) for eachnew
subscription,provides a 2-approximationalgorithm for
optimizing the averagetotal numberof queriesto the
underlying index. To our knowledge,such an analysis
has not been carried out so far. These theoretical
�ndings arecon�rmed by experiments.

Indexing Numeric Subscriptions: The design of the
lower layer (the index) is speci�c to the format of
subscriptions,and the expressivenessof the query lan-
guage.In this paper, we studyan importantspecialcase
wherethedifferent�elds of thenoti�cations arenumeric
values,andthe subscriptionsthemselvesarerectangular
constraintson these numeric �elds. Numbers are the
mostbasicdatatype. In many applications,it is natural
to describedataattributesby using numbers(examples
are demographiccensus,stock prices).We believe that
a good solution to the case of numeric attributes is
signi�cant in practiceandalsoprovidesinsight into the
generalproblem.

However, a generalsolution to this problem is still
far away, since techniquesfor indexing the two main
typesof data,numbersandstrings,arevery different.A
full solutionneedsto �nd indexing schemesfor eachof

thesedata types,and more importantly, integrate them
into a single index. From this perspective, we view our
indexing of numericsubscriptionsas an important �rst
step.

We use techniquesfrom spatial data structuresto
designindexesfor numericsubscriptions.Eachsubscrip-
tion is a hyper-rectangularregion in a high-dimensional
space.For two subscriptionss1; s2, if s1 � s2, the
rectanglecorrespondingto s1 completelycontainsthe
rectanglecorrespondingto s2. Thus, building an index
for these subscriptionsinvolves the design of a data
structurewhich canef�ciently answer(hyper-)rectangle
containmentquerieson a databaseof rectangles.

We usethe well known point-dominanceformulation
to transform rectanglecontainmentqueriesinto range
searchingand investigatetwo promisingdatastructures
for rangesearching.

� The �rst index is basedon the k-d tree, which is
a multidimensionalsearchtree that is formed by
the recursive decompositionof the d-dimensional
searchspaceusing(d� 1)-dimensionalhyperplanes.

� The secondindex is basedon space�lling curves,
which areproximity preservingmappingsof points
from d dimensionsto onedimension.

We implementedboththeindexes,andcomparedtheir
relative performance.While the k-d tree basedindex
outperformsthe space�lling curve basedindex, the run
time of both the indexesis an orderof magnitudebetter
than the run time in the absenceof indexing.

B. Our Contributions

We make the following contributions:
� A generalframework for building a dynamicindex

for detecting,maintainingand exploiting subscrip-
tion covering in publish-subscribesystems.

� A proof that a simple subscriptionrelation graph
that tracksa single covering subscriptionfor each
is suf�cient to derive an algorithm whoseaverage
total coveringdetectionneedsarewithin a factorof
two of optimal.

� Solutionsfor numeric subscriptionsbasedon two
classicalspatialdatastructuresfrom computational
geometry, k-d treesandspace�lling curves.

� Experimentalvalidationof ouranalyticalresultsand
ef�ciency of the proposedindexing techniques.

C. RelatedWork

The use of covering to reducethe number of for-
warded subscriptionswas �rst proposedCarzanigaet
al. [CRW01]. They suggest using a strict partially
orderedset (poset) to organize covering relationships
among subscriptions.In Section III we will further
discussthe strict poset and comparethis with other



models of relation graph that we propose.The above
solutionis applicableto a generalclassof subscriptions.
We further explore the case when subscriptionsare
multidimensionalranges,andprovide ef�cient indexing
schemesusingspatialdatastructures.

Mühl et al. published a series of papers [MF01],
[MFB02], [Müh01] on the subscriptioncovering prob-
lem. They give a formal de�nition of the problemand
discussedthe covering and merging problems under
varioussubscriptionmodels.However, their solutionim-
plicitly involvescomputationof set intersections,which
is expensive.

The event-matchingproblem is a dual problem to
the subscriptioncovering problem. In event-matching,
it is requiredto compareevents againsta databaseof
subscriptionsto �nd matchingsubscriptions.Therehas
beenmuchwork on event-matching,including [CW03],
[ASS+ 99], [FJL+ 01], [CCC+ 01].

We discussrelatedwork on spatialdatastructuresfor
indexing in SectionIV.

The rest of the paper is organized as follows. In
Section II we give an overview of our solution. In
SectionIII, we discussvariousalternatives for relation
graphs,and analyzethe tradeoffs. In Section IV, we
introducetwo indexesandthecorrespondingalgorithms.
We presentour experimentalresultsin SectionV.

I I . THE COVERING DATA STRUCTURE

Thecoveringdatastructureis organizedin two layers.
Theupperlayer is therelationgraph,andthelower layer
is the indexing datastructure.

The relation graph maintainsthe currently detected
covering relationshipsamongthe subscriptions.The re-
lation graphis updatedwhenever a new subscriptionis
inserted(a subscribeoperation),or an old one deleted
(an unsubscribeoperation).

The underlying index provides one operationto the
relation graph. If S is the current set of subscriptions,
ands is anew subscription,theindex providesa function
covk (S;s) which returns up to k subscriptionsin S
covering s. We will not require the index to return us
*all* the subscriptionscovering s, since this might be
an inherently expensive operation.The index is also
dynamic, and supports fast addition and deletion of
subscriptions.

I I I . THE RELATION GRAPH

We now describethe relationgraphin greaterdetail.
Since the structureof the relation graph signi�cantly
affectsthesystemperformance,we discussvariousalter-
nativesandanalyzethe tradeoffs. We analyticallyshow
that a simple structure for the relation graph, where
up to one covering subscriptionis detectedfor each
subscription,is nearoptimal in the averagecase.

A. RelationGraph G�

Let S denotethe set of current subscriptionsat the
router. The graphG� = (S;E � ) is de�ned as follows.
Thenodesof G� arethesetof subscriptions,S. Thereis
an edgein G� directedfrom s1 2 S to s2 2 S iff s1 �
s2. Clearly, we only needto forward the subscriptions
in S which have no incomingedgesin G� . The restare
covered by at least one other subscriptionand do not
needto be forwarded(unlessthe covering subscriptions
arrived after the covered subscriptionwas forwarded).
Figure1 containsan exampleof a G� relationgraph.

The problem with G� is that it might have too
many edgesand might be very expensive to maintain
as subscriptionsare addedand deleted.For example,
if a new subscriptions arrives which covers all other
subscriptions,then edgeshave to be createdfrom s
to eachexisting subscription,and this would take time
O(jSj) (this is in additionto the time takenby the index
to detect all thesecovering relationships,which itself
is expensive). It might happenthat s is unsubscribed
immediately, sothatall thiswork is wasted.As theabove
exampleillustrates,G� canoften be an overkill.

We look for alternatives to G� which are simpler to
maintain in the presenceof changesto S. A simpler
relation graph is a directedgraphG with vertex set S
(the sameas G� ), and edgeset E � E � . The edgeset
E mustsatisfy the following key property.

Property1: If s 2 S hasa non-zeroin-degreein G� ,
then it shouldhave a non-zeroin-degreein G.

This way, a new subscriptionwhich is coveredby an
existing onewill never be forwarded,sinceit will have
a non-zeroin-degree in G� , and hence,a non-zeroin-
degreein G.

B. RelationGraph Gk

We now de�ne a family of relation graphsGk for
k � 1, which are much simpler to maintain than G� .
Let parameterk > 0 be a small natural number. The
vertex set of Gk is S and the edgeset E(Gk ) � E �

hasthe following property. For subscriptions, let C(s)
denotef t 2 S; t 6= s j t � sg, i.e., the set of all
subscriptionscoverings; notethatC(s) might beempty.
If jC(s)j � k, thenin Gk , thereareincomingedgesinto
s from exactly k other subscriptionswhich cover it. If
jC(s)j < k, then thereare incoming edgesinto s from
all subscriptionsin C(s). Clearly, for all k > 0, Gk

satis�es Property1.
The algorithm to maintain Gk in the presenceof

additionsand deletionsto S follows. We assumethat
the underlying indexing layer gives us the function
cov̀ (S;s), de�ned as follows. If s is covered by ` or
moresubscriptionsin S, the function returns` subscrip-
tions which cover s. Otherwise,the function returnsall



Fig. 1. An exampleof a G � containing5 subscriptions.Subscriptions
are numberedaccordingto the arrival order. The remainingrelation
graphsusethe samesetof subscriptionsandarrival order.

Fig. 2. The G1 relationgraph

the subscriptionswhich cover s (note that this set may
beempty).We will refer to thealgorithmfor solving the
covering problemusingGk as“the Gk algorithm”.

C. TheGk algorithm

Event:New subscriptions arrives.
1) Createa new nodefor s in Gk .
2) C  covk (S;s).
3) In Gk , adddirectededgesfrom every subscription

in C to s
4) If jCj = 0, then forward s to other routers,else

do not forward s to other routers.

Event:Unsubscriptionfor s arrives.
1) Deletes from S, and from Gk

2) Let T denotethe out-neighborsof s in Gk which
are no longer coveredby any subscriptionafter s
is deleted(i.e. which have in-degreeof zero).

3) For eacht 2 T,
a) Ct  covk (S; t).
b) Add directededgesfrom every node in Ct

into t.
c) If jCt j = 0, now forward t to neighboring

routers(sincet is no longer coveredby any
subscription).

4) If the subscriptionto s was forwarded to other
routers,then forward the unsubscriptionalso.

Fig. 3. The G2 relationgraph

D. Costof Maintaining Gk

For which value of k does Gk give us the most
ef�cient algorithm?Assumingthat k is a small integer,
the costof handlinga subscriptionis dominatedby the
costof covk () . Sinceit is alwaysmoreexpensive to �nd
morecoveringpoints,thecostof covk () strictly increases
with k. Thus,thecostof addingnew subscriptionsto Gk

clearly increaseswith k.
However, the cost of handlingan unsubscribemight

decrease.If k increases,it is possiblethatanunsubscribe
will cost lesser, for the following reason.If k increases,
theaveragein-degreeof a nodein Gk increases,making
it lesslikely thata subscriptionlosesall its in-neighbors
once another subscription is deleted from Gk . Note
that the number of out-neighborsof a node in Gk

also increaseswith k, so that the out-degree of the
subscriptionbeingdeletedis alsohigher, on average.

The questionis whether the increasein the cost of
handlingsubscribescanbe offset by the decreasedcost
of handlingunsubscribes.We now presentevidencethat
choosingk = 1 gives us a total cost which is closeto
the optimal, on the average.While this doesnot mean
that k = 1 is always the bestchoice, it implies that it
is usuallya good choice.This is also supportedby our
experimentalresults,which we presentin SectionV.

1) Analysisof G1: We considera probabilisticmodel
of thepatternof unsubscribesfor our analysis.Consider
a sequenceQ = o1; o2; : : : on of n subscribeandunsub-
scribeoperations.The subscribeoperationsmay be for
arbitrary subscriptions,and eachunsubscribeoperation
unsubscribesto a randomly chosen subscription that
is currently subscribedfor. Let ns denotethe number
of subscribeoperationsin Q and nu the number of
unsubscribeoperations,so that ns + nu = n. We
do not make any assumptionson the formats of the
subscriptions,henceour analysisis general.

The major cost in the algorithmsfor handling sub-
scribesandunsubscribesis the time spentin the routine
covk () . Hence, our metric for the cost of handling
Q, denotedby costk (Q), is de�ned as the numberof
times a call is madeto covk () . Note that costk (Q) is
a randomvariable since the unsubscriptionsin Q are
chosenrandomlyfrom the setof existing subscriptions.

Let qs and qu be the number of calls to covk ()
madedue to the subscribeand unsubscribeoperations
respectively.

costk (Q) = qs + qu (1)

Sinceonly onecall to covk () is madeby any subscribe
operation,

qs = ns (2)

Lemma1: If the relationgraphusedis G1, then

E[qu ] � nu



Proof: We label the unsubscribe operations
1; 2; : : : nu . For i = 1; 2; : : : nu , let random variable
X i denotethe numberof calls to cov1() due to the i th
unsubscription.

qu =
i = n uX

i =1

X i (3)

By linearity of expectation,we have

E[qu ] =
i = n uX

i =1

E[X i ] (4)

Supposethe i th unsubscribeoperationwas for sub-
scription s. Then,X i is equalto the out degreeof s in
G1 beforethedeletionof s. Sinces is chosenrandomly
from the current set of subscriptionsin G1, E [X i ] is
equalto the expectedout-degreeof a vertex in G1.

In any directedgraph,the sum of the out-degreesof
all the nodesequalsthe sumof the in-degrees.In graph
G1, the in-degreeof every node is no more than 1, so
that the sum of in-degreesis no more than jSj. Thus,
the expectedout-degreeof a randomnodein G1 is no
morethan1. We have E[X i ] � 1. From Equation4, the
lemmafollows.

Theorem1: For every positive integer k,

E [cost1(Q)] � 2 � costk (Q)
Proof: From Equation 1, we know cost1(Q) =

qs + qu . FromLemma1 andEquation2, E [cost1(Q)] =
E [qs ] + E [qu ] � ns + nu . Sincethe numberof unsub-
scribeoperationscan never be greaterthan the number
of subscribeoperations,nu � ns . Thus,we have

E[cost1(Q)] � 2ns

However, for any k, the algorithmGk hasto make at
leastns callsto covk () , evenin theunlikely scenariothat
further calls to covk () are never madefor unsubscribe
operations.Supposeq� denotestheminimumnumberof
queriesmadeby any Gk , k � 1.

q� � ns

Thus,we have E[q] � 2q� , which provesthetheorem.

The above theoremtells us that the expectednumber
of calls to covk () madeby the G1 algorithm is always
within a factor of two from the optimal number. In
addition,we know that thecostof covk () increaseswith
k, so that the covering queriesmadeby G1 arecheaper
thanqueriesmadeby any otherGk . This presentsstrong
evidencethattheG1 algorithmis oneof thebestchoices
amongall Gk ; k � 1.

Strict Poset Relation Graph: A variantof G� is
the strict poset(seeFigure 4), where redundantedges
areremoved from G� , but every directededgein G� is
implicitly containedin thestrict posetthrougha directed
pathbetweenthevertices.This form of therelationgraph
was suggestedfor use in [CRW01]. However, it can
be seenthat the strict poset is also very expensive to
maintainin thepresenceof additionanddeletionof sub-
scriptions.Sincethestrict posetimplicitly containsevery
covering relationshippresentbetweensubscriptions,the
exampledescribedabove for G� alsoappliesto thestrict
poset.

Fig. 4. A strict posetrelationgraph

IV. INDEXING MULTIDIMENSIONAL RANGES

We now consider the case when the noti�cations
consistof numericalattributes,andthesubscriptionsare
rangeconstraintson the different attributes. We show
how to build an index for suchsubscriptionsto be able
to ef�ciently answercovering queries.

A noti�cation is a point in d-dimensional space,
and a subscription is a rectangle in the same d-
dimensionalspace.A rectanglein d-dimensionalspace
([`1; r1]; [`2; r2]; : : : ; [`d; rd]) is the set of all points x
suchthat for i = 1 : : : d, the i th coordinateof x lies in
the range[` i ; r i ].

For example, a noti�cation (region =
1; temperature= 59; humidity = 87) canbe represented
as a point in 3-dimensional space (1; 59; 87). The
subscription(region = 1; 0 � temperature� 30; 90 �
humidity � 100) would be the following rectanglein
3-dimensionalspace:([1; 1]; [0; 30]; [90; 100]).

De�nition 2: Rectangler is said to cover rectangle
r 0 in d-dimensionalspace,denotedby r � r 0, if f every
point within r 0 is alsowithin r .

Since our subscriptionsare rectangles,the subscrip-
tion covering problemcan be restatedas the following
geometricproblem.
Rectangle Containment Problem: Processa database
R of d-dimensionalrectanglesto supportthe following
operations.Parameterk is a small naturalnumber.

� Givena queryrectangler , reportk elementsof the
set f s 2 R j s � r g. If the set has less than k
elements,reportall of them.



� Add a new elementr into S
� Deletean elementr from S.

A. Reductionto Range Searching

As observed in [PS85] (Chapter8), the above rect-
anglecontainmentproblemcanbe reducedto the point
dominanceproblem,which itself is a specialcaseof the
range-searchingproblem.

De�nition 3: Given two d-dimensionalpoints, x =
(x1; x2; : : : ; xd) and y = (y1; y2; : : : ; yd), x dominates
y if f for eachi = 1; : : : ; d, it is true that x i � yi .

Given a d-dimensional rectangle s =
([`1; r1]; [`2; r2]; : : : ; [`d; rd]), we transform
it into a 2d-dimensional point p(s) =
(� `1; r1; � `2; r2; : : : ; � `d; rd). It is easy to verify
the following fact.

Fact 1: If s andr aretwo rectanglesin d-dimensions,
thens � r if f p(s) dominatesp(r ).

With this transformation,we canreducethe rectangle
containmentproblem to the point dominanceproblem,
which itself is a special case of the range-searching
problem.We now focuson this problem.

Process a set of 2d-dimensional points P
to answer the following query. Given a point
x = (x1; x2; : : : ; x2d), report k points in the range
([x1; 1 ]; [x21 ]; : : : ; [x2d ; 1 ]). If there are less than k
points in the range,then report all of them. Note that
in practice, 1 can be replacedby �nite boundaries
meaningfulto the applicationat hand.

B. MultidimensionalRange Searching

We presentanoverview of thetheoreticalandpractical
work on multidimensional range-searching.We then
focus on two techniquesfor building ef�cient indexes
for multidimensionalrangesearching,the k-d tree data
structureandthe space-�lling curve.

Multidimensional range searchinghas been widely
explored during last two decades.From a theoretical
point of view, rangesearchingis now almostcompletely
solved, in that there exist very good lower bounds
and almost matching upper bounds.Fredman[Fre81]
showed that in a semigrouparithmetic model [AE99]
in which the points can be inserted and deleted dy-
namically, a mixed sequenceof n insertions,deletions
and queriesrequires
( n logd n) time in d-dimensions
for any range-searchingalgorithm. Chazelle[Cha90b],
[Cha90a] shows that any data structure on a pointer
machine that answersa d-dimensional range search-
ing query in O(polylog(n) + k) time must have size

( n(log n= log logn)(d� 1) ) (wherek is the size of the
output). Theselower boundsreveal the inherentcom-
plexity of rangesearchingin a high dimensionalspace.
There exist algorithms for range-searchingbased on
range trees [Ben80] which achieve a query time of

O(logd� 1 n + k) wherek is the sizeof the outputusing
spaceO(n logd� 1 n). However, due to the illustrated
polylogarithmicoverheadin either spaceor time, these
theoreticallyworst-caseef�cient algorithmsarenot used
in practice.

Next we examinesomepracticaldatastructures.Even
thoughthesedo not guaranteeworst casebounds,they
offer better resultsin typical cases.Sincegood sorting
andsearchingalgorithmsareknown for onedimensional
space,one possibility is to reduce multidimensional
range-searchingproblem to a one-dimensionalsearch.
The space-�lling curve [OM84] provides such a map-
ping, and can be usedto build an index. Another ap-
proachis to recursively partitionthespace,andto usethe
treeinducedby this partitionto organizethedata.Range
searchingis accomplishedthroughtraversingthe nodes
of this tree.The k-d tree [Ben75] and the quadtreeare
basedon this idea.Otherrange-searchingdatastructures
basedon tree-like partitioning of the spaceinclude the
R-tree [Gut84] and its variants, but these have been
speci�cally designedfor data structuresin secondary
storage.Our data structureshave to be storedin main
memorysincethe latency of the disk accessis too high
whencomparedto the routerspeed.

We decidedto implementthe k-d treeandthe space-
�lling curvesfor the following reasons.

� Both of them are designedfor range-searchingin
main memory, and have beenusedsuccessfullyin
otherapplications.

� They have low updatecosts,whichallows therouter
to copewith frequentsubscribesandunsubscribes.

� They are both simple to understandand easy to
implement,andhave a linear spacerequirement.

C. k-d tree

Let n denotethe numberof points. We numberthe
dimensions1; 2; : : : ; d. If we �nd themediancoordinate
of all the points along dimension1, we can partition
the points into two approximatelyequalsizedsets- one
set containing all the points whose coordinatesalong
dimension1 are lessthanor equalto this mediananda
secondset containingall the points whosecoordinates
alongdimension1 aregreaterthanthe median.Eachof
thesetwo setsis againpartitionedusingthesameprocess
except that the medianof eachset along dimension2
is used.The partitioning is continuedusing dimensions
1; 2; : : : ; d in that orderuntil eachresultingsetcontains
one point. If all the dimensionsare exhaustedbefore
completelypartitioningthe data,we “wrap around”and
reusethe dimensionsagain starting with 1. An exam-
ple of such a partition for a two-dimensionaldata set
containing8 points is shown in Figure1.

The processof organizingspatial data in the above
manneris naturally representedby a binary tree. The
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Fig. 5. Recursive partitioningof a two-dimensionaldataset.

root of the tree correspondsto the set containing all
the n points.Eachinternalnodecorrespondsto a setof
pointsand the two subsetsobtainedby partitioning this
setarerepresentedby its children.The samedimension
is used for partitioning the set of each internal node
at the samelevel of the binary tree. For all nodesat
level i of the tree (de�ning the root to be at level 0),
dimension(i mod d) + 1 is used.The resultingtree is
calledamultidimensionalbinarysearchtree(abbreviated
k-d tree), �rst introducedby Bentley [Ben75].

Our implementationis basedon the adaptive k-d tree
proposedby Bentley and Friedman [BF79]. All data
points are storedat the leaves, and internal nodesjust
store the partitioning discriminator. Further, each leaf
is a “bucket” holding many datapoints.Thereare two
parametersassociatedwith a bucket: the over�ow limit
andtheunder�ow limit. During theevolution of the tree
if a bucket's sizeexceedsthe over�ow limit, the bucket
is split andnew childrenareformed.If thebucket's size
dropsbelow the under�ow limit, we merge the bucket
with its sibling,providedthatthesiblinghasnotyetbeen
split and the resultingcapacityof the mergedbucket is
below the over�ow limit.

The general idea behind range searchingusing k-
d trees is to identify internal nodes that correspond
to regions overlappingthe query region. If the region
representedby an internalnodeis completelycontained
in the query region, all points in its subtreeare in
the query region. If the overlap is proper, resolutionis
necessaryby traversing lower levels. We modify this
standardalgorithm to always start the searchat the
rightmost leaf. The rationale is that the rightmost leaf
correspondsto the top right region of the universe,and
points lying in that region have a higher chanceof
dominatingthe query points. If enoughcovering points
arenot found,we backtrackto higherlevelsandconsider
their subtrees.Due to spaceconstraints,further details
areomitted.

Fig. 6. Z -curve for 8 � 8 resolution.
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Fig. 7. Generatingkeys from coordinatesof cells.

D. SpaceFilling Curve

Space�lling curves are proximity preservingmap-
pings from a uniform multidimensionalspacedecom-
position to one dimension. The path implied in the
multidimensionalspaceby the linear ordering forms
a non-intersectingcurve. For our work, we use the
Mortonordering,alsoknown astheZ -space�lling curve
[Mor66]. The Z -curve for a 8 � 8 two dimensional
decompositionis shown in Figure6.

Space-�lling curvescanbeusedto index multidimen-
sional point sets and their use in indexing databases
and supporting range queries has been �rst explored
two decadesago [OM84]. Our rangesearchalgorithm
is designedto speci�ally target the special class of
range queries we encounter. We inductively de�ne a
cell asfollows: A d-dimensionalcubecontainingall the
points is chosenas the root cell. For eachcell, the 2d

equal-sizedcubicsubregionsobtainedby bisectingalong
each dimensionof it are also cells. For convenience
of presentation,assumea resolution that is suf�cient
to separatethe points into different cells (we can and
do relax this requirementin our implementation).It is
well known that thepositionof a cell alongtheZ -curve
can be obtainedby treating the coordinatesof the cell
with respectto the cell spaceas binary numbers,and
interleaving the bits (seeFigure7).

For example,the position of a cell with coordinates
(3; 5) = (011; 101) in a 8 � 8 resolutioncell spaceis
011011 = 27. This is called the key of the cell. To
simultaneouslyusethesamenumberingsystemfor cells
at different resolutions,we pre�x each interleaved bit
string by a 1 bit andusethis as the key. This allows us
to distinguishbetween,for example,cell “00” at 2 � 2
resolutionfrom cell “0000” at 4 � 4 resolutionas the



correspondingkeyswill now be“100” and“10000”. This
notation allows us to seamlesslyuse integer keys for
describingpointsandcellsat variousresolutions.This is
advantageousasef�cient bit manipulationscanbe used
to carryoutmany operationsrequiredby therangesearch
algorithm.

The main idea behindour rangesearchalgorithm is
asfollows: All pointsthat lie in a multidimensionalcell
will be presentas a consecutive segmentof the curve.
This segment can be quickly identi�ed using a binary
searchfor its extremalpointsin theZ -curveorder. Given
a range query, one can decomposethe range into a
disjoint unionof maximalcells,locatethecorresponding
segmentsof the space-�lling curve, and extract points
within these segments. We designeda range search
algorithm that exploits the fact that (1) each of our
rangesextendsto the rightmostboundary, and (2) only
a few pointswithin the rangesearchregion are sought.
Hence,rangesearchis biasedin favor of larger cells
containedwithin the queryregion andspecialheuristics
are designedto examinecertainextremal points which
arelikely containedin thequeryregion. In addition,the
onedimensionalsortedorderhasto bemaintainedin the
presenceof insertionsand deletions.We usedthe AVL
tree datastructurefor this purpose.The full details of
our algorithmareomitted for brevity.

V. EXPERIMENTAL RESULTS

We implementedthe covering data structureand in-
dexing schemesusingboththek-d treesandspace�lling
curves.The objectivesof our experimentsare two-fold:
First, we want to determinethe appropriateform of the
relationgraph.Second,we wantto evaluateandcompare
theperformanceof thespace-�lling curve index, andthe
k-d tree index.

A. ExperimentalSettings

� A subscriptionconsistsof only numericattributes.
For instance,a subscriptionabout usedtextbooks
might be S = (price 2 [0; 50]; publicationdate 2
[1999; 2004]; shippingtime 2 [2; 6]).

� For simplicity, we requireall attributes fall in the
range[0; 2d � 1] for d = 1. This will help simplify
the recursive partitioning of the spacethe space-
�lling curve. If an attribute takes real values in
a different range,we can always scale the range
appropriately.

� The dimensionof our points rangefrom 6 to 16
(note that this correspondsto subscriptionshaving
between3 and8 attributes).

� The input to the covering data structureis a se-
quenceof interleaved subscribesandunsubscribes.
Each subscribe is a randomly chosen rectangle
from the multidimensionalspace.By a randomly

chosenrectangle,we meanthat eachedgeof the
(hyper)rectangleis a randomlychosensegment in
the range[0; 2d � 1]. Each unsubscribeoperation
removes a rectangle randomly chosen from the
currentlyexisting rectangles.
We generatea subscribecommandwith a probabil-
ity of (1 � p), and an unsubscribecommandat a
chanceof p. Clearly, p < 0:5 sincetherecannever
be moreunsubscribesthansubscribes.We vary the
valueof p from 0:05 to 0:4.

The following parameterscan be tuned for eachex-
periment.

� Total numberof incomingcommands
� The percentageof unsubscribecommands,p. The

above two parametersdetermineaveragenumberof
subscriptionsin the database,i.e. the systemload.

� The dimensionof thedata,d. The coveringqueries
get harderasd increases.

Performance Metric: Our main performancemetric
is the total time taken by the covering datastructureto
processall the subscribeandunsubscribecommands.In
addition to the above, we collect two statisticsto help
us interpretthe data.

� NodesVisited: Onething commonto bothk-d trees
andspace�lling curvesis thatwe �rst try to narrow
the universe down to a smaller subspacebefore
doing a linear search.Thesesubspacesareindexed
either in an explicit way, as in the k-d tree or
implicitly, asin the space�lling curve. The costof
both space�lling curvesandthe k-d treesincrease
with the numberof suchregions visited, which is
measuredin the statistic“nodesvisited”..

� Point Comparisons:When the searchpath endsat
a leaf node, we simply conduct a linear search
through the list of all points stored at the leaf.
The number of comparisonsthat are made here
betweenmany high-dimensionalpointsis measured
by the statistic “Point Comparisons”.Note that a
range-searchmayhave to backtrackandmight visit
several leaf nodesbeforeit cancomplete.

The total run time increaseswith both the above
statistics.

B. Impactof the ReportingMode

In SectionIII, we de�ned a family of relationgraphs
Gk . The parameterk, which we call the “reporting
mode”,determinesthe maximumin-degreeof any node
in the graph. Our experimental results show that G1

consistentlyyields the bestperformanceamongall Gk .
This coincideswith our theoreticalpredictions.

We plot the program's runtime under two different
experimentalsettings,one under a light load and the



otherundera heavy load. The following parametersare
commonto both settings.

1. numberof commands= 60; 000
2. dimension= 10 (� ve attributes)
3. the spatialindex: space�lling curve andk-d tree

The load of the systemis controlledby the parame-
ter p (the percentageof unsubscribeoperations).As p
increases,the averagesizeof the index decreases,since
deletionsbecomemore frequent.We choosep = 5% to
generatea heavy load, andp = 40% to generatea light
load.

Fig. 8. Runtimevs Reportingmode

Fig. 9. (The numberof queriesmadedueto unsubscribeoperations)
vs ReportingMode. The curve for p = 5% usesthe left y-axis, and
the curve for p = 40% usesthe right y-axis. Note that the number
of queriesmadedueto subscribeoperationsdoesnot changewith the
reportingmode.

Figure8 shows that theruntimealwaysincreaseswith
the reporting mode k, for both the k-d tree and the
space�lling curve. To further analyzethe results,we
measurethe statisticsmentionedabove. We tabulate the
datafor thek-d treein TablesI andII. Similar trendsare
observed for the space�lling curves, thoughthe actual
numbersare different. The labels nvs ; nvu ; nv denote
the numberof nodesvisited due to subscribes,unsub-
scribes,and the sum of the two respectively. Similarly
pcs; pcu ; pc denote the number of point comparisons

k nv nvs nvu pc pcs pcu
1 813 782 31 6147 5993 154
2 983 974 9 9967 9852 115
3 1140 1131 9 13111 12973 138
4 1275 1266 9 15816 15663 153
5 1400 1390 10 18274 18111 163
6 1508 1498 10 20407 20237 170

TABLE I

HEAVY LOAD: IMPACT OF REPORTING MODE ON THE STATISTICS

FOR k-D TREE.

The above datais for 60,000operations,with 10 dimensionalpoints,
undera light load (p = 5%). Note: All numbersaremultiplied by

1000.

k nv nvs nvu pc pcs pcu
1 556 415 141 6192 4684 1508
2 634 529 105 8952 7376 1576
3 714 615 99 11026 9365 1661
4 780 683 97 12661 10936 1725
5 839 740 99 14050 12260 1790
6 889 789 100 15233 13389 1844

TABLE II

L IGHT LOAD: SAME EXPERIMENT AS IN TABLE I , BUT WITH

p = 40%

dueto subscribes,unsubscribes,andthe sumof the two
respectively.

We observe that for both the light load andthe heavy
load scenarios,both nv and pc increasewith k. This
immediatelyimpliesthattherun time alsoincreaseswith
k. In going from k = 1 to k = 2, the numbersnvu and
pcu decrease,which meansthat the unsubscribesare
becomingcheaperto handle.However, the subscribes
are getting more expensive since the cost of covk ()
strictly increaseswith k. The decreasein unsubscribe
costcannotcompensatefor the increasein thesubscribe
cost,so that k = 1 givesthe bettertotal cost.

As we move from k = 2 to k = 6, the numberof
covk () queriesmadeby unsubscribeoperationsdecreases
slightly, as shown in Figure 9. However, the cost of
eachcovk () increases,so that the cost of unsubscribes
increaseson the whole, as shown in TablesI, II. Since
the costof subscribesalways increaseswith k, the total
cost increases.

C. Comparisonof the Two Indexes

We now comparethe performanceof the two spatial
indexes, the k-d tree and the space�lling curve. To
provide referencepoint, we also introduce the naive
algorithm which usesno index. We presentthe results
of our experiments in Figures 10, 11, and 12. The
experimentalsettingsare: p = 15%, the total number
of commandsrange from 10,000 to 100,000,and the
dimensionrangesfrom 6 to 16.

Our resultsindicatethat while both the k-d treesand
space-�lling curvesgivesubstantialimprovementsin run
timesover the naive algorithm,k-d treesperformbetter



Fig. 10. Total runtime,dimension= 6

Fig. 11. Total runtime,dimension= 12

than space-�lling curves. As the dimensionincreases,
the gain due to indexing also increases.For example,
in 16 dimensionalspace(where eachsubscriptionhas
constraintson 8 attributes),k-d treesrun 10 timesfaster
than the naive algorithm,and about2 times fasterthan
the space�lling curve. The performanceof the naive
algorithmis betterunderlowerdimensions,sincethereis
a greaterlikelihoodof �nding a dominatingpoint using
a sequentialscanof the data.
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