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Abstract

Ef cient one-passomputatiorof Fg, the numberof dis-
tinct elementdn a data stream,is a fundamentaproblem
arisingin variouscontetsin databasesndnetworking\We
considerthe problemof efciently estimatingFo of a data
streamwhere eat elemenbf thestreamis aninterval of in-
tegers.

We presenta randomizealgorithmwhich givesan(; )
approximationof Fg, with thefollowing time compleity (n
is the sizeof the universe of the items): (1) Theamortized
processingime per intervalis O(log % log ). (2) Thetime
toanswera queryfor Fg is O(log 1= ). Theworkspacaised
is O(< log L logn) bits.

Our algorithm improves upon a previous algorithm
by Bar-Yossef Kumar and Sivakumar [5], which re-
quiresO(+ log % log® n) processingime peritem.Our al-
gorithm can be usedto computethe max-dominanc@orm
of a stream of multiple signals, and signi cantly im-
provesuponthe current bestboundsdueto Cormodeand
Muthukrishnar{11]. Thisalso providesefcient and novel
solutions for data aggregation problemsin sensornet-
worksstudiedby Nathand Gibbons[22] and Considineet.
al. [8].

1. Intr oduction

Oneof themostsigni cant successesf researctondata
streamprocessinchasbeenthe ef cient estimationof ag-
gregatessuchasthe frequeng momentsguantiles,etc.in
one-passising limited spaceandtime peritem. An espe-
cially importantaggreateis the zerothfrequeng moment
(Fo) of adataset,whichis thenumberof distinctelements
in the data.Most databasejuery optimizationalgorithms
needan estimateof Fo [18]. Further the computationof
mary otheraggregyatesof a datastreamcan be reducedto
the computatiorof Fg.

In mostdatastreamalgorithmsin literature,for exam-
plein [2, 12, 1€], the following modelis studied.Eachel-
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ementin the streamis a singleitem (usually an integer),
andthe algorithm needsto processhis item “ef ciently”,
bothwith respecto time andspaceMany algorithmshave
beendesignedn thismodelto estimatérequeng moments
[2, 16, 4, 9], andmary otheraggreated13, 12, 10,1, 21, 3]
of massie datasets.

However, in mary casest is advantageouso designal-
gorithmswhich work on a moregeneradatastreamwhere
eachelementof the streamis not a singleitem, but a list
of items To motivatethis requirementwe give two exam-
plesbelow.

BarYossefKumarandSivakumaf5] formalizethecon-
cept of reductionsbetweenalgorithmsfor data streams,
which leadsto the needfor list-efcient streamingalgo-
rithms. They give an algorithmfor estimatingthe number
of trianglesin a graphG, wherethe edgesof G arrive as
a streamin an arbitrary order (this is referredto asan ad-
jaceng stream).Their algorithmusesa reductionfrom the
problemof computingthe numberof trianglesin agraphto
the problemof computingthe zerothandsecondrequeng
moments(denotedr, and F, respectiely) of a streamof
integers.However, for eachedgee in theadjacenyg stream,
thereductionproduces list of integers,andthesizeof this
list could be aslarge asn, the numberof verticesin the
graph.If oneusedan algorithmwhich processedhesein-
tegersone by one, the processingime per edgeis ( n),
which is prohibitive. Thus, this applicationneedsan algo-
rithm for computingF, andF, which canhandlesuchalist
of integersef ciently, andsuchan algorithmis calledlist-
efcient. In mary casesincludingthe above, theselists are
simply intervalsof integers,andalgorithmswhich canhan-
dle suchintervalsef ciently arecalledrange-efcient.

Another applicationof suchlist and range-efcient al-
gorithms is in aggrejate computationover sensornet-
works [22, 8]. Considine et. al. [8] design sketches
for the distinct summation problem described below.
Given a multi-set of ite M = fxjy;X2;:::9, where
Xi = (ki;c) compute gigingt (k:ci)2m G- The dis-
tinct summationproblem can be reducedto Fo compu-
tation as follows. For eachx; = (k;;¢i), generatea list



li of ¢ distinct but consecutie integers. An Fq algo-

rithm on this streamof |; swill give the distinctsummation
required.This can be solved using an algorithm for esti-

matingFo, but the algorithmshouldbe range-efcient i.e.,

it shouldbe ableto processan interval of integersmuch
fasterthan processingthem one by one. Nath and Gib-

bons[22] studyduplicateinsensitivesketchesfor aggreyate
computationover sensometworks. Many duplicateinsen-
sitive sketches,such as the sketchesfor the approximate
sum of valuesheld by distinct sensornodes,can be re-

ducedto range-eftient computatiorof Fg.

De nition 1. For parameterd < ; < 1,an(; )-
estimatorfor anumberY is arandomvariableX suchthat
PrijX Yj> Y]<

Our Results: In this paper we considerrange-eftient
computatiorof Fy. Theinputstreamisry;ry;:::rm where
eachstreamelementr; = [x;;Vi] [1;n] is an intenal
of integersx;;x; + 1;:::y;. Thelengthof aninterval r;,
whichis thenumberof integersin theinterval, couldbeary
numberbetweenl andn. We designan algorithm which
returnsan (; )-estimatorof Fg, the total numberof dis-
tinct integerscontainedn all theintenalsin the streamR.
Supposéheinputstreamwas[1; 10]; [2; 5]; [5; 12]; [41; 50,
thenFgy = 22.

We presentan algorithmwith the following spaceand
time compleities:

The amortized processing time per interval is
O(log L log 1)

Theworkspaceausedis O(+ log X logn) bits

The time to answera query for Fo at arytime is
O(log 1=).

Extensions and Applications of our Basic Algorithm:
Our algorithmcanbe extendedto the following moregen-
eralscenarios:

It canprocessa list of integerswhich is in an arith-
metic progressiorasef ciently asit canhandleanin-
tenal of integers.

Our algorithm can also be usedin the distributed
streamsmodel,wherethe input streamis split across
multiple parties,and Fo hasto be computedon the
unionof the streambsenedby all the parties.

Dominance Norms: The problem of estimating max-
dominance norms of multiple data streams is as
follows. Given k streams of m integers each, let
aj ;i 1;:::k;j = 1:::m, representthe jth ele-
ment of the ith stream. The max-dominancenorm is

de ned as P jm:l maxi i k a -
1 ai;j n.

The conceptof max-dominancenorm usefulin diverse
scenariosuchas nancial applicationg23] andIP network
monitoring [20]. Cormodeand Muthukrishnan[11] gave
a streamingalgorithm for computingan (; ) estimator
of the max-dominancenorm. Their algorithm usesspace
O(1=?(logn+ !logmloglogm) log1= ) andprocess-
ing time peritemis O(1= *logalogm log 1= ), wherea is
thevalueof the currentelement.

We shawv that the estimationof the max-dominance
norm can be reduced to range-efttient Fy com-
putation, and derve an algorithm which uses
O(1=2(logm + logn) log1=) spaceand whose amor
tized time peritem is O(log 2 log 1) wherea is the value
of the item being processed.The worst casetime per
item is O('2¢l0anlod a |5q 1) Oyr algorithm performsbet-
ter space-wiseandsigni cantly bettertime-wise.

Ourimprovedalgorithmfor range-efcient computation
of Fo also yields improved algorithmsfor all problems
which canbe reducedto Fy, including countingthe num-
ber of trianglesin the graph[5], andsensometwork aggre-
gation[22, 8].

Assume for all a;; ,

Techniques:Our algorithmis basedon randomsampling.
A key technicalingredientof our work is a novel range-
samplingalgorithm, which quickly computesthe number
of integersin a range[x; y] which belongto the current
randomsample Our range-samplinglgorithm,whencom-
binedwith ideasfrom the randomsamplingalgorithmdue
to Gibbonsand Tirthapura[16], yields the algorithm for
range-efcient Fo.

Range-samplingProblem: The rangesamplingproblem
thatwe consideris asfollows. Given numbersa; b;p such
thatO0 < a;b< p,wede ne functionf : [1;n]! [O;p 1]
asf (x) = (a x+ b) mod p. Givenintervals[x1; X2]
[1;n],and[0;q] [O;p 1], quickly computethe size of
thesetf x 2 [x1;X2]jf (x) 2 [0; dlg.

A naive solutionto the rangesamplingproblemwould
beto considerachelementx 2 [x1; X»] separatelyandsee
if f(x) 2 [0;q]. The problemwith this approachis that it
would take O(jx2  X1j) time, which could be aslarge as
O(n), sincethelengthof aninterval couldbeaslargeasn.

We presenta much more efcient solution to the
range-samplingoroblem, whosetime compleity is only
O(log jx2 X1j). Our solution is a recursve proce-
dure which works by reducingthe above problemto an-
other range-samplingoroblem, but over a much smaller
range whoselengthis lessthanhalf thelengthof the orig-
inal range[xy; X2]. Proceedinghus, we get an algorithm
whosetime compleity is O(logjx2  X1j). Ourrangesam-
pling algorithmmight be of independeninterest,anduse-



ful in the designof otherrange-eftient algorithmsfor the
datastreammodel.

RelatedWork: EstimatingtheF, of adatastreams avery
well studiedproblem,becausef its importancein various
databasepplicationslt is well known that computingFo
exactly requiresspacdinearin the numberof distinct val-
ues,in theworstcase.

Flajolet and Martin [14] gave a randomizedalgorithm
for estimatingF, using O(logn) bits. This assumedhe
existenceof certain ideal hash functions, which we do
not know how to storein small space.Alon, Matias and
Szaedy [2] describea simple algorithm for estimating
Fo to within a constantrelative error which worked with
pairwise-independertashfunctions,and also gave mary
in uential algorithmsfor estimatingother frequengy mo-
mentsF,; F3; :: of adataset.

Gibbons and Tirthapura [16], and BarYossef et.
al. [5] gave algorithmsfor estimatingFo to within arbi-
trary relative error The algorithm due to Gibbons and
Tirthapurausedrandomsampling,andits spacecomplex-
ity was O(lognlogt3), and processingtime per ele-
mentO(log 1). Thespacecompleity of thisalgorithmwas
later improved by Bar-Yossefet. al. [4] who gave an al-
gorithm with better space bounds, which are the sum
of O(logn) and poly(1=) termsratherthan their prod-
uct, but at the cost of increasedprocessingime per ele-
ment.

Prior to our work, the most efcient algorithm for
range-eftient Fo computationis dueto BarYossef,Ku-
mar and Sivakumar([5], andtakes O( log % log® n) pro-
cessingime perinterval andO( 4 log 1 logn) space.

Considineet.al. [8] presentalgorithmsto computedis-
tinct summationswhich is closelyrelated,and canbe re-
ducedto range-efcient Fo computationasdescribecear
lier. Their algorithmis basedon the algorithm of Flajolet
and Martin [14], which assumeghe presenceof an ideal
hashfunction, which can producecompletelyindependent
randomnumbersOur algorithmuseshashfunctionswhich
can be storedusing little space,but which yield random
numberghatareonly pairwiseindependentThe algorithm
in [5] doesnot make this assumptiorof ideal hashfunc-
tionseither andhenceworksin the samemodelasours.We
notethatin the algorithmof Considineet. al [8], it is pos-
sible to replacetheseideal hashfunctionswith pairwise-
independenhashfunctions,just like in [2], but thenwe
would againneeda range-samplingsubroutinesimilar to
theonewe presentln addition,our algorithmalsoprovides
a betterrunningtime for the distinct summation$8] prob-
lem.

The work of Feigenbaunet.al. [13] in estimatingthe
L1 differencebetweenstreamsalso hasthe ideaof reduc-
tions betweendata streamalgorithmsand usesa range-

efcient algorithmin their reduction([5] mentionthattheir
notionof reductionsandlist-ef ciency wereinspiredby the
above work of Feigenbaunet.al.). The algorithmfor L*-
differenceis not basedon randomsampling,andrelieson
summingmary randomvariables They developlimited in-
dependenceandomvariableswhich arerange-summable
while our sampling-basedlgorithmmakesuseof arange-
samplingtechnique.

Thereis muchotherinterestingwork on datastreamal-
gorithms,andwe referthereadetto thesurneys[21, 3].

Organization of the paper: The restof the paperis or-

ganizedasfollows. Section2 givesa high level overview

of the algorithm for range-eftient Fy. Section3 gives
the range sampling algorithm, its proof and analysis of

compleity. Section4 gives the algorithm for computing
Fo usingthe range-samplinglgorithm as the subroutine,
andits correctnesproof and analysisof compleity. Sec-
tion 5 givesextensionf the basicalgorithmto distributed
streamsandthe computatiorof dominance-norms.

2. A High Level Overview
2.1. A Random Sampling Algorithm for Fq

At ahigh-level, our algorithmfor computingFg follows
a similar structureto the algorithmby GibbonsandTirtha-
pura[16]. We rst recallthemainideaof their algorithm.

The algorithmkeepsa randomsampleof all the distinct
elementseensofar. It samplesachelementof the stream
with a probability p, while makingsurethatthe samplehas
no duplicatesFinally, whenan estimateis asked for Fy, it
returnsthe sizeof the sample multiplied by 1=p.

However, the value of p cannotbe decidedin advance.
If pis large, thenthe samplesize might gettoo big if Fq
waslarge.On the otherhandi,if p is too small,thenthe ap-
proximationerror might be very high, if the value of Fq
wassmall. Thus, the algorithm startsoff with a high value
of p = 1, anddecreasethe valueof p every time the sam-
ple sizeexceedsa predeterminednaximumsamplesize, .

The algorithm maintainsa current sampling level, ~,
whichdeterminesisamplingprobabilityp- . Initially, * = 0,
and’ neverdecreasesThesampleatlevel *, S(°) is deter
minedby ahashfunctionS( ;"),for ™ = 0;1;:::.

Whenitemi is presentedio thealgorithm,if S(i; *) = 1,
thentheitemis storedin the sampleS-, andit is not stored
otherwiseFinally, theestimateof the numberof distinctel-
ementss 21 where’ is thecurrentsamplinglevel. We call
thealgorithmdescribedsofar asthe single-itemalgorithm.

Range-Sampling:Wheneachelementof the streamis an
interval of itemsratherthana single item, the main tech-
nical problemis to quickly gure out whetherary point



in this interval belongsin the sampleor not. More pre-
cisely if * is the currentsamplinglevel, and an interval
ri = [xi;yi] arrives,we wantto know the size of the set
fx 2 rijS(x;7) = 1g. We call this the range-sampling
problem.

A naiesolutionto range-samplings to consideleachel-
ementx 2 r; individually, andcheckif S(x; *) = 1, butthe
processindime peritemwouldbeO(y;  X;), whichcould
beasmuchas ( n). Our maintechnicalcontributionis to
reducehetime perinterval signi cantly, to O(log(y;  Xj))
operations.

Our range-efcient algorithm simulatesthe single-item
algorithmasfollows. Whenaninterval r; = [X;;y;] arrives,
we computethesizeof thesetfx 2 r;jS(x; ") = 1g. If the
sizeis greaterthanzero,thenwe addr; to our sample oth-
erwisewe discardr;. If the numberof intervalsin our sam-
ple becomedoo large,thenwe decreaséhe samplingprob-
ability by increasinghe samplinglevel from ™ to ~ + 1. We
now discardall intervalsr in the samplefor which the set
fx 2 rjS(x; "~ + 1) = 1gis empty

Finally, when an estimatefor Fq is asked for, suppose
the currentsampleis the setof intervalsS = fry;:::rgg,
and’ is thecurrentsamplinglevel. Wereturnjf x 2 rj;r; 2
SiS(x; ) = 1gj=p

Hash Functions: Sincethe choiceof the hashfunctionis
crucialfor the range-samplinglgorithm,we rst precisely
de ne thehashfunctionswe consider

We use a standard2-universal family of hash func-
tions [7]. First choosea prime numberp between10n
and 20n, and then choosetwo numbersa;b at random
fromf0:::p 1g. De ne hashfunctionh : f1:::ng!
fO:::p 1lgash(x) = (a x+ b mod p.

Thetwo propertiesof h thatareimportantto the Fq al-
gorithmareasfollows:

1. Forary x 2 f1:::ng, h(x) is uniformly distributedin
fo;:::p 1g.

2. The mappingis pairwiseindependentFor x; 6 x»
andy;;y. 2 f0:::p 1g,
Pri(h(x1) = y1) " (h(xz2) = y2)] = Pr[h(x1) =
yi] Pr[h(xz) = y2].

For eachlevel * = 0::blognc, we de ne thefollowing:
fO;:::p 1g

R = fO:::bZ—pc 1g

Region R-

Thesamplingfunctionatlevel *. For everyx 2 [1;n],
thesamplingfunctionS(x; ) is de ned as
S(x; ") = 1if h(x) 2 R+, andS(x; *) = 0 otherwise.

The sampling probability at level . For every x 2
[1;n], Pr[S(x; ") = 1] is the samevalue,which we

denoteby p-. Sinceh(x) is uniformly distributedin
fO;:::p 1g,wehavep = jR-j=p.

The algorithmsfor computingFo dueto [2, 16, 4] use
hashfunctionsde ned over GF (2™), which are different
from the onesthat we use. In fact, for their algorithms,
ary pairwiseindependenhashfunction will sufce. Bar
Yossefet. al. [5], in their range-eftient Fq algorithm,use
the Toeplitz family of hashfunctions[17], andtheir algo-
rithm usesspeci c propertief thosehashfunctions.

In our case,we usethe structurepresentin the above
describedhashfunction in our range-samplinglgorithm.
We do not know whetherwe couldachieve ef cient range-
samplingusinga differentfamily of hashfunctions,saythe
functionsde ned over GF (2™).

3. RangeSampling Algorithm

In this section, we presenta solution to the range-
samplingproblemiits correctnessandtime andspacecom-
plexities. The algorithm RangeSample(ri = [Xi;Vi]; ),
computesthe numberof pointsx 2 [x;;yi] for which
h(x) 2 R-. This algorithm is later used as a subrou-
tine by the range-eftient algorithmfor Fo, which is pre-
sentedn thenext section.

Sinceh(x) = (ax+b) mod p, RangeSample([xi;Vi]; )
is the numberof pointsx 2 [x;;Vi], suchthat (ax + b)

is an arithmetic progressionover | ( « is the ring of
non-negative integers modulo k) with a commondiffer-
encea. Thus, we considerthe following general prob-
lem.

Probleml. LetM > 0,0 d< M,andO< L M.Let
S = IXy;X2;  Xi beanarithmeticprogressionover
with commondifferenced, i.e, x; = (x; 1 + d) mod M.
LetR bearegionoftheform[0;L 1]or[ L+ 1;0]. Com-
putethe numberof element®f S thatlie in R.

Beforedescribinghealgorithmfor Probleml, we infor-
mally describethe idea. For this informal description,we
justconsidetthecaseR = [0;L  1].

Divide S into subsequence$y;S;; Sk;Sk+1 as
follows: Sg = X1;Xo; :Xi, wherei is the small-
estnumbersuchthatx; > X1 andx; > Xj+1. If § =
Mi;Xiva;  Xmi, then §ju1 = Mmir;Xme2 X/,
wherer is the smallestnumbersuchthatr > m+ 1
andx, > X;+1, andif no suchr existsthenx, = x;.
Note that if §; = ;X1 ; ‘Xmi, thenx; < d,
Xi < Xj+1 < < Xm. We denotethe rst ele-
mentof S; with f; andthelastelementwith g; .

LetL = d g+ r wherer < d. Notethatthevaluesof g
andr areunique.We obserethatfor eachi > 0, it is easy
to computethe numberof pointsof S; thatlie in R. More
precisely



Obsewvation 1. For everyi > 0,if f; < r,thenjSj\ Rj =
bsc+ 1, elsejSi\ Rj = bkc.

ThusProbleml is reducedo computingthe size of the
following set

fijl1 i kfi2[0r 1g

Thefollowing obsenationis crucial.

Obselrvation 2. The sequencdf ;;f; ;fi formsan

arithmeticprogressiorover .

We shaw in Claim 2 thatthe commondifferenceof this
sequencés r° wherer® = M mod d. We canalways
view ary arithmeticprogressiorover ¢ with commondif-
ference rC%asanarithmeticprogressiorwith commondif-
ferenced r% Thesecondcrucial observationis that ei-
therd rCorrCislessthand=2, andwecanchooseo work
with thesmallerof thetwo. Thus,we have reducedheorig-
inal problemto a smallerproblem,whosecommondiffer-
enceis at mosthalf of the commondifferenceof the origi-
nal problem.

We now give aformal description We startwith thefol-
lowing usefulclaims.

Clam1. fR=[0;L 1],thenforl i Kk,

bbc+ 1 iffi 2 [0;r 1]
bic iffi2[0r 1]

IfR=1[ L+ 1,0] then

iS\ Rj=

bbc+ 1 ife2[ r+ 1,0]

IS\ Rj= bsc  ife 2[ r+ 1;0]

Note that eachf; is lessthand, andsowe view f;s as
elementover 4, andbelowv we shawv thatthef ;s form an
arithmeticprogressiorover .

Claim 2. LetM = d q°+ r% wheer®< d. Then,for

1 i<kfis=(F r% modd.
Proof. RecallthatS; = H;fi+ d; egi,andM d
e M 1 Wehaetwo cases.
If f; < r%thene = f; + ¢° d. Thus
fiss = (g+d modM
= (fi+d® d+r°+d r% modM
= ({+M+(d r% modM
= (d (r° f;) modM

Sincefi.; islessthand, the nal expressionfor fi.;
canbewrittenin 4 asfollows:fi,; = (fi + (d  r9)
modd= (f; r% mod d.

Intheseconctasejf f;  r9theng = (f; + (¢° 1)

d) mod M.Thus,fis3 = (fi+q® d) mod M = (f;
r% mod M

Sincef .1 islessthand, theabove canbewrittenin ¢
asfisa = (fi r% mod d. O

We would like to saythat 's alsoform an arithmetic
progressiorover 4. However,sinceM 1 e M d,
we cannotdirectlyview g 'saselementover 4. Sowede-

ne afuntionmap:fM d;M d+1; ;M 1g! 4

suchthat map(e)'s form an arithmetic progressionover
d- We de ne map asfollows: map(M k) = k;1

k d

Now we have the following claim for map(e;)s, which
is similar to Claim 2. We omit the proof sinceit is similar
to the proof of Claim 2.

Claim 3. LetM = d °+ r% wheer® < d. Then,for
1<i k,map(e)= (map(e 1)+ r%) mod d.

Next we arguethatfor our purposesary arithmeticpro-
gressionwith commondifference r° canbe viewedasa
differentarithmeticprogressionwith commondifferencer °.

LetT = hyi;y2;  ;yki beanarithmeticprogression
over with acommondifference s, i.e.,

yi = (¥i 1 s)mod(t):
LetR beof theform[0;] 1]Jor[ |+ 1;0]. De ne R%as
follows:if R = [0;1 1], thenR®= [ |+ 1;0], elseR®=
o1 1]
Claim 4. LetT?= hy9y9;
gressionover  de nedasy? =
yP= (y° , + s) mod (t). Then,

;¥0i bean arithmeticpro-
y1,andfor 1< i < Kk,
iT\ Rj = jT% RY:

Proof. If y;
mod (t). Thusx 2 R if andonly if

ks = x mod (t), then y; + ks = X
x 2 RC, O

Now we describeour algorithmfor Probleml.

ProcedureHits (M, d, u,n, R)
Precondition: R isof theform [O;L  1]or[ L+ 1;0]
whereL M,andu< M;d< M:
Goal: ComputgS\ Rj, where

S=hy(u+d) modM; (u+n d) modMi:

1. If n = 0,thenReturn 1if u 2 R, elseReturn 0.
LetS = 55S; SkSk+1 - LetHitsg = jSo\ Rj
andHitsy+1 = jSk+1 \ RJ.

Computek, Hits g andH its k+1 .
If d= 1, then
Return Hitsg + Hitsg+1 + (L K).

2. LetL=d qg+r,wherer < d,andM =d q°+r

wherer®< d. Computer andr®,

3. IfR=[0;L 1], then

3.1. Computef 1, wheref ; is the rst elementof S;.
Setupew = f1, Mpew = d;Npew = K.



32.1fd r°
Orew = d
metic progressiorover
enced r°
By makingarecursve call to Hits , we com-
puteH igh, the cardinalityof thefollowing set

d=2, thenRpew = [0;r 1], and
r@ In this casewe view f; sasarith-
4 with commondiffer-

fijfi2[0;r 11 i Kkg;
High = Hits (Mnew, Onew, Unew, Nnew .
Rnew ).
3.3.1fd r%> d=2(sor® d=2),thenupew = f1,

Onew = r% andRpew = [ r+ 1;0]. In thiscase
we considerthe f ;s asanarithmeticprogression
over g with commondifference r°

High = Hits (Mpew, dnew, Unew: Nnew .
Rnew )

3.4. LetLow = k High. Return
: . . L L
Hitsp+ Hitsg+1 +(High (bac+1))+( Low bac)

4. If R=1[ L + 1;0]then

4.1. Computee; and map(e;), wheree; is the last
elementof S;. Let Upewy = mMap(e1);Mpew =
d;nnew = k.

42.1f r% d=2, thenlet Rpew = [0;r 1], and
dnew = rY In this casewe view map(e;)s asan
arithmeticprogressiomver 4 with commondif-
ferencer®.
High = Hits (Mpew, Onew: Unew, Nnew,
Rhew )

43.1fr%> d=2(sod r° d=2),thenletuney =
map(ey); Ohew = d r% andRpew = [ r+

1; 0]. In this casewe view map(ej)s asanarith-
metic progressiorover 4 with commondiffer-

ence r°
High = Hits (Mpew, Onew: Unew, Nnew,
Rnew)-
4.4. LetLow = k High. Return
. . . L L
(Hitsg+ Hitsk+1 +(High (bEC+1))+( Low ba

Time Complexity:

First,anoteonourmodel.We assumehatarithmeticop-
erations,including additions,multiplicationsanddivisions
in i takeunittime.

It is clearthat Stepsl, and2 canbe computedusinga
constantnumberof operationsThe algorithmmakesa re-
cursive call in Step3 or Step4. It is clear that dpew

0)

step=2. Thusif we parametrizehe runningtime of the al-
gorithmwith d, then

T(d) = T(dnew)+ O(1)

T(d=2) + O(1) = O(log d):

We cangetabetterboundontherunningtime asfollows.
Theinput parameterso the recursve procedureareM , d,
u, n, R. Whentherecursve procedurads called,theparam-
etersare:Mpew = d, dhew  d=2,Npew  dn d=Me.

In everyrecursve call except(perhaps}he rst, it must
betruethatd M =2. Thus,in everyrecursve call except
for the rst, Npew n=2. If we parametrizehe running
time onn, thenthetotal time of thealgorithmis O(log(n)).

SpaceComplexity: Whenever the proceduremakesa re-
cursive call, it needsto storevaluesof a constantnumber
of local variablessuchasH its g, H its x+1 , n etc. SinceM
dominatesy; d, andL , eachtime thealgorithmmakesare-
cursivecall,it need€(log n+ logM ) of stackspaceSince
the depthof the recursionis no morethanlogn, the total
spaceneededs O(logn  (logn + logM)). We canfur-
therreducethe spaceby a carefulimplementatiorof there-
cursive procedureasfollows.

In general hits (p1;p2;:::ps) = +
hits (p2;p3;:::p2), where and are functions of
p1;:::;ps. This is a tail-recursve procedurewhich can

be implementedwithout having to allocate space for
a new stack for every recursve call and without hav-
ing to teardown the stackupon a return. Thus, the total
spacecanbereducedo O(logn + logM ).

CorrectnessWe rst considerthecaseR = [O;L 1] It
is clearthatwhend = 1, orwhenn = 0, thealgorithmcor-
rectly computeghe answerNotethat
ie k

jSi\ Rj+ Sk \ Rf:
i=1

iS\ Rj=jSo\ Rj+

Step1 correctly compute§Sg \ Rj andjSk+1 \ Rj. By
Claim1,forl1 i Kk,jSi\ Rj isb%c+ 1if f; 2 [O;r 1],
andis b%c, if f; 2[0;r 1] LetHigh denotethe number
of fi'sfor whichf; 2 [0;r 1]. Giventhecorrectvalueof
High, thealgorithmcorrectlycomputeghe nal answelin
Step3.4.

Thus the goal is to shav that the algorithm correctly
computeghevalueof High. Let T = K y; (fii. At this
point, thealgorithmconsiderdwo cases.

Ifd r° d=2, thenthe goalis to computethe num-
ber of elementsan T thatlie in [O;r  1]. By Claim2, T
is an arithmeticprogressiorover 4, with commondiffer-
enced Y Thestartingpoint of this progressioris f 1, the
numberof elementsn the progressions k. Thusthe algo-
rithm makesa correctrecursve call to Hits .



Ifd r%> d=2,thenbyClaim2, T is anarithmeticpro-
gressiorover ¢ with commondifference r° Thegoalis
to compute

iTV[Or 1]

De ne anew sequencd = H%f%  ;f2 over 4as
follows:f9= f;andf%; = (f°+r% modd;1 i
k 1.ByClaim4,
TV [0 1= jTO [ r+ 1;0];:
Thusthealgorithmmakescorrectrecursve call in Step3.4,
tocomputgTO\ [ r+ 1;0]j whichequalgT\ [O;r 1].
Thusthe algorithmcorrectlycomputesS\ R, whenR
isof theform[0; L 1]. Correctnes$or thecasewhenR is
oftheform[ L + 1;0]followssimilarly.

4. Therange-ef cient Fq algorithm

We now describethe completealgorithmfor estimating
Fo, usingtherange-samplinglgorithmasa subroutineWe
thenpresentts correctnessandtime and spacecomplexi-
ties.

Recallthatthe input streamis ry;r,;:::rm whereeach
streamelementr; = [xi;yi] [1;n] is aninterval of inte-
gersxi;Xj+ 1;:::y;. Letp beaprimenumberbetweerlOn
and20n. From Section2, recallthefollowing notation.

For eachlevel * = 0::blognc,

(DR = f0:::bfc 1g

(2)Thesamplingfunctionat level *. For every x 2 [1;n],
thesamplingfunctionS(x; *) is de ned as

S(x; ") = 1if h(x) 2 R+, andS(x; *) = 0 otherwise.
(3)Thesamplingprobabilityatlevel *. p- = jR-j=p.

4.1. Algorithm Description

Thealgorithmdoesnot directlyyield an( ; )-estimator
for Fo, but insteadgivesanestimatomwhich is within afac-
torof of Fp with aconstanprobability. Finally, by taking
the medianof O(log 1) suchestimatorswe getan(; )-
estimatorA formal descriptionof the algorithmappearsn
Figurel.

The Random Sample: The algorithmmaintainsa sample
S of theintervalsseersofar. S is initially empty Themaxi-
mumsizeof Sis = <% intervals.Thealgorithmalsohasa
currentsamplinglevel *, whichis initialized to 0. We main-
tainthefollowing invariantsfor therandomsampleS.

Invariant 1. All theintervalsin S aredisjoint.

Invariant 2. Every intenal in S hasat leastone element
selectednto the sampleatthe currentsamplinglevel.

Initialization:

1. Choosea prime numberp such that 10n p
20n, and choosetwo numbersa;b at randomfrom
fOo:::p 1g,

2. S

3.7 0

When a newinterval r; = [x;;Yy;i] arri ves:
1. If rj intersectwith ary interval in S, then
(a) Whilethereis anintervalr 2 S suchthatr\ r; 6

.S S r
ii. 1 rif[r
(b)yS S[r
2. Elself RangeSample(ri; ) > Othen
(@ S S| frig//insertinto sample

(b) While (jSj > )/l overow
it T+ L
If * > blogpc then// maximumlevel
/I reachedalgorithmfails
return;
fr 2 SjRangeSample(r;”) > Og

is asked for:

i. S
When an estimate for Fy
25 RangeSample(r; ")=p

Return

Figure 1. The Range-Efcient Fy Algorithm
using the Range Sampling algorithm as a
subr outine

When a newinterval ri = [x;;yi] arri ves: The algorithm
rst checksf r; intersectswith arny currentlyexistinginter
valin S. If so,it deletesall theintersectingntervalsfrom S,
meigesall of themwith r; to form asingleinterval, andin-
sertstheresultinginterval into S.

If r;y doesnotintersectwith ary currentlyexisting inter-
val, it calls the range-samplingubroutineto determineif
anypointin [x;;y;] belongsin S atlevel °. If yes,thenthe
wholeinterval is storedin the sample.

Over ow: It is possiblethat after addinga new element
to the sample,the size of S exceeded . In sucha case,
the algorithmincreasests samplinglevel, and subsamples
the elementf the currentsampleinto the new level. This
subsamplings repeateduntil either the size of the sam-
ple becomedessthan , or the maximumsamplinglevel



isreachedi.e ™ = blogpc).

Estimating Fo: When an estimateis asled for, the algo-
rithm usestherange-samplingoutineto determinethe size
of the currentsample,and returnsthis value boostedby
1=p, where’ is thecurrentsamplinglevel.

4.2. The Correctnessf the Algorithm

Theprooffollowsaparallelstructureto theproofin [16].
We give the correctnesgproof becausehe hashfunctions
usedherearedifferentfrom thosein [16], andalsofor the
sale of completeness.

Factl. Forary 2 [0:::blognc], 1=2*1 p 1=2.

Fact2. Forary ™ 2 [0:::blognc 1],19=40 p+1=p
1=2.

Proof. p+1=p = jR+1j5Rj = byf-c=blc. Sayy =
zﬂ" andz = byc. The above expressionis W=2c=byc =
bz=2c=z  1=2. Sincep > 10n, we have 2 *! < p=10.
Hencez > 20, leadingtobz=2c=z %! = 19=40. O

Fact3. Forary ~ 2 [0:::blognc 1], the randomvari-
ablesf S(x; *)jx 2 [1; n]g areall pairwiseindependent.

Lemma 1. Invariantsl and?2 aretrue beforeandafterthe
processingf eachinterval in the stream.

Proof. Proof by induction. The basecaseis clear sinceS
isinitializedto . Suppose new intenal r arrives.If r in-
tersectawith ary interval alreadyin S, thenour algorithm
clearly maintainsinvariant1 andit canbe ver ed thatIn-
variant2 alsoholds.

If r doesnot intersectwith ary elementalreadyin S,
thenit is includedin the sampleif andonly if r hasatleast
one elementwhich would be sampledat the currentsam-
pling level. This ensureghat Invariant2 is maintained.It
canbeeasilyveri ed thatthe stepgakento handleanover-
o w alsomaintaintheinvariants. O

LetrandomvariableZ denotetheresultof thealgorithm.
We analyzethe algorithmby looking at the following (hy-
pothetical)processThis processs only usefulfor usto vi-
sualizethe proof, andis not executedby the algorithm.The
streamof intervalsR is “expanded’to form the streaml of
the constituentintegers.For eachinterval [X;; yi], the inte-
gerstreamconsistof x;; x; + 1;:::y;.

Let D(l) denotethe set of all distinct elementsin 1.
We wantto estimateFg = jD(l)j. Eachelementin D (1)
is placedin differentlevels asfollows. All the elementsof
D (1) areplacedin level 0. An elementx 2 D (1) is placed
in everylevel* suchthatS(x; ) = 1.

For level °, de ne X- to be the numberof distinct el-
ementsplacedin level °. De ne ~ to be the lowestnum-
beredlevel * suchthatX-

Lemma 2. Let "% denotethe level at which the algorithm
ends nally . The algorithmreturnsZ = X-o=po and°

Proof. We rst shavthat’®< * . If thealgorithmneverin-
creasedts samplinglevel, then*? = 0, andthus™® °
trivially. If the algorithmdid increasdts samplinglevel, it
musthave beendueto anover ow, andthe numberof inter-
valsin thesampleatlevel *° 1 musthave beenmorethan

. Since,dueto Invariant2, eachinterval in the sampleat
level © 1 hasatleastonepointx suchthatS(x; % 1) = 1,
it mustbetruethatX-o ;> .Thus,°

Next, we shav thatthe algorithmreturnsX -o=po. Con-
siderthesetS® = fx 2 D(1)jS(x; 9 = 1g. Consider
someelemenix 2 S° Integerx musthave arrivedasa part
of some(at leastone)interval r 2 R. Eitherr mustbein
S (if r did notintersectwith any rangealreadyin the sam-
ple, andwas not later merged with any otherinterval), or
theremustbeaninterval r° 2 S suchthatr  r% In both
casesx isincludedin S.

Further becaus®f Invariantl, x will beincludedin ex-
actlyoneintenal i,g S, andwill becountedexactlyonce)as
apartof thesum ., RangeSample(r; 9. Corversely
anelementy suchthatS(y;"% = 0 will notbe countedin
theabove sum.Thus,thereturnvalueof thealgorithmis ex-
actlyjSY=p, whichis X -o=pro. O

De ne alevel * to be goodif X|=p is within rela-
tive error of Fq. Otherwise,level * is bad For each™ =
0:::blogpc, let B- denotethe eventthatlevel * s bad,and
S denotethe eventthatthealgorithmstopsin level ".

Theorem 1.

PriZ2[(1 )Fo;(1+ )Folg 2=3

Proof. Let P denotethe probabilitythatthealgorithmfails
to producea goodestimate This happensf ary of thefol-
lowing is true:

Themaximumlevel d = blog pc is reached.

The level at which the algorithm stopsis a bad level
i.e.forsome 2 f0:::bogpc 1gS: andB- areboth
true.

% 1
P= Pr[S ~ B-]+ Pr[Sq]
=0
Let *,, denotethe lowest numberedlevel * suchthat
E[X:]< =C for someconstanC to bedeterminedy the
analysisWe notethan™, < dsinceE[Xy4] 1< =C.
We write P as:
Xm
P PrB-]1+
‘=0 SN

PriS]



P .

In Lemma4weshcwg1at .2, Pr[B-] < 16=60, andin
Lemmab we show that ?:‘m +1 Pr[S] < 2=60. Putting
themtogetherthetheoremis proved. O

Lemma3. E[X:]= Fop andVar[X:]= Fop (1 p)

P

Proof. Bdee nition, X- = x2p (1) S(X; 7). Thus,
E[X'] = x2D(I) E[S(x; )] = D(l)jp = Fop . Be-
causdherandomvariabled S(x; *)jx 2 D(l)g areall pair
wise independen{Fact 3), the varianceof their sumis the
sum of their variances,and the expressionfor the vari-
ancefollows. O

P .
Lemma4. .I, Pr[B-] < 16=60

Proof. Let - and - respectiely denotehemeanandstan-
darddeviationof X-. Then,

PrB- = PrjX: °
UsingChebyshe'sinequality PrjX-  +j t %
andsubstituting = —, we get:
2
Pr[B-] =22 (1)

Substitutingvaluesfrom Lemma3 into Equationl, we
get

P 1
. <
Pr[B ] Zp‘ FO FO 2p\
Thus,
X X
Pr[B-] = _F12 1
=0 0., P

FromFactl,wehavel=p 2 *!.Thus,wehave

X Pr[B-] i)‘(m 2+l < iz‘nwz
Fo 2. Fo 2

*=0 =0

By de nition, ", isthelowestnumberedevel ™ suchthat

E[X:]< =C .ThUS,E[X‘m 1] = Fop,, 1 =C . Us-
ing Fact1l,wegetFp=2» ! =C.
X 427  42C _8C 16
PrB-] = S =2
AL c "0
by usingc = 60;C = 2.
O

Py

Lemma5. .. ,; Pr[S]< 16

P
Proof. Let Ps = q:\mﬂ Pr[S]. We seethat Pg is the

probabilitythatthealgorithmstopsin level ", +1 orgreater

Thisimpliesthatatlevel ", , therewereatleast intervals

in the sampleS. Invariant2 impliesthattherewereat least
elementsampledatthatlevel, sothatX-

Thus,
Ps PrIX-. ]
= Prix., . =C]
2
2(1  1=C)?

FromLemma3, we get ?m < E[X:,] < =C .Using
thisin theabove expressionwe get

2
P, 5 S < 2260
C 21 1=C)® Cc1I 1=C)

Thelastinequalityis got by substitutingC = 2;c = 8 and
< 1. |

4.3. Time and SpaceComplexity

SpaceComplexity: The workspacerequiredby theis the
spacefor the sampleS plus the workspacefor the range-
samplingprocedureRangeSample. SampleS contains
intervals, whereeachintenal canbe storedusingtwo in-
tegers,thustaking 2logn bits of spaceTheworkspacee-
quiredby therange-samplingroceduras O(log n) bits,so
thatthe total workspacds O( logn + logn) = O(%%1).
Sincethewe needto run O(log 1= ) instance®f this algo-
rithm, the total spacecompleity is O(M), which
is thesameasfor the single-itemalgorithm.

Time Complexity: As notedin Section3, we assumehat
arithmetic operationsjncluding additions,multiplications
anddivisionsin  take unittime.

Time Per Interval: Thetime to handleanew interval r =
[X; y] consistof threeparts.

1. Thetimefor checkingif r intersectsary interval in the
sample.

2. The time required for range sampling. This is
O(log(y  x)), which is always O(log n), and per
hapsmuchsmallerthan (log n).

3. Thetime for handlinganover ow

We now analyzethetime for the rst andthird parts.

First Part: The time for checkingif the interval inter-
sectsary of the O(1= ?) intervals alreadyin the sample,
andto memgethem,if necessaryThis takesO(1= ?) time,



if donenaively. Thiscanbeimprovedto O(log (1= )) amokr
tizedtime asfollows.

Sinceall theintervalsin S aredisjoint, we cande ne a
linearorderamongthemin the naturalway. We storeS in
a balancedinary searchtiree Ts augmentedvith in-order
links. Eachnodeof Ts is aninterval, andby following the
in-orderlinks, we cangetthesortedorderof S. Whenanew
intervalr = [x; y] arrives,we rst searctfor thenodein Tg
which containsx. Therearethreecasegossible:

1) Internval r doesnotintersectary interval in S. In this
case,we insertr into the tree, which takes O(log (1=))
time.

2) Intervalr intersectsomeintervalin S, andthereis an
intervalt 2 S which containsx. In sucha case by follow-
ing the in-orderpointersstartingfrom t, we can nd all the
intervalsthatintersectr. All theseintervalsarememgedto-
getherwith r to form asinglenew interval, sayr°.

We deleteall theintersectingntervalsfrom Tg, andin-
sertr%into Ts. Sinceeachinterval is insertedonly once
anddeletedat mostonce,thetime taken nding anddelet-
ing eachintersectinginterval canbe chagedto the inser
tion of the interval. Thus,the amortizedtime for handling
r is the time for searchingor x plus the time to insertr®.
SincejSj = O(1= ?), thistimeis O(log (1=)).

3) Interval r intersectssomeintervalsin S, but noneof
themcontainx. Thisis similarto thepreviouscase.

Third Part: Thetimefor handlinganover ow, subsam-
plingto alowerlevel. For eachchangeof level, we will have
to applytherangesamplingsubroutined(1= ?) times.

Eachchangeof level selectsroughly half the the num-
ber of pointsbelongingin the previous level into the new
level. However, sinceeachinterval in the samplemay con-
tain mary pointsselectedn the currentlevel, it is possible
that more thanone level changemay be requiredto bring
thesamplesizeto lessthan intervals.

However, we obsene that the total humber of level
changeqover the whole datastream)is lessthan blog pc
with high probability, sincethe algorithm doesnot reach
level blog pc with high probability. Sincelogp = (log n),
the total time taken by level changesver the whole data
streamis O(@ log1). If the length of the datastream
dominateghe above expressionthenthe amortizedcostof
handlingtheover ow is O(1).

Thus,theamortizedimeto handleanintervalr = [x; y]
perinstanceof thealgorithmis O(log(y  x) + log(1=)).
Sincethereare O(log 1= ) instancesthe amortizedtime
per interval is O(log ((y x)=)logl=) which is also
O(log (n=)log1=)).

It followsthattheworstcaseprocessindime peritemis
O(@ log1). If our focuswason optimizing the worst
caseprocessingiime per item, then we could reducethe
above to O(w log1) by changinglevels us-

ing a binary searchratherthansequentiallywhenan over
0 W occurs.

Time for Answering a Query: At rst glance,this needs
to apply the range-samplingprocedureon  intervals,and
computethe sum.However, we cando betterasfollows.

With eachintervalin S, storethenumberof pointsin the
interval which are sampledat the currentsamplinglevel.
Thisis rst computeckitherwhentheinterval wasinserted
into the sample or whenthe algorithmchangedevels. Fur-
ther, |§he algorithmalso maintainsthe currentvalue of the
sum ,,s RangeSample(r; )=p, where" is the current
level, andS is the currentsample This sumis updatedev-
ery time a new interval is sampledor whenthe algorithm
changedevel. The above changeglo not affect the asymp-
totic costof processing new item.

Given this, an Fo query canbe answeredor eachin-
stanceof the algorithmin constanttime. Sinceit is neces-
saryto computethe medianof mary instancef the algo-
rithm, thetime to answeranFq queryis O(log 1= ).

5. Applications and Extensions
5.1. DominanceNorms

We recallthe problemhere.Giveninput| consistingof
k streamsof m integerseach,let a;; ;i = 1;:::k;j =
1:::m, representhe jth elementigf the ith stream.The
max-dominanc@ormis de ned as jm:l maxy i k & -

We can reduce max-dominancenorm of |1 to range-
ef cient Fqg of astreamO derivedasfollows.

For each elementa;; 2 |, we generateinterval
[ 1)m;(j 1)m+a; 1]in O. It is easyto ver
ify thefollowing fact.

Fact4. Themax-dominanceormof | equalsthenumber
of distinctelementsn O.

Note that the elementsof stream O, can take val-
ues in the range [0;nm 1]. Using our range-
efcient algorithm on O, the spacecompleity is now
O(1=2(logm + logn) log1=).

Since the length of the interval in O correspond-
ing to &;; 2 1 is a;, from Section4.3 it follows
that the amortized time compleity of handling item
a; is O(log %-logl), and the worst case comple-
ity is O('2@/9nlogay |54 1y,

As shavn belaw, ouralgorithmfor dominancerormscan
easilybegeneralizedo thedistributedcontext.

5.2. Distributed Streams

In thedistributedstreamsmodel[16], thedataarrivesas
k independenstreamswherefori = 1:::k streami goes



to partyi. Eachpartyprocesses completestreamandthen
sendghecontentsof their workspacgo a commonreferee.
Similar to 1-roundsimultaneougommunicationrcomple-
ity, thereis no communicatiorallowed betweerthe parties
themseles. The refereeis requiredto estimatethe aggre-
gateFq over the union of all the datastreamsl to k. The
spacecompleity is the sum of the sizesof all messages
sentto thereferee.

Our algorithmcanbe readily adaptedo the distributed
streamamodel.All the partiessharea commonhashfunc-
tion h, and eachparty runs the above described(single
party) algorithmon its own stream targetinga samplesize
of ¢ intenals. Finally, eachparty sendsits sampleto the
referee.

It is possiblethat samplessentby different partiesare
at differentsamplingprobabilities(or equivalently; differ-
entsamplinglevels). Therefereeconstructsa sampleof the
union of the streamsby sub-samplingeachstreamto the
lowestsamplingprobabilityacrossall the streamsSinceby
ouranalysisgachindividual streamis ata samplingproba-
bility whichwill likely give goodestimatesthelowestsam-
pling probabilitywill alsogiveusan( ; )-estimatoffor Fy.
The spacecompleity of this schemeis O(k M),
wherek is the numberof parties,andthe time peritemis
thesameasin the singlestreamalgorithm.

5.3. Range-Ef ciency in every coordinate

If eachdatapointis avectorof dimensiord, ratherthana
singleinteger, thenamodi ed de nition of range-eftiency
is required Onepossiblede nition wasgivenby [5]: range-
efciency in every coodinate andthis provedto be useful
in their reductionfrom the problemof computingthe num-
berof trianglesin graphgto thatof computingFo andF; of
aninteger stream.\We later consideranotherpossiblede -
nition, which seemsdarderto ef ciently solve.

For vectorsof dimensiond, de ne a j-th coordinate

of al vectorst with theith coordinatex; = a; fori 6 j,and
Xj 2 [a;s ; 8je ]. An algorithmis saidto be range-efcient
in thej th coordinatéf it canhandleaj -th coordinateange
efciently.

Our Fq algorithm canbe maderange-eftient in every
coordinatein the following way. We rst nd amappingg
betweera d-dimensionalvectora = (a;;az:::a4) (where
foralli=1:::d,a 2 [0O;m 1]) andtheone-dimensional
line asfollows.

g(ag;az;:::ag) = md lag+ md 2a, + 111+ mOay

Fact5. Functiong hasthefollowing properties:
g is aninjective function
A j -th coordinaterange

arithmetic progressiong(yi1); g(y2);:::9(yn) where

Becauseof the above, the numberof distinct elements
doesnot changewhenwe look at the streamg(x) rather
thanstreamx. Dueto Fact5 andsinceour rangeef cient
Fo algorithmcanhandleanarithmeticsequencef integers,
ratherthanjust intervals, it follows that our algorithmcan
bemaderange-eftient in every coordinate.

Assumingthatarithmeticoperationn the integersthat
weremappedo take O(d) time, the amortizedprocessing
time peritemis O(dlog % logn + % ), andthe time for
answeringa queryis O(dlog 1= ). The workspaceusedis
O(d log tlogn).

Acknowledgments: We thank an anorymous refereefor
pointing out the connectionto DominanceNorms and for
suggestionsvhich helpedimprove the runningtime of our
algorithm.
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