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Abstract

Ef�cient one-passcomputationof F0, thenumberof dis-
tinct elementsin a data stream,is a fundamentalproblem
arisingin variouscontextsin databasesandnetworking. We
considertheproblemof ef�ciently estimatingF0 of a data
streamwhereeach elementof thestreamis anintervalof in-
tegers.

Wepresenta randomizedalgorithmwhich givesan(�; � )
approximationof F0, with thefollowing timecomplexity (n
is the sizeof the universeof the items): (1)Theamortized
processingtimeper interval is O(log 1

� log n
� ). (2)Thetime

toanswera queryfor F0 is O(log 1=� ). Theworkspaceused
is O( 1

� 2 log 1
� logn) bits.

Our algorithm improves upon a previous algorithm
by Bar-Yossef, Kumar and Sivakumar [5], which re-
quiresO( 1

� 5 log 1
� log5 n) processingtimeper item.Our al-

gorithmcanbe usedto computethemax-dominancenorm
of a stream of multiple signals, and signi�cantly im-
provesuponthe current bestboundsdueto Cormodeand
Muthukrishnan[11]. Thisalsoprovidesef�cient andnovel
solutions for data aggregation problems in sensornet-
worksstudiedby NathandGibbons[22] andConsidineet.
al. [8].

1. Intr oduction

Oneof themostsigni�cant successesof researchondata
streamprocessinghasbeenthe ef�cient estimationof ag-
gregatessuchasthe frequency moments,quantiles,etc. in
one-passusing limited spaceandtime per item. An espe-
cially importantaggregateis thezerothfrequency moment
(F0) of a dataset,which is thenumberof distinctelements
in the data.Most databasequery optimizationalgorithms
needan estimateof F0 [18]. Further, the computationof
many otheraggregatesof a datastreamcanbe reducedto
thecomputationof F0.

In mostdatastreamalgorithmsin literature,for exam-
ple in [2, 12, 16], the following modelis studied.Eachel-

ementin the streamis a single item (usually an integer),
andthe algorithmneedsto processthis item “ef�ciently”,
bothwith respectto time andspace.Many algorithmshave
beendesignedin thismodelto estimatefrequency moments
[2, 16, 4, 9], andmany otheraggregates[13, 12, 10, 1,21, 3]
of massivedatasets.

However, in many casesit is advantageousto designal-
gorithmswhichwork onamoregeneraldatastream,where
eachelementof the streamis not a single item, but a list
of items. To motivatethis requirement,we give two exam-
plesbelow.

Bar-Yossef,KumarandSivakumar[5] formalizethecon-
cept of reductionsbetweenalgorithms for data streams,
which leadsto the needfor list-ef�cient streamingalgo-
rithms. They give an algorithmfor estimatingthe number
of trianglesin a graphG, wherethe edgesof G arrive as
a streamin an arbitraryorder(this is referredto asan ad-
jacency stream).Their algorithmusesa reductionfrom the
problemof computingthenumberof trianglesin agraphto
theproblemof computingthezerothandsecondfrequency
moments(denotedF0 andF2 respectively) of a streamof
integers.However, for eachedgee in theadjacency stream,
thereductionproducesa list of integers,andthesizeof this
list could be as large as n, the numberof verticesin the
graph.If oneusedan algorithmwhich processedthesein-
tegersone by one, the processingtime per edgeis 
( n),
which is prohibitive. Thus,this applicationneedsan algo-
rithm for computingF0 andF2 whichcanhandlesucha list
of integersef�ciently , andsuchan algorithmis calledlist-
ef�cient. In many cases,includingtheabove, theselists are
simply intervalsof integers,andalgorithmswhichcanhan-
dlesuchintervalsef�ciently arecalledrange-ef�cient.

Another applicationof suchlist and range-ef�cient al-
gorithms is in aggregate computationover sensornet-
works [22, 8]. Considine et. al. [8] design sketches
for the distinct summation problem described below.
Given a multi-set of items M = f x1; x2; : : :g, where
x i = (ki ; ci ) compute

P
distinct (k i ;c i )2 M ci . The dis-

tinct summationproblem can be reducedto F0 compu-
tation as follows. For eachx i = (ki ; ci ), generatea list



l i of ci distinct but consecutive integers. An F0 algo-
rithm on this streamof l i s will give thedistinctsummation
required.This can be solved using an algorithm for esti-
matingF0, but thealgorithmshouldberange-ef�cient i.e.,
it shouldbe able to processan interval of integersmuch
faster than processingthem one by one. Nath and Gib-
bons[22] studyduplicateinsensitivesketchesfor aggregate
computationover sensornetworks. Many duplicateinsen-
sitive sketches,suchas the sketchesfor the approximate
sum of valuesheld by distinct sensornodes,can be re-
ducedto range-ef�cient computationof F0.

De�nition 1. For parameters0 < �; � < 1, an (�; � )-
estimatorfor a numberY is a randomvariableX suchthat
Pr[jX � Y j > �Y ] < � .

Our Results: In this paper, we considerrange-ef�cient
computationof F0. Theinputstreamis r 1; r2; : : : rm where
eachstreamelementr i = [x i ; yi ] � [1; n] is an interval
of integersx i ; x i + 1; : : : yi . The length of an interval r i ,
whichis thenumberof integersin theinterval,couldbeany
numberbetween1 andn. We designan algorithmwhich
returnsan (�; � )-estimatorof F0, the total numberof dis-
tinct integerscontainedin all the intervalsin thestreamR.
Supposetheinputstreamwas[1; 10]; [2; 5]; [5; 12]; [41; 50],
thenF0 = 22.

We presentan algorithmwith the following spaceand
timecomplexities:

� The amortized processing time per interval is
O(log 1

� log n
� )

� Theworkspaceusedis O( 1
� 2 log 1

� logn) bits

� The time to answera query for F0 at anytime is
O(log 1=� ).

Extensions and Applications of our Basic Algorithm:
Our algorithmcanbeextendedto thefollowing moregen-
eralscenarios:

� It can processa list of integerswhich is in an arith-
meticprogressionasef�ciently asit canhandleanin-
terval of integers.

� Our algorithm can also be used in the distributed
streamsmodel,wherethe input streamis split across
multiple parties,and F0 has to be computedon the
unionof thestreamsobservedby all theparties.

Dominance Norms: The problem of estimating max-
dominance norms of multiple data streams is as
follows. Given k streams of m integers each, let
ai;j ; i = 1; : : : k; j = 1 : : : m, representthe j th ele-
ment of the i th stream. The max-dominancenorm is

de�ned as
P m

j =1 max1� i � k ai;j . Assume for all ai;j ,
1 � ai;j � n.

The conceptof max-dominancenorm useful in diverse
scenariossuchas�nancial applications[23] andIP network
monitoring [20]. Cormodeand Muthukrishnan[11] gave
a streamingalgorithm for computingan (�; � )� estimator
of the max-dominancenorm. Their algorithm usesspace
O(1=�2(log n + � � 1 logm log logm) log1=� ) andprocess-
ing timeperitemis O(1=�4 loga logm log1=� ), wherea is
thevalueof thecurrentelement.

We show that the estimationof the max-dominance
norm can be reduced to range-ef�cient F0 com-
putation, and derive an algorithm which uses
O(1=�2(log m + logn) log1=� ) spaceand whose amor-
tized time per item is O(log a

� log 1
� ) wherea is the value

of the item being processed.The worst case time per
item is O( log log n log a

� 2 log 1
� ) Our algorithmperformsbet-

terspace-wise,andsigni�cantly bettertime-wise.
Our improvedalgorithmfor range-ef�cient computation

of F0 also yields improved algorithms for all problems
which canbe reducedto F0, including countingthe num-
berof trianglesin thegraph[5], andsensornetwork aggre-
gation[22, 8].

Techniques:Our algorithmis basedon randomsampling.
A key technicalingredientof our work is a novel range-
samplingalgorithm,which quickly computesthe number
of integers in a range[x; y] which belong to the current
randomsample.Our range-samplingalgorithm,whencom-
binedwith ideasfrom the randomsamplingalgorithmdue
to Gibbonsand Tirthapura[16], yields the algorithm for
range-ef�cient F0.

Range-samplingProblem: The rangesamplingproblem
that we consideris asfollows. Given numbersa; b;p such
that0 < a; b < p, wede�ne functionf : [1; n] ! [0; p � 1]
asf (x) = (a � x + b) mod p. Given intervals [x1; x2] �
[1; n], and[0; q] � [0; p � 1], quickly computethe sizeof
thesetf x 2 [x1; x2]jf (x) 2 [0; q]g.

A naive solutionto the rangesamplingproblemwould
beto considereachelementx 2 [x1; x2] separately, andsee
if f (x) 2 [0; q]. The problemwith this approachis that it
would take O(jx2 � x1 j) time, which could be aslargeas
O(n), sincethelengthof aninterval couldbeaslargeasn.

We present a much more ef�cient solution to the
range-samplingproblem,whosetime complexity is only
O(log jx2 � x1 j). Our solution is a recursive proce-
dure which works by reducingthe above problemto an-
other range-samplingproblem, but over a much smaller
range,whoselengthis lessthanhalf the lengthof theorig-
inal range[x1; x2]. Proceedingthus,we get an algorithm
whosetimecomplexity is O(log jx2 � x1j). Ourrangesam-
pling algorithmmight be of independentinterest,anduse-



ful in thedesignof otherrange-ef�cient algorithmsfor the
datastreammodel.

RelatedWork: EstimatingtheF0 of adatastreamis avery
well studiedproblem,becauseof its importancein various
databaseapplications.It is well known that computingF0

exactly requiresspacelinear in thenumberof distinct val-
ues,in theworstcase.

Flajolet and Martin [14] gave a randomizedalgorithm
for estimatingF0 using O(log n) bits. This assumedthe
existenceof certain ideal hash functions, which we do
not know how to store in small space.Alon, Matias and
Szegedy [2] describea simple algorithm for estimating
F0 to within a constantrelative error which worked with
pairwise-independenthashfunctions,andalso gave many
in�uential algorithmsfor estimatingother frequency mo-
mentsF2; F3; :: of a dataset.

Gibbons and Tirthapura [16], and Bar-Yossef et.
al. [5] gave algorithmsfor estimatingF0 to within arbi-
trary relative error. The algorithm due to Gibbons and
Tirthapurausedrandomsampling,andits spacecomplex-
ity was O(log n log 1

�
1
� 2 ), and processingtime per ele-

mentO(log 1
� ). Thespacecomplexity of thisalgorithmwas

later improved by Bar-Yossefet. al. [4] who gave an al-
gorithm with better spacebounds, which are the sum
of O(log n) and poly(1=�) terms rather than their prod-
uct, but at the cost of increasedprocessingtime per ele-
ment.

Prior to our work, the most ef�cient algorithm for
range-ef�cient F0 computationis due to Bar-Yossef,Ku-
mar andSivakumar[5], andtakesO( 1

� 5 log 1
� log5 n) pro-

cessingtimeperinterval andO( 1
� 3 log 1

� logn) space.
Considineet.al. [8] presentalgorithmsto computedis-

tinct summations, which is closely related,andcanbe re-
ducedto range-ef�cient F0 computation,asdescribedear-
lier. Their algorithmis basedon the algorithmof Flajolet
and Martin [14], which assumesthe presenceof an ideal
hashfunction,which canproducecompletelyindependent
randomnumbers.Ouralgorithmuseshashfunctionswhich
can be storedusing little space,but which yield random
numbersthatareonly pairwiseindependent.Thealgorithm
in [5] doesnot make this assumptionof ideal hashfunc-
tionseither, andhenceworksin thesamemodelasours.We
notethat in thealgorithmof Considineet. al [8], it is pos-
sible to replacetheseideal hashfunctionswith pairwise-
independenthashfunctions, just like in [2], but then we
would againneeda range-samplingsubroutinesimilar to
theonewepresent.In addition,ouralgorithmalsoprovides
a betterrunningtime for thedistinctsummations[8] prob-
lem.

The work of Feigenbaumet.al. [13] in estimatingthe
L 1 differencebetweenstreamsalsohasthe ideaof reduc-
tions betweendata streamalgorithmsand usesa range-

ef�cient algorithmin their reduction([5] mentionthattheir
notionof reductionsandlist-ef�ciency wereinspiredby the
above work of Feigenbaumet.al.).The algorithmfor L 1-
differenceis not basedon randomsampling,andrelieson
summingmany randomvariables.They developlimited in-
dependencerandomvariableswhich arerange-summable,
while our sampling-basedalgorithmmakesuseof a range-
samplingtechnique.

Thereis muchotherinterestingwork on datastreamal-
gorithms,andwe referthereaderto thesurveys [21, 3].

Organization of the paper: The rest of the paperis or-
ganizedas follows. Section2 givesa high level overview
of the algorithm for range-ef�cient F0. Section 3 gives
the range samplingalgorithm, its proof and analysisof
complexity. Section4 gives the algorithm for computing
F0 using the range-samplingalgorithm as the subroutine,
andits correctnessproof andanalysisof complexity. Sec-
tion 5 givesextensionsof thebasicalgorithmto distributed
streamsandthecomputationof dominance-norms.

2. A High Level Overview

2.1. A RandomSamplingAlgorithm for F0

At a high-level, our algorithmfor computingF0 follows
a similar structureto thealgorithmby GibbonsandTirtha-
pura[16]. We �rst recallthemainideaof their algorithm.

Thealgorithmkeepsa randomsampleof all thedistinct
elementsseensofar. It sampleseachelementof thestream
with a probabilityp, while makingsurethatthesamplehas
no duplicates.Finally, whenanestimateis asked for F0, it
returnsthesizeof thesample,multipliedby 1=p.

However, the valueof p cannotbe decidedin advance.
If p is large, then the samplesizemight get too big if F0

waslarge.On theotherhand,if p is too small,thentheap-
proximationerror might be very high, if the value of F0

wassmall.Thus,thealgorithmstartsoff with a high value
of p = 1, anddecreasesthevalueof p every time thesam-
plesizeexceedsa predeterminedmaximumsamplesize,� .

The algorithm maintainsa current sampling level, `,
whichdeterminesasamplingprobabilityp` . Initially, ` = 0,
and` never decreases.Thesampleat level `, S(`) is deter-
minedby ahashfunctionS(�; `), for ` = 0; 1; : : :.

Whenitemi is presentedto thealgorithm,if S(i; `) = 1,
thentheitem is storedin thesampleS` , andit is not stored
otherwise.Finally, theestimateof thenumberof distinctel-
ementsis jS` j

p`
where` is thecurrentsamplinglevel.Wecall

thealgorithmdescribedsofarasthesingle-itemalgorithm.

Range-Sampling:Wheneachelementof thestreamis an
interval of items ratherthana single item, the main tech-
nical problemis to quickly �gure out whetherany point



in this interval belongsin the sampleor not. More pre-
cisely, if ` is the current samplinglevel, and an interval
r i = [x i ; yi ] arrives,we want to know the sizeof the set
f x 2 r i jS(x; `) = 1g. We call this the range-sampling
problem.

A naivesolutionto range-samplingis toconsidereachel-
ementx 2 r i individually, andcheckif S(x; `) = 1, but the
processingtimeperitemwouldbeO(yi � x i ), whichcould
beasmuchas�( n). Our main technicalcontribution is to
reducethetimeperinterval signi�cantly, to O(log(yi � x i ))
operations.

Our range-ef�cient algorithmsimulatesthe single-item
algorithmasfollows.Whenaninterval r i = [x i ; yi ] arrives,
we computethesizeof thesetf x 2 r i jS(x; `) = 1g. If the
sizeis greaterthanzero,thenwe addr i to our sample,oth-
erwisewe discardr i . If thenumberof intervalsin our sam-
plebecomestoo large,thenwedecreasethesamplingprob-
ability by increasingthesamplinglevel from ` to ` + 1. We
now discardall intervals r in thesamplefor which the set
f x 2 r jS(x; ` + 1) = 1g is empty.

Finally, whenan estimatefor F0 is asked for, suppose
thecurrentsampleis thesetof intervalsS = f r 1; : : : r k g,
and` is thecurrentsamplinglevel.Wereturnjf x 2 r i ; r i 2
SjS(x; `) = 1gj=p̀

Hash Functions: Sincethe choiceof the hashfunction is
crucial for therange-samplingalgorithm,we �rst precisely
de�ne thehashfunctionswe consider.

We use a standard2-universal family of hash func-
tions [7]. First choosea prime number p between10n
and 20n, and then choosetwo numbersa; b at random
from f 0: : : p � 1g. De�ne hashfunction h : f 1 : : : ng !
f 0 : : : p � 1g ash(x) = (a � x + b) mod p.

The two propertiesof h thatareimportantto theF0 al-
gorithmareasfollows:

1. For any x 2 f 1 : : : ng, h(x) is uniformly distributedin
f 0; : : : p � 1g.

2. The mappingis pairwiseindependent.For x1 6= x2

andy1; y2 2 f 0 : : : p � 1g,
Pr[(h(x1) = y1) ^ (h(x2) = y2)] = Pr[h(x1) =
y1] � Pr[h(x2) = y2].

For eachlevel ` = 0::blognc, wede�ne thefollowing:

� RegionR` � f 0; : : : p � 1g

R` = f 0 : : : b
p
2` c � 1g

� Thesamplingfunctionat level `. For everyx 2 [1; n],
thesamplingfunctionS(x; `) is de�ned as
S(x; `) = 1 if h(x) 2 R` , andS(x; `) = 0 otherwise.

� The samplingprobability at level `. For every x 2
[1; n], Pr[S(x; `) = 1] is the samevalue,which we

denoteby p` . Sinceh(x) is uniformly distributed in
f 0; : : : p � 1g, we havep` = jR` j=p.

The algorithmsfor computingF0 dueto [2, 16, 4] use
hashfunctionsde�ned over GF (2m ), which are different
from the onesthat we use. In fact, for their algorithms,
any pairwiseindependenthashfunction will suf�ce. Bar-
Yossefet. al. [5], in their range-ef�cient F0 algorithm,use
the Toeplitz family of hashfunctions[17], andtheir algo-
rithm usesspeci�c propertiesof thosehashfunctions.

In our case,we usethe structurepresentin the above
describedhashfunction in our range-samplingalgorithm.
We do not know whetherwe couldachieve ef�cient range-
samplingusingadifferentfamily of hashfunctions,saythe
functionsde�ned overGF (2m ).

3. RangeSamplingAlgorithm

In this section, we presenta solution to the range-
samplingproblem,its correctnessandtime andspacecom-
plexities. The algorithm RangeSample(r i = [x i ; yi ]; `),
computesthe numberof points x 2 [x i ; yi ] for which
h(x) 2 R` . This algorithm is later used as a subrou-
tine by the range-ef�cient algorithmfor F0, which is pre-
sentedin thenext section.

Sinceh(x) = (ax+ b) mod p, RangeSample([x i ; yi ]; `)
is the numberof points x 2 [x i ; yi ], suchthat (ax + b)
mod p 2 [0; b p

2` c� 1]. Notethath(x i ); h(x i + 1); : : : ; h(yi )
is an arithmetic progressionover

�

p (
�

k is the ring of
non-negative integers modulo k) with a commondiffer-
ence a. Thus, we consider the following generalprob-
lem.

Problem1. LetM > 0, 0 � d < M , and0 < L � M . Let
S = hx1; x2; � � � x l i bean arithmeticprogressionover

�

M

with commondifferenced, i.e, x i = (x i � 1 + d) mod M .
LetR bea regionof theform[0; L � 1]or [� L + 1; 0]. Com-
putethenumberof elementsof S that lie in R.

Beforedescribingthealgorithmfor Problem1, weinfor-
mally describethe idea.For this informal description,we
justconsiderthecaseR = [0; L � 1].

Divide S into subsequencesS0; S1; � � � Sk ; Sk+1 as
follows: S0 = x1; x2; � � � ; x i , where i is the small-
est numbersuchthat x i > x1 and x i > x i +1 . If Sj =
hx i ; x i +1 ; � � � xm i , then Sj +1 = hxm +1 ; xm +2 � � � xr i ,
where r is the smallestnumber such that r > m + 1
and xr > xr +1 , and if no suchr exists then x r = x l .
Note that if Sj = hx i ; x i +1 ; � � � ; xm i , then x i < d,
x i < x i +1 < � � � < xm . We denote the �rst ele-
mentof Sj with f j andthelastelementwith ej .

Let L = d� q+ r wherer < d. Notethatthevaluesof q
andr areunique.We observe thatfor eachi > 0, it is easy
to computethenumberof pointsof Si that lie in R. More
precisely,



Observation 1. For everyi > 0, if f i < r , thenjSi \ Rj =
bL

d c + 1, elsejSi \ Rj = bL
d c.

ThusProblem1 is reducedto computingthesizeof the
following set

f i j 1 � i � k; f i 2 [0; r � 1]g:

Thefollowing observationis crucial.

Observation 2. The sequencehf 1; f 2; � � � ; f k i forms an
arithmeticprogressionover

�

d.

We show in Claim 2 that thecommondifferenceof this
sequenceis � r 0, wherer 0 = M mod d. We canalways
view any arithmeticprogressionover

�

d with commondif-
ference� r 0 asanarithmeticprogressionwith commondif-
ferenced � r 0. Thesecondcrucial observationis that ei-
therd� r 0or r 0 is lessthand=2, andwecanchooseto work
with thesmallerof thetwo.Thus,wehavereducedtheorig-
inal problemto a smallerproblem,whosecommondiffer-
enceis at mosthalf of thecommondifferenceof theorigi-
nalproblem.

We now givea formaldescription.We startwith thefol-
lowing usefulclaims.

Claim 1. If R = [0; L � 1], thenfor 1 � i � k,

jSi \ Rj =
�

bL
d c + 1 if f i 2 [0; r � 1]
bL

d c if f i =2 [0; r � 1]

If R = [� L + 1; 0], then

jSi \ Rj =
�

bL
d c + 1 if ei 2 [� r + 1; 0]
bL

d c if ei =2 [� r + 1; 0]

Note that eachf i is lessthand, andso we view f i s as
elementsover

�

d, andbelow we show thatthef i s form an
arithmeticprogressionover

�

d.

Claim 2. Let M = d � q0 + r 0, where r 0 < d. Then,for
1 � i < k, f i +1 = (f i � r 0) mod d.

Proof. RecallthatSi = hf i ; f i + d; � � � ei i , andM � d �
ei � M � 1. We have two cases.

If f i < r 0, thenei = f i + q0 � d. Thus

f i +1 = (ei + d) mod M
= (f i + q0 � d + r 0 + d � r 0) mod M
= (f i + M + (d � r 0)) mod M
= (d � (r 0 � f i )) mod M

Sincef i +1 is lessthand, the �nal expressionfor f i +1

canbe written in
�

d as follows: f i +1 = (f i + (d � r 0))
mod d = (f i � r 0) mod d.

In thesecondcase,if f i � r 0, thenei = (f i + (q0� 1) �
d) mod M . Thus,f i +1 = (f i + q0 � d) mod M = (f i �
r 0) mod M

Sincef i +1 is lessthand, theabovecanbewritten in
�

d

asf i +1 = (f i � r 0) mod d.

We would like to say that ei 's also form an arithmetic
progressionover

�

d. However, sinceM � 1 � ei � M � d,
wecannotdirectlyview ei 'saselementsover

�

d. Sowede-
�ne afuntionmap : f M � d;M � d+ 1; � � � ; M � 1g !

�

d

such that map(ei )'s form an arithmeticprogressionover
�

d. We de�ne map as follows: map(M � k) = k; 1 �
k � d.

Now we have the following claim for map(ei )s, which
is similar to Claim 2. We omit theproof sinceit is similar
to theproofof Claim 2.

Claim 3. Let M = d � q0 + r 0, where r 0 < d. Then,for
1 < i � k, map(ei ) = (map(ei � 1) + r 0) mod d.

Next we arguethatfor ourpurposes,any arithmeticpro-
gressionwith commondifference� r 0 canbe viewed asa
differentarithmeticprogressionwith commondifferencer 0.

Let T = hy1; y2; � � � ; yk i be an arithmeticprogression
over

�

t with a commondifference� s, i.e.,

yi = (yi � 1 � s) mod (t):

Let R beof theform [0; l � 1] or [� l + 1; 0]. De�ne R0 as
follows: if R = [0; l � 1], thenR0 = [� l + 1; 0], elseR0 =
[0; l � 1].

Claim 4. Let T 0 = hy0
1; y0

2; � � � ; y0
k i be an arithmeticpro-

gressionover
�

t de�nedasy0
1 = � y1, andfor 1 < i < k,

y0
i = (y0

i � 1 + s) mod (t). Then,

jT \ Rj = jT 0 \ R0j:

Proof. If y1 � ks = x mod (t), then � y1 + ks = � x
mod (t). Thusx 2 R if andonly if � x 2 R0.

Now we describeour algorithmfor Problem1.

ProcedureHits (M , d, u, n, R)

Precondition: R is of theform [0; L � 1] or [� L + 1; 0]
whereL � M , andu < M ; d < M :

Goal: ComputejS \ Rj, where

S = hu; (u+ d) mod M ; � � � (u+ n � d) mod M i :

1. � If n = 0, thenReturn 1 if u 2 R, elseReturn 0.

� Let S = S0S1 � � � Sk Sk+1 . Let H its 0 = jS0 \ Rj
andH its k+1 = jSk+1 \ Rj.

� Computek, H its 0 andH its k+1 .

� If d = 1, then
Return H its 0 + H its k+1 + (L � k).

2. Let L = d� q+ r , wherer < d, andM = d� q0+ r 0,
wherer 0 < d. Computer andr 0.

3. If R = [0; L � 1], then

3.1. Computef 1, wheref 1 is the �rst elementof S1.
Setunew = f 1, M new = d;nnew = k.



3.2. If d � r 0 � d=2, thenRnew = [0; r � 1], and
dnew = d � r 0. In thiscase,weview f i sasarith-
metic progressionover

�

d with commondiffer-
enced � r 0.

By makingarecursivecall to Hits , we com-
puteH igh, thecardinalityof thefollowing set

f i j f i 2 [0; r � 1]; 1 � i � kg;

H igh = Hits (M new , dnew , unew , nnew ,
Rnew ).

3.3. If d� r 0 > d=2 (sor 0 � d=2), thenunew = � f 1,
dnew = r 0, andRnew = [� r + 1; 0]. In this case
we considerthe f i s asanarithmeticprogression
over

�

d with commondifference� r 0.
H igh = Hits (M new , dnew , unew , nnew ,

Rnew ).

3.4. Let Low = k � H igh. Return

H its 0+ H its k+1 +( H igh�(b
L
d

c+1))+( Low�b
L
d

c)

4. If R = [� L + 1; 0] then

4.1. Computee1 and map(e1), wheree1 is the last
elementof S1. Let unew = map(e1); M new =
d;nnew = k.

4.2. If r 0 � d=2, then let Rnew = [0; r � 1], and
dnew = r 0. In this casewe view map(ei )s asan
arithmeticprogressionover

�

d with commondif-
ferencer 0.

H igh = Hits (M new , dnew , unew , nnew ,
Rnew ).

4.3. If r 0 > d=2 (sod � r 0 � d=2), thenlet unew =
� map(e1); dnew = d � r 0, andRnew = [� r +
1; 0]. In this casewe view map(ei )s asanarith-
metic progressionover

�

d with commondiffer-
ence� r 0.

H igh = Hits (M new , dnew , unew , nnew ,
Rnew ).

4.4. Let Low = k � H igh. Return

(H its 0+ H its k+1 +( H igh�(b
L
d

c+1))+( Low�b
L
d

c)

Time Complexity:
First,anoteonourmodel.Weassumethatarithmeticop-

erations,including additions,multiplicationsanddivisions
in

�

k takeunit time.
It is clear that Steps1, and2 canbe computedusinga

constantnumberof operations.The algorithmmakesa re-
cursive call in Step3 or Step4. It is clear that dnew �

step=2. Thusif we parametrizetherunningtime of theal-
gorithmwith d, then

T(d) = T(dnew ) + O(1)
� T (d=2) + O(1) = O(log d):

Wecangetabetterboundontherunningtimeasfollows.
The input parametersto the recursive procedureareM , d,
u, n, R. Whentherecursiveprocedureis called,theparam-
etersare:M new = d, dnew � d=2, nnew � dn � d=M e.

In every recursive call except(perhaps)the �rst, it must
betrue thatd � M =2. Thus,in every recursive call except
for the �rst, nnew � n=2. If we parametrizethe running
timeonn, thenthetotal timeof thealgorithmis O(log(n)) .

SpaceComplexity: Whenever the proceduremakesa re-
cursive call, it needsto storevaluesof a constantnumber
of local variablessuchasH its 0, H its k+1 , n etc.SinceM
dominatesu; d, andL , eachtime thealgorithmmakesa re-
cursivecall, it needsO(log n+ logM ) of stackspace.Since
the depthof the recursionis no morethanlogn, the total
spaceneededis O(log n � (log n + logM )). We canfur-
therreducethespaceby acarefulimplementationof there-
cursiveprocedureasfollows.

In general hits (p1; p2; : : : p5) = � + 

hits (p0

1; p0
2; : : : p0

5), where � and 
 are functions of
p1; : : : ; p5. This is a tail-recursive procedure,which can
be implementedwithout having to allocate space for
a new stack for every recursive call and without hav-
ing to tear down the stackupon a return. Thus, the total
spacecanbereducedto O(log n + logM ).

Corr ectness:We �rst considerthecaseR = [0; L � 1]. It
is clearthatwhend = 1, or whenn = 0, thealgorithmcor-
rectly computestheanswer. Notethat

jS \ Rj = jS0 \ Rj +
i = kX

i =1

jSi \ Rj + jSk+1 \ Rj:

Step1 correctly computesjS0 \ Rj and jSk+1 \ Rj. By
Claim1, for 1 � i � k, jSi \ Rj is bL

d c+ 1 if f i 2 [0; r � 1],
andis bL

d c, if f i =2 [0; r � 1]. Let H igh denotethenumber
of f i 's for which f i 2 [0; r � 1]. Giventhecorrectvalueof
H igh, thealgorithmcorrectlycomputesthe�nal answerin
Step3.4.

Thus the goal is to show that the algorithm correctly
computesthevalueof H igh. Let T = hf 1; � � � ; f k i . At this
point, thealgorithmconsiderstwo cases.

If d � r 0 � d=2, thenthe goal is to computethe num-
ber of elementsin T that lie in [0; r � 1]. By Claim 2, T
is an arithmeticprogressionover

�

d, with commondiffer-
enced � r 0. Thestartingpoint of thisprogressionis f 1, the
numberof elementsin theprogressionis k. Thusthealgo-
rithm makesa correctrecursivecall to Hits .



If d � r 0 > d=2, thenby Claim2, T is anarithmeticpro-
gressionover

�

d with commondifference� r 0. Thegoal is
to compute

jT \ [0; r � 1]j:

De�ne a new sequenceT 0 = hf 0
1; f 0

2; � � � ; f 0
k i over

�

d as
follows: f 0

1 = � f 1 andf 0
i +1 = (f 0

i + r 0) mod d;1 � i �
k � 1. By Claim 4,

jT \ [0; r � 1]j = jT 0 \ [� r + 1; 0]j:

Thusthealgorithmmakescorrectrecursivecall in Step3.4,
to computejT 0\ [� r + 1; 0]j whichequalsjT \ [0; r � 1]j.

Thusthe algorithmcorrectlycomputesS \ R, whenR
is of theform [0; L � 1]. Correctnessfor thecasewhenR is
of theform [� L + 1; 0] followssimilarly.

4. The range-ef�cient F0 algorithm

We now describethecompletealgorithmfor estimating
F0, usingtherange-samplingalgorithmasasubroutine.We
thenpresentits correctness,andtime andspacecomplexi-
ties.

Recallthat the input streamis r 1; r2; : : : rm whereeach
streamelementr i = [x i ; yi ] � [1; n] is an interval of inte-
gersx i ; x i + 1; : : : yi . Let p beaprimenumberbetween10n
and20n. FromSection2, recallthefollowing notation.

For eachlevel ` = 0::blognc,
(1)R` = f 0 : : : b p

2` c � 1g
(2)Thesamplingfunction at level `. For every x 2 [1; n],
thesamplingfunctionS(x; `) is de�ned as
S(x; `) = 1 if h(x) 2 R` , andS(x; `) = 0 otherwise.
(3)Thesamplingprobabilityat level `. p` = jR` j=p.

4.1. Algorithm Description

Thealgorithmdoesnot directlyyield an(�; � )-estimator
for F0, but insteadgivesanestimatorwhich is within a fac-
tor of � of F0 with a constantprobability. Finally, by taking
the medianof O(log 1

� ) suchestimators,we get an (�; � )-
estimator. A formal descriptionof thealgorithmappearsin
Figure1.

The Random Sample: The algorithmmaintainsa sample
S of theintervalsseensofar. S is initially empty. Themaxi-
mumsizeof S is � = c

� 2 intervals.Thealgorithmalsohasa
currentsamplinglevel `, which is initializedto 0. We main-
tain thefollowing invariantsfor therandomsampleS.

Invariant 1. All theintervalsin S aredisjoint.

Invariant 2. Every interval in S hasat leastoneelement
selectedinto thesampleat thecurrentsamplinglevel.

Initialization:

1. Choosea prime numberp such that 10n � p �
20n, and choosetwo numbersa; b at randomfrom
f 0: : : p � 1g,

2. S  �

3. `  0

When a new interval r i = [x i ; yi ] arri ves:

1. If r i intersectswith any interval in S, then

(a) While thereis aninterval r 2 S suchthatr \ r i 6=
� ,

i. S  S � r
ii. r i  r i [ r

(b) S  S [ r i

2. ElseIf RangeSample(r i ; `) > 0 then

(a) S  S [ f r i g // insertinto sample

(b) While (jSj > � ) // over�ow

i. `  ` + 1.
If ` > blogpc then// maximumlevel

// reached,algorithmfails
return;

ii. S  f r 2 SjRangeSample(r; `) > 0g

When an estimate for F0 is asked for: ReturnP
r 2 S RangeSample(r; `)=p̀

Figure 1. The Range-Ef�cient F0 Algorithm
using the Range Sampling algorithm as a
subr outine

When a new interval r i = [x i ; yi ] arri ves:Thealgorithm
�rst checksif r i intersectswith any currentlyexisting inter-
val in S. If so,it deletesall theintersectingintervalsfrom S,
mergesall of themwith r i to form a singleinterval, andin-
sertstheresultinginterval into S.

If r i doesnot intersectwith any currentlyexisting inter-
val, it calls the range-samplingsubroutineto determineif
anypoint in [x i ; yi ] belongsin S at level `. If yes,thenthe
wholeinterval is storedin thesample.

Over�o w: It is possiblethat after addinga new element
to the sample,the size of S exceeded� . In sucha case,
thealgorithmincreasesits samplinglevel, andsubsamples
theelementsof thecurrentsampleinto thenew level. This
subsamplingis repeateduntil either the size of the sam-
ple becomeslessthan � , or the maximumsamplinglevel



is reached(i.e ` = blogpc).

Estimating F0: When an estimateis asked for, the algo-
rithm usestherange-samplingroutineto determinethesize
of the current sample,and returnsthis value boostedby
1=p̀ , where` is thecurrentsamplinglevel.

4.2. The Correctnessof the Algorithm

Theprooffollowsaparallelstructureto theproofin [16].
We give the correctnessproof becausethe hashfunctions
usedherearedifferentfrom thosein [16], andalsofor the
sakeof completeness.

Fact 1. For any ` 2 [0 : : : blognc], 1=2` +1 � p` � 1=2` .

Fact 2. For any ` 2 [0 : : : blognc� 1], 19=40 � p` +1 =p̀ �
1=2.

Proof. p` +1 =p̀ = jR` +1 j=jR` j = b p
2` +1 c=b p

2` c. Sayy =
p
2` , and z = byc. The above expressionis by=2c=byc =
bz=2c=z � 1=2. Sincep > 10n, we have 2` +1 < p=10.
Hence,z > 20, leadingto bz=2c=z � z� 1

2z = 19=40.

Fact 3. For any ` 2 [0 : : : blognc � 1], the randomvari-
ablesf S(x; `)jx 2 [1; n]g areall pairwiseindependent.

Lemma 1. Invariants1 and2 aretruebeforeandafter the
processingof eachinterval in thestream.

Proof. Proof by induction.The basecaseis clear, sinceS
is initialized to � . Supposea new interval r arrives.If r in-
tersectswith any interval alreadyin S, thenour algorithm
clearly maintainsInvariant1 andit canbe ver�ed that In-
variant2 alsoholds.

If r doesnot intersectwith any elementalreadyin S,
thenit is includedin thesampleif andonly if r hasat least
oneelementwhich would be sampledat the currentsam-
pling level. This ensuresthat Invariant2 is maintained.It
canbeeasilyveri�ed thatthestepstakento handleanover-
�o w alsomaintaintheinvariants.

Let randomvariableZ denotetheresultof thealgorithm.
We analyzethealgorithmby looking at the following (hy-
pothetical)process.This processis only usefulfor usto vi-
sualizetheproof,andis notexecutedby thealgorithm.The
streamof intervalsR is “expanded”to form thestreamI of
theconstituentintegers.For eachinterval [x i ; yi ], the inte-
gerstreamconsistsof x i ; x i + 1; : : : yi .

Let D (I ) denotethe set of all distinct elementsin I .
We want to estimateF0 = jD(I )j. Eachelementin D(I )
is placedin differentlevelsasfollows. All theelementsof
D(I ) areplacedin level 0. An elementx 2 D(I ) is placed
in every level ` suchthatS(x; `) = 1.

For level `, de�ne X ` to be the numberof distinct el-
ementsplacedin level `. De�ne ` � to be the lowestnum-
beredlevel ` suchthatX ` � � .

Lemma 2. Let `0 denotethe level at which the algorithm
ends�nally . The algorithmreturnsZ = X ` 0=p̀ 0 and`0 �
` � .

Proof. We �rst show that`0 < ` � . If thealgorithmneverin-
creasedits samplinglevel, then`0 = 0, and thus`0 � ` �

trivially. If thealgorithmdid increaseits samplinglevel, it
musthavebeendueto anover�ow, andthenumberof inter-
valsin thesampleat level `0 � 1 musthavebeenmorethan
� . Since,dueto Invariant2, eachinterval in the sampleat
level `0� 1 hasatleastonepointx suchthatS(x; `0� 1) = 1,
it mustbetruethatX ` 0� 1 > � . Thus,`0 � ` � .

Next, we show that thealgorithmreturnsX ` 0=p̀ 0. Con-
sider the set S0 = f x 2 D(I )jS(x; `0) = 1g. Consider
someelementx 2 S0. Integerx musthavearrivedasa part
of some(at leastone)interval r 2 R. Either r mustbe in
S (if r did not intersectwith any rangealreadyin thesam-
ple, andwasnot later mergedwith any other interval), or
theremustbean interval r 0 2 S suchthat r � r 0. In both
cases,x is includedin S.

Further, becauseof Invariant1, x will beincludedin ex-
actlyoneinterval in S, andwill becounted(exactlyonce)as
a partof thesum

P
r 2 S RangeSample(r; `0). Conversely,

anelementy suchthatS(y; `0) = 0 will not becountedin
theabovesum.Thus,thereturnvalueof thealgorithmis ex-
actly jS0j=p̀ , which is X ` 0=p̀ 0.

De�ne a level ` to be good if X l =p̀ is within � rela-
tive error of F0. Otherwise,level ` is bad. For each` =
0: : : blogpc, let B ` denotetheeventthat level ` s bad,and
S` denotetheeventthatthealgorithmstopsin level `.

Theorem1.

Pr f Z 2 [(1 � � )F0; (1 + � )F0]g � 2=3

Proof. Let P denotetheprobabilitythatthealgorithmfails
to producea goodestimate.This happensif any of thefol-
lowing is true:

� Themaximumlevel d = blogpc is reached.

� The level at which the algorithmstopsis a badlevel
i.e. for somè 2 f 0 : : : blogpc� 1gS` andB ` areboth
true.

P =
d� 1X

` =0

Pr[S` ^ B ` ] + Pr[Sd]

Let `m denotethe lowest numberedlevel ` such that
E [X ` ] < �=C for someconstantC to bedeterminedby the
analysis.We notethan`m < d sinceE[X d] � 1 < �=C .
We write P as:

P �
` mX

` =0

Pr[B ` ] +
dX

` = ` m +1

Pr[S` ]



In Lemma4 weshow that
P ` m

` =0 Pr[B ` ] < 16=60, andin
Lemma5 we show that

P d
` = ` m +1 Pr[S` ] < 2=60. Putting

themtogether, thetheoremis proved.

Lemma 3. E [X ` ] = F0p` andV ar[X ` ] = F0p` (1 � p` )

Proof. By de�nition, X ` =
P

x 2 D ( I ) S(x; `). Thus,
E [X ` ] =

P
x 2 D ( I ) E[S(x; `)] = jD (I )jp` = F0p` . Be-

causetherandomvariablesf S(x; `)jx 2 D(I )g areall pair-
wise independent(Fact3), thevarianceof their sumis the
sum of their variances,and the expressionfor the vari-
ancefollows.

Lemma 4.
P ` m

` =0 Pr[B ` ] < 16=60

Proof. Let � ` and� ` respectivelydenotethemeanandstan-
darddeviationof X ` . Then,

Pr B ` = Pr jX ` � � ` j � �� `

UsingChebyshev's inequality, Pr jX ` � � ` j � t� ` � 1
t 2

andsubstitutingt = �� `
� `

, weget:

Pr[B ` ] �
� 2

`

� 2� 2
`

(1)

Substitutingvaluesfrom Lemma3 into Equation1, we
get

Pr[B ` ] �
1 � p`

� 2p` F0
<

1
F0� 2p`

Thus,
` mX

` =0

Pr[B ` ] =
1

F0� 2

` mX

` =0

1
p`

FromFact1, wehave1=p̀ � 2` +1 . Thus,wehave

` mX

` =0

Pr[B ` ] �
1

F0� 2

` mX

` =0

2` +1 <
1

F0� 2 2` m +2

By de�nition, `m is thelowestnumberedlevel ` suchthat
E [X ` ] < �=C . Thus,E [X ` m � 1] = F0p` m � 1 � �=C . Us-
ing Fact1, wegetF0=2` m � 1 � �=C .

` mX

` =0

Pr[B ` ] �
4
� 2

2` m

F0
�

4
� 2

2C
�

=
8C
c

<
16
60

by usingc = 60; C = 2.

Lemma 5.
P d

` = ` m +1 Pr[S` ] < 1=6

Proof. Let Ps =
P d

` = ` m +1 Pr[S` ]. We seethat Ps is the
probabilitythatthealgorithmstopsin level `m +1 orgreater.
This impliesthatat level `m , therewereat least� intervals
in thesampleS. Invariant2 impliesthat therewereat least
� elementssampledat thatlevel, sothatX ` m � � .

Thus,

Ps � Pr[X ` m � � ]
= Pr[X ` m � � ` m � � � �=C ]

�
� 2

` m

� 2(1 � 1=C)2

FromLemma3, we get � 2
` m

< E[X ` m ] < �=C . Using
this in theaboveexpression,weget

Ps �
�

C� 2(1 � 1=C)2 �
� 2

Cc(1 � 1=C)2 < 2=60

Thelast inequalityis got by substitutingC = 2; c = 8 and
� < 1.

4.3. Time and SpaceComplexity

SpaceComplexity: The workspacerequiredby the is the
spacefor the sampleS plus the workspacefor the range-
samplingprocedureRangeSample. SampleS contains�
intervals, whereeachinterval canbe storedusing two in-
tegers,thustaking2 logn bits of space.Theworkspacere-
quiredby therange-samplingprocedureis O(log n) bits,so
thatthetotal workspaceis O(� logn + logn) = O( log n

� 2 ).
Sincethewe needto run O(log 1=� ) instancesof this algo-
rithm, the total spacecomplexity is O( log 1=� log n

� 2 ), which
is thesameasfor thesingle-itemalgorithm.

Time Complexity: As notedin Section3, we assumethat
arithmeticoperations,including additions,multiplications
anddivisionsin

�

k takeunit time.

Time Per Inter val: Thetime to handlea new interval r =
[x; y] consistsof threeparts.

1. Thetimefor checkingif r intersectsany interval in the
sample.

2. The time required for range sampling. This is
O(log(y � x)) , which is always O(log n), and per-
hapsmuchsmallerthan�(log n).

3. Thetime for handlinganover�ow

We now analyzethetime for the�rst andthird parts.
First Part: The time for checkingif the interval inter-

sectsany of the O(1=�2) intervals alreadyin the sample,
andto merge them,if necessary. This takesO(1=�2) time,



if donenaively. Thiscanbeimprovedto O(log (1=�)) amor-
tizedtimeasfollows.

Sinceall the intervals in S aredisjoint, we cande�ne a
linearorderamongthemin thenaturalway. We storeS in
a balancedbinary searchtreeTS augmentedwith in-order
links. Eachnodeof TS is an interval, andby following the
in-orderlinks,wecangetthesortedorderof S. Whenanew
interval r = [x; y] arrives,we�rst searchfor thenodein TS

whichcontainsx. Therearethreecasespossible:
1) Interval r doesnot intersectany interval in S. In this

case,we insert r into the tree, which takes O(log (1=�))
time.

2) Interval r intersectssomeinterval in S, andthereis an
interval t 2 S which containsx. In sucha case,by follow-
ing thein-orderpointersstartingfrom t, we can�nd all the
intervalsthat intersectr . All theseintervalsaremergedto-
getherwith r to form a singlenew interval, sayr 0.

We deleteall the intersectingintervalsfrom TS , andin-
sert r 0 into TS . Sinceeachinterval is insertedonly once
anddeletedat mostonce,thetime taken�nding anddelet-
ing eachintersectinginterval canbe chargedto the inser-
tion of the interval. Thus,the amortizedtime for handling
r is the time for searchingfor x plus the time to insertr 0.
SincejSj = O(1=�2), this time is O(log (1=�)).

3) Interval r intersectssomeintervals in S, but noneof
themcontainx. This is similar to thepreviouscase.

Third Part: Thetimefor handlinganover�ow, subsam-
pling to alowerlevel.For eachchangeof level,wewill have
to applytherangesamplingsubroutineO(1=�2) times.

Eachchangeof level selectsroughly half the the num-
ber of pointsbelongingin the previous level into the new
level. However, sinceeachinterval in thesamplemaycon-
tain many pointsselectedin thecurrentlevel, it is possible
that morethanonelevel changemay be requiredto bring
thesamplesizeto lessthan� intervals.

However, we observe that the total number of level
changes(over the whole datastream)is lessthan blogpc
with high probability, sincethe algorithm doesnot reach
level blogpc with highprobability. Sincelogp = �(log n),
the total time taken by level changesover the whole data
streamis O( log 2 n

� 2 log 1
� ). If the length of the datastream

dominatestheaboveexpression,thentheamortizedcostof
handlingtheover�ow is O(1).

Thus,theamortizedtimeto handleaninterval r = [x; y]
perinstanceof thealgorithmis O(log(y � x) + log(1=�)).
Since thereare O(log 1=� ) instances,the amortizedtime
per interval is O(log ((y � x)=�) log1=� ) which is also
O(log (n=� ) log1=� ).

It followsthattheworstcaseprocessingtime peritem is
O( log 2 n

� 2 log 1
� ). If our focuswason optimizing the worst

caseprocessingtime per item, then we could reducethe
above to O( log log n log (y � x )

� 2 log 1
� ) by changinglevels us-

ing a binary searchratherthansequentiallywhenan over-
�o w occurs.

Time for Answering a Query: At �rst glance,this needs
to apply the range-samplingprocedureon � intervals,and
computethesum.However, wecandobetterasfollows.

With eachinterval in S, storethenumberof pointsin the
interval which are sampledat the currentsamplinglevel.
This is �rst computedeitherwhentheinterval wasinserted
into thesample,or whenthealgorithmchangeslevels.Fur-
ther, the algorithmalsomaintainsthe currentvalueof the
sum

P
r 2 S RangeSample(r; `)=p̀ , where` is thecurrent

level, andS is thecurrentsample.This sumis updatedev-
ery time a new interval is sampled,or whenthe algorithm
changeslevel. Theabovechangesdo not affect theasymp-
totic costof processinga new item.

Given this, an F0 query can be answeredfor eachin-
stanceof the algorithmin constanttime. Sinceit is neces-
saryto computethemedianof many instancesof thealgo-
rithm, thetime to answeranF0 queryis O(log 1=� ).

5. Applications and Extensions

5.1. DominanceNorms

We recall theproblemhere.Giveninput I consistingof
k streamsof m integerseach,let ai;j ; i = 1; : : : k; j =
1 : : : m, representthe j th elementof the i th stream.The
max-dominancenormis de�ned as

P m
j =1 max1� i � k ai;j .

We can reducemax-dominancenorm of I to range-
ef�cient F0 of astreamO derivedasfollows.

For each element ai;j 2 I , we generateinterval
[(j � 1)m; (j � 1)m + ai;j � 1] in O. It is easy to ver-
ify thefollowing fact.

Fact 4. Themax-dominancenormof I equalsthenumber
of distinctelementsin O.

Note that the elementsof stream O, can take val-
ues in the range [0; nm � 1]. Using our range-
ef�cient algorithm on O, the spacecomplexity is now
O(1=�2(log m + logn) log1=� ).

Since the length of the interval in O correspond-
ing to ai;j 2 I is ai;j , from Section 4.3 it follows
that the amortized time complexity of handling item
ai;j is O(log a i;j

� log 1
� ), and the worst case complex-

ity is O( log log n log a i;j

� 2 log 1
� ).

As shownbelow, ouralgorithmfor dominancenormscan
easilybegeneralizedto thedistributedcontext.

5.2. Distributed Streams

In thedistributedstreamsmodel[16], thedataarrivesas
k independentstreams,wherefor i = 1 : : : k streami goes



topartyi . Eachpartyprocessesits completestreamandthen
sendsthecontentsof theirworkspaceto a commonreferee.
Similar to 1-roundsimultaneouscommunicationcomplex-
ity, thereis no communicationallowedbetweentheparties
themselves.The refereeis requiredto estimatethe aggre-
gateF0 over the union of all the datastreams1 to k. The
spacecomplexity is the sum of the sizesof all messages
sentto thereferee.

Our algorithmcanbe readily adaptedto the distributed
streamsmodel.All thepartiessharea commonhashfunc-
tion h, and eachparty runs the above described(single
party)algorithmon its own stream,targetinga samplesize
of c� intervals.Finally, eachparty sendsits sampleto the
referee.

It is possiblethat samplessentby differentpartiesare
at differentsamplingprobabilities(or equivalently, differ-
entsamplinglevels).Therefereeconstructsasampleof the
union of the streamsby sub-samplingeachstreamto the
lowestsamplingprobabilityacrossall thestreams.Sinceby
ouranalysis,eachindividualstreamis ata samplingproba-
bility whichwill likely givegoodestimates,thelowestsam-
pling probabilitywill alsogiveusan(�; � )-estimatorfor F0.
The spacecomplexity of this schemeis O(k log 1=� log n

� 2 ),
wherek is the numberof parties,andthe time per item is
thesameasin thesinglestreamalgorithm.

5.3. Range-Ef�ciency in every coordinate

If eachdatapoint is avectorof dimensiond, ratherthana
singleinteger, thenamodi�ed de�nition of range-ef�ciency
is required.Onepossiblede�nition wasgivenby [5]: range-
ef�ciency in everycoordinate, andthis provedto beuseful
in their reductionfrom theproblemof computingthenum-
berof trianglesin graphsto thatof computingF0 andF2 of
an integerstream.We later consideranotherpossiblede�-
nition, whichseemsharderto ef�ciently solve.

For vectorsof dimensiond, de�ne a j -th coordinate
range(a1; : : : ; aj � 1; [aj;s ; aj;e ]; aj +1 ; : : : ; ad) to betheset
of al vectorŝx with thei th coordinatex i = ai for i 6= j , and
x j 2 [aj;s ; aj;e ]. An algorithmis saidto berange-ef�cient
in thej th coordinateif it canhandlea j -th coordinaterange
ef�ciently .

Our F0 algorithmcanbe maderange-ef�cient in every
coordinatein thefollowing way. We �rst �nd a mappingg
betweena d-dimensionalvectora = (a1; a2 : : : ad) (where
for all i = 1 : : : d, ai 2 [0; m � 1]) andtheone-dimensional
line asfollows.

g(a1; a2; : : : ad) = md� 1a1 + md� 2a2 + : : : + m0ad

Fact 5. Functiong hasthefollowing properties:

� g is aninjective function

� A j -th coordinaterange
(a1; : : : ; aj � 1; [aj;s ; aj;e ]; aj +1 ; : : : ; ad) maps to an

arithmetic progressiong(y1); g(y2); : : : g(yn ) where
yi 2 (a1; : : : ; aj � 1; [aj;s ; aj;e ]; aj +1 ; : : : ; ad).

Becauseof the above, the numberof distinct elements
doesnot changewhen we look at the streamg(x) rather
thanstreamx. Due to Fact 5 andsinceour rangeef�cient
F0 algorithmcanhandleanarithmeticsequenceof integers,
ratherthanjust intervals, it follows that our algorithmcan
bemaderange-ef�cient in everycoordinate.

Assumingthatarithmeticoperationson theintegersthat
weremappedto take O(d) time, the amortizedprocessing
time per item is O(d log 1

�

�
logn + 1

� 2

�
), andthe time for

answeringa queryis O(d log1=� ). The workspaceusedis
O(d 1

� 2 log 1
� logn).
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