
𝑹𝑹𝑹𝑹𝑹𝑹(𝒇𝒇, 𝒄𝒄) = [(𝑧𝑧 − 𝑐𝑐)𝑓𝑓(𝑧𝑧)]|𝑧𝑧=𝑐𝑐 = [(𝑧𝑧−𝑐𝑐)𝑛𝑛 𝑓𝑓(𝑧𝑧)](𝑛𝑛−1)

(𝑛𝑛−1)!
�
𝑧𝑧=𝑐𝑐

  (when 𝑓𝑓 has nth order pole at 𝑐𝑐) 

𝑿𝑿(𝒛𝒛) =  � 𝑅𝑅𝑅𝑅𝑅𝑅 �
𝑋𝑋(𝜆𝜆)

1 − 𝑧𝑧−1𝑒𝑒𝑇𝑇𝑇𝑇
, 𝑝𝑝�

𝑝𝑝∈𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑋𝑋)
;      𝑿𝑿∗(𝒔𝒔) = 𝑋𝑋(𝑧𝑧)|𝑧𝑧=𝑒𝑒𝑇𝑇𝑇𝑇;        𝑷𝑷𝑷𝑷𝑷𝑷: 𝐺𝐺(𝑧𝑧) =  (1 − 𝑧𝑧−1) 𝒁𝒁�

𝐺𝐺𝑝𝑝(𝑠𝑠)
𝑠𝑠

� 

 
𝐴𝐴 = 𝑒𝑒𝐴𝐴𝑐𝑐𝑇𝑇;𝐵𝐵 = ∫ 𝑒𝑒𝐴𝐴𝑐𝑐𝜏𝜏𝐵𝐵𝑐𝑐𝑑𝑑𝑑𝑑;𝐶𝐶 = 𝐶𝐶𝑐𝑐;𝐷𝐷 = 𝐷𝐷𝐶𝐶

𝑇𝑇
0 . 

�𝑎𝑎𝑘𝑘𝑦𝑦[𝑘𝑘 + 𝑗𝑗] = �𝑏𝑏𝑘𝑘𝑢𝑢[𝑘𝑘 + 𝑗𝑗]
𝑛𝑛

𝑘𝑘=0

𝑛𝑛

𝑗𝑗=𝑜𝑜

 

𝐺𝐺(𝑧𝑧) =
𝑏𝑏𝑛𝑛𝑧𝑧𝑛𝑛+. . . +𝑏𝑏0
𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛+. . . +𝑎𝑎0

=
𝑏𝑏𝑛𝑛
𝑎𝑎𝑛𝑛

+
𝑏𝑏𝑛𝑛−1′ 𝑧𝑧𝑛𝑛−1+. . . +𝑏𝑏0′

𝑧𝑧𝑛𝑛 + 𝑎𝑎𝑛𝑛−1′ 𝑧𝑧𝑛𝑛−1 +  . . . +𝑎𝑎0′
 

𝐴𝐴 = �
0
0
⋯
−𝑎𝑎0′

1
0
⋯
−𝑎𝑎1′

⋯
⋱
⋯
⋯

0
0
1

−𝑎𝑎𝑛𝑛−1′

� ,  𝐵𝐵 = �
0
0
⋮
𝟏𝟏

� ,  𝐶𝐶 = [ 𝑏𝑏0′   𝑏𝑏1′  …   𝑏𝑏𝑛𝑛−1′ ],  𝐷𝐷 = [𝑏𝑏𝑛𝑛 𝑎𝑎𝑛𝑛⁄ ]. 

𝐺𝐺(𝑧𝑧) = 𝐶𝐶(𝑧𝑧𝑧𝑧 − 𝐴𝐴)−1𝐵𝐵 + 𝐷𝐷, with characteristic polynomial, 𝑄𝑄(𝑧𝑧) = det(𝑧𝑧𝑧𝑧 − 𝐴𝐴) ⇒ 𝐺𝐺(𝑧𝑧) poles are eigen-values of 𝐴𝐴. 
 

=  𝒁𝒁�𝑒𝑒(𝑡𝑡 − (1 −𝑚𝑚)𝑇𝑇)� 
= 𝑧𝑧−1𝒁𝒁(𝐸𝐸(𝑠𝑠)𝑒𝑒𝑚𝑚𝑚𝑚𝑚𝑚) 

  𝑏𝑏𝑛𝑛 

 

 

𝑏𝑏𝑛𝑛−1 

𝑏𝑏0 

𝒛𝒛−𝟏𝟏 

𝒛𝒛−𝟏𝟏 

 

 

 

𝑢𝑢 𝑦𝑦 
1 𝑎𝑎𝑛𝑛�  

−𝑎𝑎𝑛𝑛−1 

−𝑎𝑎0 

+ + 

+ 

+  

 + 

+ 



Bilinear transform:  𝑠𝑠 = 2(𝑧𝑧−1)
𝑇𝑇(𝑧𝑧+1)

; 𝑧𝑧 = 
1+ 𝑇𝑇2 𝑠𝑠

1− 𝑇𝑇2 𝑠𝑠
; pre-warped frequency: 𝜔𝜔 = 2

𝑇𝑇
tan �𝑇𝑇

2
𝜔𝜔𝑧𝑧�. 

Control requirements: Stability and its margins; Transients: peak-overshoot, response-time, settling time; Steady-
state: dc gain, dc error, BW; Sensitivities: noise/disturbance/model-error; Safety; Security. 
z-plane pole at: 𝑟𝑟∠ ± 𝜃𝜃 ⇒ s-plane pole at:  𝑙𝑙𝑙𝑙 𝑟𝑟

𝑇𝑇
± 𝑗𝑗 𝜃𝜃

𝑇𝑇
⇒ (for char. poly. 𝑠𝑠2 + 2𝜁𝜁𝜔𝜔𝑛𝑛𝑠𝑠 + 𝜔𝜔𝑛𝑛2): −𝜔𝜔𝑛𝑛𝜁𝜁 =  𝑙𝑙𝑙𝑙 𝑟𝑟

𝑇𝑇
;  𝜔𝜔𝑛𝑛�1 − 𝜁𝜁2  =  𝜃𝜃

𝑇𝑇
  

⇒ nat-freq 𝜔𝜔𝑛𝑛  =  
�𝑙𝑙𝑙𝑙2 𝑟𝑟+𝜃𝜃2

𝑇𝑇
; damping-coeff 𝜁𝜁 =  − 𝑙𝑙𝑙𝑙 𝑟𝑟

�𝑙𝑙𝑙𝑙2 𝑟𝑟+𝜃𝜃2
; time-const 𝜏𝜏 =  𝑇𝑇

| ln 𝑟𝑟|
= 1

𝜔𝜔𝑛𝑛𝜁𝜁
; osc. freq. 𝜔𝜔 = 𝜃𝜃

𝑇𝑇
= 𝜔𝜔𝑛𝑛�1 − 𝜁𝜁2;  

peak-overshoot = 𝑒𝑒−𝜋𝜋𝜋𝜋/�1−𝜁𝜁2, at half time-period 𝜋𝜋
𝜔𝜔𝑛𝑛�1−𝜁𝜁2

; rise-time = 𝜋𝜋−cos
−1 𝜁𝜁

𝜔𝜔𝑛𝑛�1−𝜁𝜁2
; phase margin = tan−1 � 2𝜁𝜁

���4𝜁𝜁4+1−2𝜁𝜁2�
�; 

gain-crossover freq: 𝜔𝜔𝑔𝑔 = 𝜔𝜔𝑛𝑛���4𝜁𝜁4 + 1 − 2𝜁𝜁2�. 

Type: # integrators in loop-gain; 𝑒𝑒𝑠𝑠𝑠𝑠 = lim
𝑠𝑠→0

𝑠𝑠 � 𝑅𝑅(𝑠𝑠)
1+𝐿𝐿(𝑠𝑠)

��
𝑅𝑅(𝑠𝑠)~𝑂𝑂(𝑡𝑡𝑛𝑛)

= lim
𝑠𝑠→0

1
𝑠𝑠𝑛𝑛𝐿𝐿(𝑠𝑠)

 �or lim
𝑧𝑧→1

1
(𝑧𝑧−1)𝑛𝑛𝐿𝐿(𝑧𝑧)

� (Type(n): no dc error to 

𝑂𝑂(𝑡𝑡<𝑛𝑛) input; finite dc error to 𝑂𝑂(𝑡𝑡𝑛𝑛) input; infinite dc error to 𝑂𝑂(𝑡𝑡>𝑛𝑛) input; step=𝑂𝑂(𝑡𝑡0); ramp=𝑂𝑂(𝑡𝑡1)). 
 

Routh-Hurwitz: # RHP roots = # sign changes in 1st column; Auxiliary polynomial (= row above zero row) is a factor 
of original polynomial; it can yield imaginary-axis poles especially when aux poly is of 2nd degree. 
 

Root-locus: #branches = max(#poles, #zeros); originations at poles & terminations at zeros; #asymptotes = |#poles - 
#zeros|; asymptote meeting point = (sum poles - sum zeros)/(#asymptotes); asymptote angles = (odd * 
𝜋𝜋)/(#asympotoes); (sum of pole-vector angles)-(sum of zero vector angles) = odd * 𝜋𝜋; (prod of pole-vector 
lengths)/(prod of zero-vector lengths) = 𝑘𝑘; breakaway = roots of derivative of inverse loop-gain (necessary condition); 
imaginary-axis roots found by RH-test applied to char. poly. = [num(loop-gain) + den(loop-gain)] when s1-row is zero, 
so s2-row is auxiliary poly. (For z-domain, unit-circle roots found by Jury-test applied to char. poly. so 𝑎𝑎2 = |𝑎𝑎0|. 
 

Nyquist-plot: Polar plot of loop-gain freq-response, 𝐿𝐿(𝑗𝑗𝜔𝜔�) = 𝐿𝐿(𝑧𝑧)|𝑧𝑧=(1+𝑇𝑇2𝑗𝑗𝜔𝜔� )/(1−𝑇𝑇2𝑗𝑗𝜔𝜔� ), where 𝜔𝜔� is bilinear freq; 

# unstable poles of closed-loop = # unstable poles of open-loop + # directional encirclements of (-1,0);  
Gain-margin = (1/|𝐿𝐿(𝑗𝑗𝜔𝜔�)|) at 𝜋𝜋-phase freq 𝜔𝜔�𝑝𝑝; phase-margin 𝜙𝜙𝑚𝑚 = |𝜋𝜋 − |∠𝐿𝐿(𝑗𝑗𝜔𝜔�)|| at unit-gain freq 𝜔𝜔�𝑔𝑔;  
max-sensitivity to noise, max

𝜔𝜔
� 1
1+𝐿𝐿(𝑗𝑗𝑗𝑗)

� = inverse of min distance between (-1,0) and Nyquist-plot. 
 

1st -order control: 𝐷𝐷(𝑗𝑗𝜔𝜔�) = 𝑎𝑎0(1 + 𝑗𝑗𝜔𝜔�/𝜔𝜔�0)/ (1 + 𝑗𝑗𝜔𝜔�/𝜔𝜔�𝑝𝑝); phase-lag: 𝜔𝜔�𝑝𝑝 < 𝜔𝜔�0; phase-lead: 𝜔𝜔�𝑝𝑝 > 𝜔𝜔�0.  

Apply bilinear 𝑗𝑗𝜔𝜔� → 2
𝑇𝑇
�𝑧𝑧−1
𝑧𝑧+1

� to convert 𝐷𝐷(𝑗𝑗𝜔𝜔�) → 𝐷𝐷(𝑧𝑧) = 𝑘𝑘 𝑧𝑧−𝑧𝑧0
𝑧𝑧−𝑧𝑧𝑝𝑝

. Then 𝑘𝑘 = 𝑎𝑎0 �
𝜔𝜔�𝑝𝑝(𝜔𝜔�0+2 𝑇𝑇� )
𝜔𝜔�0(𝜔𝜔𝑝𝑝+2 𝑇𝑇� )

� ,  𝑧𝑧0 =
2
𝑇𝑇� −𝜔𝜔�0

2
𝑇𝑇� +𝜔𝜔�0

,  𝑧𝑧𝑝𝑝 =
2
𝑇𝑇� −𝜔𝜔�𝑝𝑝

2
𝑇𝑇� +𝜔𝜔�𝑝𝑝

 

Phase-lag: Choose 𝜔𝜔�𝑔𝑔 s.t. 𝜃𝜃 = ∠𝐷𝐷�𝑗𝑗𝜔𝜔�𝑔𝑔� = −𝜋𝜋 + 𝜙𝜙𝑚𝑚 − ∠𝐺𝐺�𝑗𝑗𝜔𝜔�𝑔𝑔� = −5∘;𝜔𝜔�0 = 0.1𝜔𝜔�𝑔𝑔; �𝐺𝐺�𝑗𝑗𝜔𝜔�𝑔𝑔��
𝑎𝑎0𝜔𝜔�𝑝𝑝
𝜔𝜔�0

≈ 1. 

Phase-lead: Choose 𝜔𝜔�𝑔𝑔 s.t. 𝜃𝜃 = ∠𝐷𝐷�𝑗𝑗𝜔𝜔�𝑔𝑔� = −𝜋𝜋 + 𝜙𝜙𝑚𝑚 − ∠𝐺𝐺�𝑗𝑗𝜔𝜔�𝑔𝑔� > 0, and �𝐺𝐺�𝑗𝑗𝜔𝜔�𝑔𝑔�� < 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃
𝑎𝑎0

.  

⇒  𝜔𝜔�𝑝𝑝 = 𝜔𝜔�𝑔𝑔𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑎𝑎0|𝐺𝐺�𝑗𝑗𝜔𝜔�𝑔𝑔�| 

; 𝜔𝜔�0 = 𝑎𝑎0𝜔𝜔�𝑔𝑔|𝐺𝐺�𝑗𝑗𝜔𝜔�𝑔𝑔�|𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
1−𝑎𝑎0|𝐺𝐺�𝑗𝑗𝜔𝜔�𝑔𝑔�|𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

 �ω�𝑔𝑔 = �𝜔𝜔�𝑝𝑝𝜔𝜔�0 ⇒ 𝜃𝜃 = 𝑡𝑡𝑡𝑡𝑡𝑡−1 �. 5 ��𝜔𝜔�𝑝𝑝
𝜔𝜔�0
− �

𝜔𝜔�0
𝜔𝜔�𝑝𝑝
�� ; �𝐺𝐺�𝑗𝑗𝜔𝜔�𝑔𝑔�� �𝑎𝑎0�

𝜔𝜔�𝑝𝑝
𝜔𝜔�0

 � ≈ 1�. 

Phase-lag-lead: 𝜔𝜔�𝑝𝑝1 < 𝜔𝜔�01 ≪ 𝜔𝜔�02 < 𝜔𝜔�𝑝𝑝2 with 𝜔𝜔�01
𝜔𝜔�𝑝𝑝1

= 𝜔𝜔�𝑝𝑝2
𝜔𝜔�02

= 𝜔𝜔�𝑔𝑔𝛼𝛼
𝜔𝜔�𝑔𝑔/𝛼𝛼

= 𝛼𝛼2;𝜔𝜔�01 = .1𝜔𝜔�𝑔𝑔. Choose 𝜔𝜔�𝑔𝑔 so �𝐺𝐺�𝑗𝑗𝜔𝜔�𝑔𝑔�� �
𝑎𝑎0
𝛼𝛼2
�𝜔𝜔�𝑝𝑝
𝜔𝜔�0

 � ≈ 1, 

𝜃𝜃 = −𝜋𝜋 + 5 + 𝜙𝜙𝑚𝑚 − ∠𝐺𝐺�𝑗𝑗𝜔𝜔�𝑔𝑔� > 0, and �𝐺𝐺�𝑗𝑗𝜔𝜔�𝑔𝑔�� < 𝛼𝛼2𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃
𝑎𝑎0

. Replace 𝑎𝑎0 by 𝑎𝑎0
𝛼𝛼2

 in (𝜔𝜔� 𝑝𝑝,𝜔𝜔�0) of phase-lead to get (𝜔𝜔�𝑝𝑝2,𝜔𝜔�02). 

PID: 𝐷𝐷(𝑗𝑗𝜔𝜔�) = 𝑘𝑘𝑃𝑃 + 𝑘𝑘𝐼𝐼
𝑗𝑗𝜔𝜔�

+ 𝑘𝑘𝐷𝐷𝑗𝑗𝜔𝜔�
1+𝑇𝑇 2� 𝑗𝑗𝜔𝜔�

= �𝑘𝑘𝑃𝑃 +
𝑘𝑘𝐷𝐷𝜔𝜔�2�

2
𝑇𝑇�

�2𝑇𝑇�
2
+𝜔𝜔�2 

� + 𝑗𝑗 �
𝑘𝑘𝐷𝐷𝜔𝜔��

2
𝑇𝑇�

2

�2𝑇𝑇�
2
+𝜔𝜔�2

− 𝑘𝑘𝐼𝐼
𝜔𝜔�
��

𝜔𝜔�=𝜔𝜔�𝑔𝑔

= cos𝜃𝜃
�𝐺𝐺�𝑗𝑗𝜔𝜔�𝑔𝑔��

+ 𝑗𝑗 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
|𝐺𝐺�𝑗𝑗𝜔𝜔�𝑔𝑔�|

;  

PI (𝑘𝑘𝐷𝐷 = 0) = phase-lag; PD (𝑘𝑘𝐼𝐼 = 0) = phase-lead. (use if –ve/+ve controller phase 𝜃𝜃 needed at given 𝜔𝜔�𝑔𝑔) 
 

State-space: Controller: 𝑢𝑢(𝑘𝑘) =  −𝐾𝐾𝑥𝑥�(𝑘𝑘) + 𝑁𝑁𝑁𝑁(𝑘𝑘); 𝑥𝑥�(k) is state-estimate with error: 𝑒𝑒(𝑘𝑘) = 𝑥𝑥(𝑘𝑘) − 𝑥𝑥�(𝑘𝑘). 
Controlled-plant state: 𝑥𝑥(𝑘𝑘 + 1)  =  𝐴𝐴𝐴𝐴(𝑘𝑘) + 𝐵𝐵(−𝐾𝐾𝑥𝑥�(𝑘𝑘)  + 𝑁𝑁𝑁𝑁(𝑘𝑘))  =  (𝐴𝐴 − 𝐵𝐵𝐵𝐵)𝑥𝑥(𝑘𝑘) + 𝐵𝐵𝐵𝐵𝐵𝐵(𝑘𝑘) + 𝐵𝐵𝐵𝐵𝐵𝐵(𝑘𝑘). 
Controlled-plant output: 𝑦𝑦(𝑘𝑘)  =  𝐶𝐶𝐶𝐶(𝑘𝑘) + 𝐷𝐷𝐷𝐷(𝑘𝑘) = (𝐶𝐶 − 𝐷𝐷𝐷𝐷)𝑥𝑥(𝑘𝑘) + 𝐷𝐷𝐷𝐷𝐷𝐷(𝑘𝑘) + 𝐷𝐷𝐷𝐷𝐷𝐷(𝑘𝑘). 
Controlled-plant pole-placement: 𝐾𝐾 =  [0 0 …  1][𝐵𝐵 𝐴𝐴𝐴𝐴 … 𝐴𝐴𝑛𝑛−1𝐵𝐵]−1 𝑄𝑄(𝐴𝐴). 
Observer: 𝑥𝑥�(𝑘𝑘 + 1) = 𝐴𝐴𝑥𝑥�(𝑘𝑘) + 𝐵𝐵𝐵𝐵(𝑘𝑘) + 𝐺𝐺(𝑦𝑦(𝑘𝑘) − 𝑦𝑦�(𝑘𝑘)) = (𝐴𝐴 − 𝐵𝐵𝐵𝐵)𝑥𝑥�(𝑘𝑘) + 𝐵𝐵𝐵𝐵𝐵𝐵(𝑘𝑘) + 𝐺𝐺𝐺𝐺𝐺𝐺(𝑘𝑘); 𝑒𝑒(𝑘𝑘 + 1) = (𝐴𝐴 − 𝐺𝐺𝐺𝐺)𝑒𝑒(𝑘𝑘). 
Observer pole-placement: 𝐺𝐺𝑇𝑇  =  [0 0 … 1][𝐶𝐶𝑇𝑇 𝐴𝐴𝑇𝑇𝐶𝐶𝑇𝑇  … (𝐴𝐴𝑇𝑇)𝑛𝑛−1𝐶𝐶𝑇𝑇]−1𝑄𝑄(𝐴𝐴𝑇𝑇). 
Controlled-system Eigen-values = Eigen-values(𝐴𝐴 − 𝐵𝐵𝐵𝐵) U Eigen-values(𝐴𝐴 − 𝐺𝐺𝐺𝐺).  
Current-observer: prediction: 𝑥̅𝑥(𝑘𝑘 + 1)  =  𝐴𝐴𝑥𝑥�(𝑘𝑘) + 𝐵𝐵𝐵𝐵(𝑘𝑘)  =  (𝐴𝐴 − 𝐵𝐵𝐵𝐵)𝑥𝑥�(𝑘𝑘) + 𝐵𝐵𝐵𝐵𝐵𝐵(𝑘𝑘);  
update: 𝑥𝑥�(𝑘𝑘 + 1)  =  𝑥̅𝑥(𝑘𝑘 + 1) + 𝐺𝐺(𝑦𝑦(𝑘𝑘 + 1) − 𝑦𝑦�(𝑘𝑘 + 1))  =  (𝐴𝐴 − 𝐵𝐵𝐵𝐵)𝑥𝑥�(𝑘𝑘) + 𝐵𝐵𝐵𝐵𝐵𝐵(𝑘𝑘) + 𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺(𝑘𝑘); 
[𝑥𝑥(𝑘𝑘 + 1) − 𝑥̅𝑥(𝑘𝑘 + 1)] =  𝑒̅𝑒(𝑘𝑘 + 1) = 𝐴𝐴𝐴𝐴(𝑘𝑘); [𝑥𝑥(𝑘𝑘 + 1) − 𝑥𝑥�(𝑘𝑘 + 1)] =  𝑒𝑒(𝑘𝑘 + 1) = (𝐴𝐴 − 𝐺𝐺𝐺𝐺𝐺𝐺)𝑒𝑒(𝑘𝑘). 
Current observer pole-placement: 𝐺𝐺𝑇𝑇  =  [0 0 … 1][𝐴𝐴𝑇𝑇𝐶𝐶𝑇𝑇 (𝐴𝐴𝑇𝑇)2𝐶𝐶𝑇𝑇  … (𝐴𝐴𝑇𝑇)𝑛𝑛𝐶𝐶𝑇𝑇]−1𝑄𝑄(𝐴𝐴𝑇𝑇).  
Controlled-system Eigen-values = Eigen-values(𝐴𝐴 − 𝐵𝐵𝐵𝐵) U Eigen-values(𝐴𝐴 − 𝐺𝐺𝐺𝐺𝐺𝐺).  
Since error-dynamics is uncontrollable, System TF = Reduced system TF (that ignores 𝑒𝑒(𝑘𝑘)).  
𝑁𝑁 can affect amplitude gain [(𝐶𝐶 − 𝐷𝐷𝐷𝐷)[𝑧𝑧𝑧𝑧 − 𝐴𝐴 + 𝐵𝐵𝐵𝐵]−1𝐵𝐵𝐵𝐵 + 𝐷𝐷𝐷𝐷] (and so dc gain, (𝐶𝐶 − 𝐷𝐷𝐷𝐷)[𝐼𝐼 − 𝐴𝐴 + 𝐵𝐵𝐵𝐵]−1𝐵𝐵𝐵𝐵 + 𝐷𝐷𝐷𝐷) 
but not the system poles at det ��𝑧𝑧𝑧𝑧 − (𝐴𝐴 − 𝐵𝐵𝐵𝐵)�−1� = 0.  

For unit dc-gain, choose 𝑁𝑁 = 𝐾𝐾𝑁𝑁𝑥𝑥 + 𝑁𝑁𝑢𝑢 such that �𝐴𝐴 − 𝐼𝐼 𝐵𝐵
𝐶𝐶 𝐷𝐷� �

𝑁𝑁𝑥𝑥
𝑁𝑁𝑢𝑢
� = �0𝐼𝐼�. 


