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Module U13: Functions of random variables

Module PE.PAS.U13.3 

Functions of Random Variables

U13.1

Introduction

It is often of interest to obtain information about a function of one or more random variables, each of which have known statistics through, for example, the probability density function (pdf) or joint pdf. 
A simple illustration of this situation is, in the univariate case, when, for example, we know the pdf for X, fX(x), and we want to know the pdf for Y, fY(y), where Y=4X. 
Similarly, in the bivariate case, we may know the statistics on several random variables and wish to obtain the statistics on one or more related variables. 
A very common situation is where we know the pdf for X1 and X2, fX1(x1) and fX2(x2), and we want to know the pdf for Y, fY(y), where Y=X1+X2. 
U13.2
The univariate case
U13.2.1
The continuous case
X is a continuous random variable with pdf fx(x) 
Y=g(X) defines a one-to-one transformation with inverse transformation x=h(y). 
Then the pdf of Y is given by
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(U13.3)

If the transformation Y=g(X) is not one-to-one, i.e., if there are a number of solutions xj=hj(y) that satisfy y=g(x), then we can obtain the pdf for Y, fy(y), according to the following:
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Example U13.2

Consider the transformation Y=X2, and find fY(y) expressed as a function of fX(x).

We note that the inverse transformation is not unique as it has two solutions:
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Taking the derivative of each of these with respect to y, we obtain:
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Substitution into (U13.4) results in 
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U13.2.3
Expectations
If X is a random variable with pdf f(x) and y=g(x) is a real-valued function whose domain includes the possible values of X, then


[image: image10.wmf]ò

¥

¥

-

=

dx

x

f

x

g

Y

E

X

)

(

)

(

]

[


if X is continuous
(U13.4)

U13.3
The bivariate case
U13.3.1
General case
Consider that we know the joint density fX,Y(x,y).

We wish to find the joint density fZ,W(z,w), given that we know the transformations Z=g(X,Y) and W​=h(X,Y). 
1. Solve the system of 2 equations z=g(x,y) and w=h(x,y). There may be several solutions, denoted by 

(x1,y1), …,(xn,yn).

2. Obtain the general form of the Jacobian matrix, according to
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(U13.5)
3. Evaluate the desired joint density fZ,W(z,w) according to:
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U13.3.2
Special case: sum of two random variables

The procedure of Section U13.3.1 may be applied to the case when we desire the pdf of a sum of random variables. Consider that we know the joint pdf of X and Y, fX,Y(x,y), and we desire the pdf of S, fS(s). Then the procedure of Section U13.3.1 results in 
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If X and Y are independent, then (U13.7) becomes the convolution formula:
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