' Synopsis.~—Starting wilh the basic assumption of no saturation
,‘_ar'hvatatehia, _gftdidn'th distribution of armatire phose m. m. .
. effectively sinusoidal as far as regards phenomena dependent upon
i rotor:.poa'ilioh:’“acvieral formulas are developed for current, voliag?,
"' power,. and torque under steady and transient load conditions.
Special detailed® formulas are also developed which permil the
< determination of curreni and torque on three-phase short circusd,
during starting,: and when only small deviations from an averaje

- pg?-a.h'ng angle are ;'m:olucd. : -
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Machines

In addition, new and more. accurale equivalent circuits are
developed j‘or,synchronbus and asynchronous machines operating
in parallel, and the domain of validity of such circuits i established.

Throughout, the treatment has been generalized lo include salient
poles and an arbitrary number of rolor cireuits, The analy-,
sis i3 thus adapted to machines equipped with field pole collars,
or with omortisseur windings of any arbitrary consiruction.

Itis propesed lo conlinue the analysis in ¢ subsequent paper.
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H]IS paper presents a generalization and extension
. of the work of Blondel, Dreyfus, and Doherty
" 1-and “Nickle,” and establishes’ new and general
methods -of calculating current power and torque in
calient” and (nofi-salient pole synchronous machines,
under both transient and steady load conditions.
Attention' is restricted to symmetrical three-phasef
machines  with field structure symmetrical about
the axes of the field winding and interpolar space,
but salient poles and an arbitrary number of rotor
circuits is considered.
. Idealization is resorted to, to the extent that satura-
" tion and hysteresis in_every magnetic circuit and eddy
LT axis of Phase
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currents’ in the armature fron

ing.on the positign-of the rotor, each armature winding
' may be regarded as, in effect, sinysoidally ’distxjibut:ed.'3
A Fundamental, Circuit Equations

andlet . 7 ‘

*(eneral. Engg. Dept., Gonerul Eleotric Company, Schenec-
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1Single-phase , machines may be regarded os three-phase
machines with one phase open cireuited.
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Consider the ideal synchronous machine ".of Fig. 1, -

1

are neglected, and in .
. the-assumption that, as far as concerns effects depend- "

i) fanis = per unit instantaneous phase currents
s, Gby €c = PET unit instantaneous phase voltages
Ve Wby Yo = Per Uit instantaneous phase linkages
©t = time in electrical radians
d

R

. P="4

- Then there s
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It has been shown previously?.that .
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I, = per-unit excitation in direct axis

I, = per-unit excitation in quadrature axis
z4 = direct synchronous reactance

z, = quadrature synchronous reactance

z, = zero phase-sequence reactance

As shown in the Appendix, if normal linkages in
the field circuit are defined as those obtaining at no
load* there is in the case of no rotor circuits in the
direct axis in addition to the field,

® = per-unit instantaneous field linkages

=]~ (zs— %) 14
where,
I = per-unit instantaneous field current

2
iq = 3 {1,c08 8 + i, cos (§ — 120) -+ 1, cos.(6 + 120)}

13)

On the other hand, if n additional rotor circuits
exist in the direct axis there s,

® =]+ Xpgl+ Xpna Iy
+ . b Xadna— Za— 24') 12

where, .

I, Is4, . . ete., are the per-unit instantaneous cur-

rents in circuits 1, 2, ete., of the direct axis, X 14, X/1a,

. etc., are per-unit mutual coefficients between the

field and circuits 1, 2, etc., of the direct axis.

Similar relations exist for the linkages in each of the
additional rotor eircuits except z, — 2.’ is to be replaced
by a term x.. However, since all of these additional
circuits are closed, it follows that there is an operational
result
' Ij=Il+Te+Du+.. ..+l
. = G E + H(p)t. 4)
where E is the per-unit value of the instantaneous field
voltage, and G (p) and H (p) are operators such that

G) =1 G(=) =0
H) =0 H(w) = 24 2,
2z, = the subtransient reactance?

It will be convenient to write H (p) = 24— Z4(P)
and to rewrite (4) in the form, _

Is=G@E + [2a— 2a (P)] 14 (4a)
If there are no additional rotor circuits, there is, as

shown in Appendix I,
¥ =] (zd— Zd')id
E=Typ¥+1

where T, is the open circuit time constant of the field
in radians.
There is then,

. 1
G@ =741
2 Top + %4

z‘(p)a Top+1

*This definition is somewhat different from that given in
reference 2.

PARK: SYNCHRONOUS MACHINES 717

If there is one additional rotor circuit in the direct
axis there is,

. E-~1
v =]+ X!ld I~ (Za = 2V % = "7—,’:’{)’
Wy =Xl + Xl —-zadiy = :'é’i
! b ! Tora y4

which gives,
[(X11a— Xrid Tnxd p+1
A (p)
To Tort [Xvia (@a = 2a") = X140 Tmrd] P*
+ {(@a= 2'2) Tors + Zmia Tol P
A (p)

Gp) =

24 (p) = Ty~

where,
A D) =X~ Xnd] To Towa p*+{X11a To+Tordl p+1

If there is more than one additional rotor circuit the .

operators G (p) and z. (p) will be more complicated but
may be found in the same way. The effects of external
field resistance may be found by changing the term I
in the field voltage equation to RI. Open circuited
field corresponds to R equal to infinity.

Similarly, there will be

I, = [z,— z, (P)}7, . (5)
where,

Tom— ':2'3- [1q sin 041, sin(6~120) -, sin(d +120)} (3a)

Ty (0) = Ty 2o (@) = 2,

So far, 10 equations have been established rélatiné
the 15 quantities e, ¢, €, to T T Yo Vo Yo T o
It follows that when

Iy I, E, 8 in a general way.
any five of the quantities are known the remaining 10

may be determined. Their. determination is very.
much facilitated, however, by the introduction of

certain auxiliary quantities eq, ¢, €, T0, ¥ar ¥er Voo
Thus, let '

1 :
Ty = Ky {ta + 6 + 1} (3b)

2 ' = _ Co
ea=7 {€q cOS @ + &, cos (0 — 120) + e, cos (8 + 120)}

2 . , .
8= é—{e, sin .0+e'. sin(6—120) +e. g;n(.@+120)} . (6)

1
eo=’é‘{e,+e»+e,}

Yam 3 {¥a c08 8 + ¥1.cos (8= 120) + ¥ cos (4 + 120

2 . . T
Ye==7 ¥ sin 6+ s sin(6~120)+¢. sin(0 +120) AT

P-82




-ﬁ'-‘;—-gcosw.ws(e 120) »+c°s<9+12°> Wpt

u-p%—rt r#.pﬂ (8

g = PP T + yep )

L e =DV o (10)
Alsmt may be readily verified: ) :

L %-14—2413-6@)5"'34(9)“ Ly

4’«’10“11‘1"”1@)‘1 (12)

soggm = Tete - : S -(13)
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ey = egcos (8~ 120) — ¢, sin (8 — 120) + e, . (16)

1
o= g { Vet ¥o ¥ Vel 6, = eqcos (8 + 120) — e, sin (6 + 120) + ¢
. ) , Referring to Fig. 2, it may be seen that when there
then from Equation (1) there is are no zero quantities, that is, when ey = o = 1 = 0,

the phase quantxtles may be regarded as the pro;ectton
3 {°°5 8 p Yatcos(8- 120) p ¥u-+cos(0+120) p vdd  of vectors ¢, ¥, and 7 on axes lagging the direct axis by

- T4 Axig of Phase b
.9 .
== {sin 8 p ¥a + sin (6 - 120V p ¥ e[ \3e Direct Axis

’
7

e + sin (8 + 120) P ) - T
o= pho—Tio

o but, , ' : J
» 2 . : Axis of Phase a

: »MH'gicosﬂw.+cos(0—-120)w» '

. ros(0+ 12009 4
-*3‘ {sin 8 ¢.+sin(9—-120).p.'\b;+sm(0+120) A ARL
- ; Axis of
”=ea+1‘ta+¢'.p9 ‘ . is of Phase ¢ Fe. 2
{sm Ep Vs + sm (0 - 120) P ¥ angles 6, g — 120 and 8 + 120, where taking the direct
axis as the axis of reals,
+sm(5+120)p¢.} 2 =4+t
¥ =va+ive

i =1q 471
If we introduce in addition the vector quantity,

z + _ 9" o
_.Gv T te \‘“p S a3 ‘ =1, +‘J I

‘erice there is

the circuit equations previously obtained may be

'quatxons (8) to (13) etabhsh sx relatwely sxmple
relations between the 11 quantttles €4y €ar 00y Uiy Tor 300
i Ye-Yo By 0 -In practxse it is usually possible to
"determine. five of thesequantities dlrect:ly fromthe termi-
-;'Z:ondmons, ‘after which the rémaining -gix ‘may- be
- calelated with relative simplicity, - After the direct,
uadrature, and zero quantities- are_ known:the phase
juantities may be determmed from the .identical
relahons o BRI
b 40086 — 1,80 8 + 4o

rd
Pd
yg’oirect_Axis
»™=i drop

© F1G. 3

tmnsfe.rred mto the corresponding vecbor forms,

s < is co8 (81— 120) — isin (8= 120) + 10 (14) e =113¢ R bR
U Ay miacos (8 + 120) = fysin (6 + 120) + & . V= ”‘_}_, _
R . where, m”zd‘d ) Tety
% - wheoso— v.8in 6 + Vo
Fig. 3 shows these relations hicall
”w.-mcos(o 120) ~ ¥, sin (8- 120) + ¥o (15) B Armature Power Output ERpney: ~
. We = veacos (6.4 120) — ¥o sin (8 + 120) - ¥o The per-unit instantaneous. power output from the
¢, = eqcos— e, sinf + e armature is necessarily proportional to .the sum

——— T T T L e g
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e, i, + esiy + ¢ 1. By consideration of any i_nstant
during normal operation at unity power factor it may
be seen that the factor of proportionality must be 2/3.
That is,
P = per-unit instantaneous power output
=2/3 { €ata+ i +et)
Substituting from Equations (14) and (16) there
results the useful relation,
P =gitat+ e 1+ e to
. C. Electrical Torque on Rotor
It is possible to determine the electrical torque
on the rotor directly from the general relation,
{Total power output! = ‘
{mechanical power transferred across gap!
+ [rate of decrease of total stored magnetic energyl
~ {total ohmic losses] (18)

However, since this torque depends uniquely only
on the magnitudes of the currents in every circuit of
the machine, it follows that a general formula for torque
may be derived by considering any special case in which
arbitrary conditions are imposed as to the way in which
these currents are changing as the rotor moves.

The simplest conditions to impose are that I, I,
{4 1o, and 7, remain constant as the rotor moves. In
this case there will be no change in the stored magnetic
energy of the machine as the rotor moves, ancd the
power output of the rotor will be just equal in magni-
tude and opposite in sign to the rotor losses. It follows
that under the special conditions assumed, Equation
(18) becomes simply,

{armature power output} =
{mechanical power across gap] — {armature lcsses}

an

2
or,P=Tp8-—'—3l'(iq’+io’+i."‘}

=Tpl—r{id+it+ i’}
Then,
T = per-unit instantaneous electrical torque
€ila F 84 1q F € %o 4 7 |14 + 17 4 16}
p @
but subject to the conditions imposed,
ey =y, pl—ri,
€, = Yapli~—ri,

=

€ = — Ty
It therefore follows that,
T =1 ¥a—ig Ve (19)
= vector product of ¥ and ¢
-9 X3 (19a)

a result which could have been established directly by
physical reasoning. Formula (19) is employed by
Dreyfus in his treatment of self-excited oscillations of
synchronous machines.!*
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e =pG(PVE—2z4(P)ia+ (1—-38)z,(p) %,

_where, D (p) = 24() 2, () + (L— )* 2 () 24 (D)

D. Constant Rotor Speed
Suppase that the constant slip of the rotor is s.
Then there is,
€a =PpPa—Tia— (1= 5) ¢,
€g =DYe—Tig 4+ (L—8) v
Va=G @) E~z4(p)ia
Yy == e (p) g
pza (p) + 7 =24 (D)
pzq(p) + 71 =2, (D)

but,
Putting

there is '

(20)
ee = (1= 8) (G (P) E — z4 (D) 14l = 2, (p) 14 (21)
Solving gives, i
1q = {{pz, (p) + (1L~ 8)z, (P)] G E - 2z,(p)eq

-(l-9z, (e} +D(@ (22)
. l=98rG(P)E — 24(p) e + (1 —3) 24 (p) €4
= D (p)

(23)

E. Two Machines Connecied Together

Suppose that two machines which we will designate
respectively by the subseripts g and 4, are connected
together, but not to any other machines or cireuits,
and assume in addition that there are no zero quantities.
In this case the voltages of each machine will be equal

Axis Phase b
\

Direct Axis of
g Machine

Direct Axis of
h-Machine

Axis Phase ¢

Fia. 4

phase for phase, and it therefore follows that the voltage
vectors of each machine must coincide, as shown in"
Fig. 4. , : B o
Referring to the figure it will be seen. that the direct .
and quadrature components of voltage of the two
machines are subject to the mutual relations,
€rd = €,4C08 8 — e,,5IN

€rg = €,45i01 0 + €,,C088 24
€yq = €408 0 + &3, 8nd . .
€ge = — 125iN 5 + €4, 0083 (25)

P -84
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On the other hand, for currents there will be
The = — [£,4008 & — £, 5in )

ing = = [1,a8i0 8 + 7, co8 8} (26)
fgg = = {t14€08 & + 4po gin &}
z"s—- {-— 1;‘81!18 +1,;.,0055} (27)

F. One M achine on an Infinits Bus
In (E), if machine h has zero impedance, it follows
from (20) and (21) that e.s = 0, €y, = bus voltage

say = e.
Then for machine ¢ there is,
éq = esmB
ey =ecosd | (28)

G Torque Angla Relations
- From Equations (11), (12), and (19), there is,

I, Live Za—12,

Tv - -
: : Zq T4 33 Ly

Then xf the rotor leads the vector ¥ by an angle §
there is

Va Ve

“'c”—\(’ma
‘ﬁd"\bcosa
I4¢vsm8 :
CLiEe + 2:: z,

L yisin 26 (29)

-A denvatum of':-thm formula for stw;dy load con-

Transactions A, 1. F. E,

_Lxd’ Top + 24
' Top+1
2z 2, To P
4 (za’ v To 4 (g + 7 To) x) P
+[r (xd+xq+TTo)+$d'Z,T0]p
+ 7 4+ z42,

2,

Top+1
d (p)
= Top+1 C2))
By the expansion theorem there is, finally,
. z, E
e = 4 242,

3
(To ctn + 1) {(Ty &ta + 1) €40 + Ty €on) e
+ 2 [ 2% é ((!,,)

3

. rE
,1¢"fz+z‘xq+2
1

(14' To el + (Ta 7 To) Ota 4= 1) €go—

(To AT g+ Tg) 4o

d(a) = 0 and d' . (p) =

o d’ (at)
e (32)

where the summation is extended over the roots of

d (®

The; phase currents may, of course, be found from
008 '
~00015 F\
000141
omﬂ o \ ’ Values of o

a0t

~Q0008
~0.0006
-0.0002

5 10 -15...20 28 30
ST Vet ot e
Flo 5

(32)‘:by ‘the apphcatxon of ‘Equations (14).

: :'Ev'.vForth"' particular case: -

2,000, z¢-=100, x,a060 z4' = 0.30

o 'the ‘roots a{, o, o of the: eqnahon d (p) = 0, were

o 3foundtobeasshowanxgs 5,6,and 7, where

m-m+mf
g = an"" [+ 11

It wﬂl be ﬁoted that, as would neeasanly be the

G il
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case, where r = 0, o, is equal to the rec1procal of the
short circuit time constant of the machine, 7. e., for
r =0,

Za 1 .
Q== == 0.001667

whileforr = =

‘ L 0.000500
Ny == - To -'.I ,

.‘s-r |
o7 .

i Values-of &,
-3 e
+2 -

] ot

]
0 05 10 15 20 25 a0
Values of r

I‘xe 8

The root a, is found to be almost exactly equal to
the value which it would have were To = @,1,8,
T (ﬂ:d + z,)

[+3 E
¢ 2z z,

appro_xlmai;ely -

=08 _ Values of a,

Values of ¢

Fre. 7 -

Thus, in the special case considered this approxxmatu
formula gives

(0.30 + 0.60) r

= 2% 0.30 X 0.60

which checks the result found by the exact solution
of the cubic.
I. Starting Torque o

On infinite bus and with slip s, there will be, choosing

= 2507r -
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T " .
5 = 5= st and referring to Equatxpn'(za),

eq = cos st
. =sinst¢

If we now mtroduce a system of vectors rot‘.tmg
ats per-umt angular veloeity there is .

ed =10 0 11N

€g = —J S

P=Js (33)

_ Then from (22) and (23), B

14 = {73%08)‘!-7'—.7(1—:3)9:,(;'39)] -

AlUszaGs) +rllsz,Gs) +r1
+A-82z GG

(1“23)%(]8)-1‘

5

r‘+(l~2 s) xd’(y )z (J8)+7 8 r[:cd'o 8)+z,'(7 8)].

- { J'?q(js)‘-‘.]'_"_fr‘z"‘; }—%{ HCDENCD)

+1—T23 (r +<js(xa (3-3)'?17:;:,?(;1‘13) )]} (34)

i sanS) + 1 (=)~ (1“3)de3)
P+ (1-2 8) 24 (7 8)z, (J 8)+1 s rlza (4 8) +x,(5s)]

fgm

;‘:{xd()s)-%- ] {xms)ws)

A+1 [r+18<xa(33)+x.(78)>1}‘ (35)

The expressions for average power and torque then
become,
P, =1/2 [e., .14 + . z.]
T = 172, . ¢ d— (IR Vel
where the dot indicates the sca.]a.r product or.
P, = 1/2[1 Ta— 1 .1,

= 1/2 [Real of 1, — Imaginary ofz J ' (36) -

There is in general,

ea+m=p¢a (1—S)¢.

e¢+f“a (1"3)‘/’d+P‘Pq
: '<ed+r1¢—-(l—s)
, g +1t, P
e ' P —<1~s),
(1-59) P
P(ea+ 11a) + (1 =8) (e + r1t,)
= P+ (L= 9 (37)
P (e + 7)) = (1= 3) (ea + r1ia) (38)

Ve = P+ (1 - )

P - 86
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ating

(33)

g&

e

o = P‘f + 2(1-2 3) [
5'1

RREE

o gs(eq+ri) + (L—3) (g +T1y)
Ya =TT
1-2s

o gs(e i) = (1=8) (st Ti)
Ye = ’ )
- s 1-2s

with 3@";1.0,..6_', =T 7 1 ' Lo
_is +isriat 1-5) (=N +A=-9r1,

Vi ' . 1-2s !
e rlit Q= 9)id
TR S1-28
=—]+T5 Fsta+ (L —8) 14 : (39)

1'— 2s

_ i's « jrig= Q-8 =r (L= §)4a

. . 1—-2s
S fe2e 4 il G0l
: Lot 1“‘23 )
r ) . ' . '

”'"1‘*'_1_”——2st”"'(1_3)“] | (40)
Thus,
o 15._»:‘:3(:-9>_.+u-1-;—5<1‘su+(17 8) i)
Te=1/2 ' ’

R e T AR LR
(=8 G + i) ] ;

' +23i1'j.i_¢.3

i

T i) e [""."T"- i ]
: q d - :
2. 2(1 -,:;23)_ + 2, i

i

¢

.;z'i:id" rg * '
2. T2a-2 9

. Mr. Ralph Hammar, who has been engaged in the

= Puitlr Getiior (D)

 application of the general method of calculation out-

lined above, to the predetermination of the starting

" torque of practical synchronous motors, has suggested

an interesting modification of formulas (36) and (41),
based upon the fact that, since the total m. m. f. con-
gists of direct and quadrature components pulsating at
slip frequency, it may be resolved into two components,
one moving forward at a per-unit speed1— s +s = 1.0,
and the other moving backward at a per-unit; speed
1—s—8=1=2s Thus from this standpoint half
of both the direct and quadrature components will move
forward, and half backward. Since the quadrature
axis is ahead of the direct it follows that as far as con-
cerns the forward component the quadrature current 1q
is equivalent to a d-c. j i, while as regards backward
component it is equivalent t6 a direct component

PARK: SYNCHRONOUS MACHINES

Transactions A. L. E. E.

— j 4. It follows that the vector amounts of forward
and backward m. m. f. or current are

' . 1-
~ forward current =1, = 7 (ta+71q)

1
backward current = 1; = 7 (ta=— 7 tg) (42)
1f we define by analogy,
forward voltage = —é— (ea +7€0)..

k backward voltage = 7 (ea~ 7 eq) (43)
There is,
1| =2 L. '
=%\ T1-gs T’ [xaQS)j%—quS)]' +

__[ za(Js)ze (46) +1_rzs(f_+'j3 (24 G 9)

+ 2, (G 9D ]
i~=‘§{ PEVDEETVEN }-—{ NCDENCDE

+ 1__-—22—3' r+7slza(ds) "*'3’4(-7',85]) }

g =10 : (44)

_ e = 0 . {45)

P,,=e,.z',=realof_i, - » (46)
. r 3

T = Paw + 71 + 754 % 47

J. Zero Armature Resistance, One Machine Connected
to an Infinite Bus
Assume that a machine of negligible armature
resistance is operating from an infinite bus of per-unit
.voltage e, at synchronous speed, with a steady excita-
tion voltage E,, and displacement -angle 5o At the
instant ¢ = 0, let § and E change.

There is,
L B e 1 L@
fm P S Mt ) AT
) ) 1 ! :
“=_ w""-——-——-m{«.

Lq ZTq (p)
° gy =lecosd

From which there is, by obvious re-arrangement,

pP-87
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. E—ecosé zs — z4 (D)
1g = . ey @) (cos 8y — cos §)
z4 (p) = G (p) 24 AL
- Ty Za (P)
esind’ Te— Z,(P) . . ‘
Ty = z. z.7, (0) (sin § — sin §,) (48)
Then, '
Eesind zyg—zxz,
T = y t 2z, e?sin 24
-+ e.2 éos 5-“5_'_.:_:_"__@ (sin § - éin ) | (49)
ZqZq (P) i .
. Za— Za (D)
-+ g’ sin § Za24 (D) (cos 8o — cos )
— esin$ 24 (p) — 22 G (p) AR

z42Z4 (D)

But quantities gy, @ gn, Xan, Clqny bny B2 may be found

such that
z,— 2, (D) . To— T, i
=z © g=dnt
nw LT e o |
(50)
Zqg = X4 (p) : Tq— TJ" L e
Za () LT Tz Ditme -

z4 (p) ~ 24 G (p) oy
za (p) 1= 2 5 e
z) =12, (=)
;d' = T4 (cn)
2 Adn = 1.0
Z G = 1.0
Zb, =10
It therefore follows from the operational rule that,

J@F @) =F(©)é0) +bf¢<t—u)ﬁ" @du (1)

where, i
: @) =f(».1
that if ‘
d=46()
pé-=3d()
AE =AE ()

pAE = AE ()
Equations (48) and (49) may be rewritten'in the form,
E— ecosé '
Za

‘l‘¢=
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P .
; ex,,, — " . gt f %;"u s.ni. ( )8 (w)d
; [ € n-o-(u w
-T_ Ty Ty ed 4'.‘ ) § v/' . *

py " (48a)

1 ’ L

- =S et [ aB wde -
0, :

esin &

q xq'

]

Zg— T, o ‘
-+ e —i—-‘;,"—' E Qgn €Ot bf €*m* cog'8 (u)-0' (u)du
?%q : s ' .

Eesind e (zqa— 1z, . 26
24 . 23422.1 sm.

T =
nxd___,xd”‘ an)ta“.‘. : .
.G

ZoZ

To— 2y : R T
R cosaz Cyn e‘“ﬂﬂ‘sf"e“ﬂ"“ cos 8(u) 6'(u) du’

esfns < A N
- TE l{,. e=ont 5{6""“ AE (wdu (49a)

Formula (49a) may be used to.determine starting .
torque and current with zero armature resistance, by
introducing & (¢t) = s¢, &’ (t) = s.” Thus the average
component of torque is found to be,

1zg— 24 Qdn 8
Tuv = -é' Qan

ZTaTd" Clga® + 8
lz, -2, < © CQlgn 8’ .
T — E: (g T —— 52
+ 2 z,zf " ga? + 82 (52)

Since
as : .
o 4 ot s never greater than %, and .

. 20«,52&,,#1.0-"'
it follows that T, is never greater than
1 { Tg— T4

Xy zd'

LT | 53
+ (53)

4

Equation (53) thus provides a very simple criterion
of the maximum possible starting torque of a syn-
chronous motor of given dimensions, when' armature
resistance is neglected. o

The same formula may also be used to obtain
a simple expression for the damping and synchronizing
compgnents of pulsating torque due to a given small
angular pulsation of the rotor. .

Thus if the angular pulsation is

Ad ={A8]sin(st) N
and if the pulsation of torque is expressed in the form

p-88

TSP AN R AR EAINTI I B O A ANINR AR

N UL 1 1 1 B fit il A [ i

e e



; AT Toab 4 Ty —— ddt ad
therer%ults

'y ==T.o+e’sm’69

—- x4 S‘ { Qe st
xa’f i (otga)? 4+ 8

= T ~ Qyn §°

+ e’ (}OS2 50 3 " 54
Ny zc :C., : (‘acn)z ‘+‘ g (54)
e xd - xd 2 Gdn $ Qdn '
(adn)t + 32 ) _
. quﬂs a'” v R

(ten)® + st

L elgcosty 6 (za= 2 :
qu, S -+ Za a:, ) 082}50

. g
e

60 = average ang'ular dxsplacement 1. e, total

" angle =8 =5, +.44.
It can be shown that for the case of no additional
rotor circuits, Equations (54) are exactly equivalent to

.Equations (24) and (25) in Doherty and Nickle’s paper, -

Synchronous Machines III. The new formulas herein
developed are, however, very much simpler in form,
‘especially since in the case which Doherty and Nickle
have treated, there is only one term in the summatien;
thatis,n = 1, and ais merely the reciprocal of the short
ecircuit tuneq constant of the mac;hme, expressed in
radxans R
.K " The" E'qmvalent Cireutit of Synchronous Machmes
. Operating in Parallel at No Locd, Neglectmq the
Eﬂ’ect af Armature Resistance . .

Let,‘ 5. = angle of rotor a and bus '
- fo = angle of rotor a in space

In genera.l “the shaft torque of a "machine depends
_ on its acceleration and speed in spdce, and the magni-

tude and rate of change of the bus voltage as a vector.
If all of the machines are operating at no load and if

there is no armature resistance, a small displacement

of any one machine will change the magnitude of the
bus voltage only by a second order quantity; conse-
quently for small displacements the magnitude of the
bus voltage may be régarded as fixed, and only the
angle of the bus and rotor need be considered. Further-
"more, the electncal torque may be found in terms
of (§) by employmg an infinite ‘bus formula. But
Equation' (49a) 'implies the altematwe general opera-
tlonal form,

: eIdosmé e’(z,‘.—{x,)sin26 )
T = ;
- T4 2z42,
. :»f'x'd__xd' - ' ' ndp
2 i
- Trazd e sm‘cl‘)". :: -r—-—"p - .cosd (49b)
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Traasactions A. I. E. E.

R P Qne P
= grcos 5 D> —t i
: To 2" § 2 P+ g 0 J

Therefore in the case under consxderatxon there is
for machme a, . v

S ELANRNEES I

. Tda ) Tda xq,

. Zea — Loa .‘z P
+ "Lga Tga” ¢ E Gnqa D+ Qnge s (55)
where ¢ . = per-unit bus voltage ‘

- ], = per-unit excitation of machine q, ete.

Thxs equatxon can be represented by Fig. 8, in which
the charge through the circuit reprazents (8,) and the

. “ .
an. 8

voltage across the circuit represents the electncal
torque of the machine (T,).

“The capacitances and resistances must be chosen
so that e

Lda xqu

COa == P Ic x'u + ez (xd‘ _ Iqu) (56)
. an x.qa'
o 'q“ T e Gnyo (Tea = Zga')
. . ;.RMI = Chra Enga
The equatlon for the mechanical torque is
To=Te+M,psa &Y))
where:
M, = mertm. factor of machine a in radlans
2 % stored mech. energy at normal speed
= base power
0.462 W R* (r—————————w' fggomm‘)’
= 21 f
. . base kw.
Sq - per-unit speed of machine o
-d
{ = time in seconds ( p = _ﬁ—)
But, . Sa = D 05
Thus there is
Tna == T + Mg p’ 9, (578)

which corresponds to the equivalent’ c:rcmt of Fig. 9,

in whlch change = f,
L.=M, .

The machme operating on an mﬁrute bus can be
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represented by the equivalent circuit of Fig. 10, since in the inductive branch of thescircuit, .. Thus a gover-

the condition _' ' nor which acts through a single time constant may be
s = 8. =0 represented by the cireuit of Fig. 14, where -

is fulfilled. : ' AP

Several machines in parallel on the same bus may be

L

Fie. 9

represented by the diagram of Fig. 11, since the con-
ditions ' o
§a— 04 = Oy— 8y = . . .(= bus angle in space)
T. + Ty + T, ete. = bus power output = 0 =
A transmission line may be represented by a
condenser. , L
Thus two machines connected by a line of reactance .
(z) would be represented by the circuit of Fig. 12, where

C=—= )
Shaft torques are, of coi..u-se, represented by voltages.
i | ' P, -
o

$2=PO, La

| R St |

£

S
i c Rg E ,

' BT L ]

! . ' o

L e | S -

Fia. 10 l

Mechanical damping,v such as that due to a fan on a ’ Fia. 14 '
motor shaft or that due to the prime mover, is repre- o :
sented by resistance in series with the inductance (L) o 1 - B i
as in Fig. 13. (R) must be chosen equal to the rate R, = m :

- of decrease in available driving torque with increase

in speed. . time constant of governor in elec. radians
Governors and other prime mover characteristics Cy = R, ) (59)

may also be represented by connecting their circuits .

?
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- An mduct:ommotor is represented by the sxmple circuit

of Fig. 15 and is precisely the circuit of a syrichronous
machine with only one time constant and C; = = on
account of I = 0.

Results similar to these have been prewously shown
by Arnold, .Nickle, and others, but simpler and more
approximate circuits were used, the branches of the
several circuits were not directly evaluated in terms of
machine constants, and the derivation was in complete

in that the limitation to no load and zero resxst ance was

not appreciated. .
L. Torque Angle Relations of o Synchronous M achme
" Connected to an Infinite Bus, for Small Angular
Dmatwns from an Average Operatmg Anqle
There is,’'in general

T : Tu+:éT (‘/'do+A'l’d)(1qo+A1.,)
' = (lao + A14) (‘Pqu + Ay
For small angular deviations,
AT = hoA‘h + Va0 Aig - HoA‘#q"* Voo B 1g
{\l'do + tas xe (P)} D= (Yoo +100%a (p)) 24a (60)

i", i

Fi1g. 15

Cart B €= A& Yu=T(iant A1)~ (Yot A ¥ (14D 4 6)
CotA eg=p A ¥y Tiq+A i)+ (Yata va)(1+p A 6)
Leg = pAllfd""TA‘la" YD AG—~ Ay,
Aeg=DAY,—TAT, + $aD AT+ Ay
from which there is-
Z4(D) Ata— Ty (D) Aty = — Aly— Yuop A
(P) Atc‘*"xd(p) Aly = — A3v+ \bdopAa
Aty = . !

2 (P~ Aea— VoD AB) + 2, (PN— A€, + Yaop A6)

D (p).
(61)

Transactions A. . E.

Ay =

zd(p)<— Al + YaD A8 — 24 (P) (= Aes— Ypp 2
: D (p)

where, .

D(p) = z4(p)2, D) + 2. (p) z, (p)
but from Equations (28),
’ eas + Aeg = esinq_(éo + A f)
C €0+ Aeg = ecos (8, + A )
Aeyg =¢c0s6, 40

Ae, = —gs5indyAd (€
A‘ia = i
— (e cos 60 + YD) 2, (p)+(esin 8o + Yug p) z, (p)
o D (p) '
Aty = l
(e sin &, + Ve P) 24 (p) + (e cos 60 + ¥ D) Ty (p)
D (p) :
N . (‘
((esindo + Vao p) 24 () - .
[\(’do+1do z, (P)] i ' J
+(e co8 8o + Yoo D) za (p)
A T = . (¢
K (¢ cos 8o + Yoo D) 2, (P)
+[\"qo+iqq zq (p)] ]
— (esin §o + Va0 p) 2, (p)
D (P)
say,
o AT =f(®).ad

From (57a) the equatlon for shaft torque becomes
AT, = (Mp +f(p).Ab

Thus, '
- Mpt4f(p)

A6=‘ ATJ ((

Appendix

Formula for Linkages and Voltage in Field Circuit w

no Additional Rotor Circuits

In this case the per-unit field linkages will depe
linearly on the armature and field currents. That
in general,

v =qagl— b‘l.d

Then if normal linkages are defined as those existi
at no load there must be a = 1.0.

The quantity b may be found by suddenly impr:asi
terminal linkages y4 with no initial currents in t
machines and £ = 0.

By definition there is, initially

Va

g =——
d zdl

e I e Tl e ot [ FAL et g6 bt i ki
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but also there must be. from the definition of z,?
I — ‘/’ll

1',1 =
L4

hence there must be an initial induced field current of

anmount
Zy
I=¢’d(1" z, )

But, initially the field linkages are zero, thus

¥ =gal- [ 2T,
\(’d ) xdl zdl - i
hence k}é: Ta— 24’
Similarly, there will be o

E = per-unit field voltage
=cp¥ +dJ ’

Normal field voltage will be here defined as those
existing at no load and normal voltage. This requires
that d = 1. The quantity ¢ may then be recognized
as the time constant of the field in radians when the
armature is open circuited, since with the field shorted
under these conditions there is ,

(Top + 1) I=0
cp¥ + I 0
v =] 4

¢ = T, = time -constant of field with armature

open circuited. :
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Discussion S '
- H. C. Specht: I should think Mr. Park’s theéryﬁ could be
applied just as well to the so-called synchronous induction -
motor, that is an induetion motor in which the rotor teeth

_ between the poles are cut out for a distance of about one-third

of the pole piteh. Such a motor runs at synchronous speed;
However, the pull-out torque is much less than that of an indue-
tion motor with the full number of teeth. S

C. MacMillan: There was one statement in the first page
of Mr. Park’s paper to the effect that “Idealization is resorted
to, to the extent that saturation and hysteresis in every magnetio
circuit and eddy currents in the armature iron &re'neglepted. A
And with regard to Fig. 5, Mr. Park remarked that it represented
arigorous solution. Perhaps Mr. Parlk could give us a little more
insight into the effect of taking into account saturation, and give
other cases in which certain elements have been neglested with
more or less effeat upon the final results. B .

W. J. Lyon: In a paper of this deseription, certain premises
should be chosen and, with these always in mind, the mathe-
matical development should be rigorous. The paper may then,
be criticized either because of insufficient premises or beenuse
of incorrect' mathematical development. I believe that the
former is-the kinder method; it is the one I shall employ.

The premises that Mr. Patk chooses are that.the field and
armature windings are symmaetrical, that saturation and hystere-
sis are neglected and that the armaturs windings are in effect
sinusoidally distributed. I take this last to mean that the air-
gap flux due to the armature currents is sinusoidally distributed,
for if the armature windings themselveswere sinusoidally distrib-
uted, there would be produced space harmonios in the air-gap
flux distribution due to the saliency of the poles, which, asg we all
know, wounld complicate the problem tremendously. In order
that the mathematical method used by Mr. Park shall be rigor-
ous, I believe it is necessary to make one further assumption.
I think I can best explain this by asking you to consider the
result of supplying the fleld winding with a sinusecidal eurrent
while- the armature rotates at some speed which may be called
synchronous: Under these conditions, there will first be pro-
duced in the armature windings two sets of balanced currsnts
each of which will produce 3 component flux distributions in the
gap. The Hrst of these is what would be produced if the air-
gap were uniform, and is proportional to 1/2 (z4 + z, — z4),
where z, equals the armature leakage resctance.” The second
ol these components is proportional to 1/2 (z¢ — z4). - The
third component is of the same size as the second. Using the
values that Mr. Park gives under Section H of his paper, the
relative magnitudes of these components would be (0.8 — z,)
and 0.2. The first and second components react on the fleld,
and produce ip it a current of the impressed field frequency.
These are the components that Mr. Park has recognized, but the
third component produces an entirely different frequency in the
field, which will then be reflected into the armature and the
process will be repeated. That is, in this respect, it is similar
to the condition that exists in a single-phase alternator. As far
as I am aware, the Heaviside operational method cannot be used
to obtain a rigorous solution for the single-phase alternator.
In spite of this, I think the objeotion that I have raised is of no
more importance than the effect of neglecting saturation or
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bysteresis or the space harmonics in the air-gap flux that are
sctually produced, but I do think that Mr. Park should have
mentioned 'this point in order that the mathematical work which
he builds up should be rigorous. I discovered the necessity of
this additional premise about a year ago while working on the
problem of the tramsient short-circuit currents in a salient-pole
slternator. vt ‘ :

Theré is- another. problem of considerable interest that Mr.
Park bas not mentioned. . About two years ago I became aware
that Mr. Fortescue’s historic 1918 paper could be extended to
the transient case by using an operational method. That is
to say, any:of, the problems involving unbalanced circuits that
Mr. Fortescue rigorously solved in the steady state can also be
solyaq in the transient state by an operational method.
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Note: The six points plotted above were taken experimentally ot a
temperature of 25 deg. cent. :
‘! The balance of the dotted curve was taken at varying higher temperatures

The solid curve was calculated for a temperaturs of 25 deg. cent., and the
points in squares for 100 deg. cent. :

. 'W. B. Heinz: (communicated sfter’ adjournment) Since the
completion of Mr. Park's paper as presented, experimental work
has been. done which illustrates the worth of the new theory
developed. ..
A small synchronous motor rated 15 hp., 220 volts, 1800 rev.
per min. was selected for study. Its squirrel-cage winding was
removed in order to simplify the mechanical work of calculation.
. . This motor, was set up with an electric dynamometer, and its
torque-slip curve was taken at 110 volts over the entire range of
_ slip from 100.per cent to zero. Power was supplied to it by &
_ special 220-volt sine-wave generator of 375-kv-a. capacity. The
. constants of this machine as well as of .the copnecting line and

switches were,determined, and these constants were included in

. the caloulation of torque in order to simulate as closely s possible

infinite-bus (‘!pndjcions. .

The torque as indicated by the dynamometer was correoted for
‘windage and friction and for dynamometer errors, the net elec-

* trical torque exerted on the rotor thus being obtained.
"By the use of measured constants of the test machine and its
ocircuit, & mathematical evaluation of torque was made for &
temperaturs of 25 deg. cent. These constants as determined,

[y

on & per udit base of 24.75 kv-a. at 220 volts, are as follows:
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zq4 = 1.0
T4 = 0.178
z, = 0.442
3, = 0.442
r = 0.0325
Ty = 159 radians
Normal torque = 96.8 lb-{t.
The calculated curve appears as a solid line in Fig. 1 herewith and
pear it is the dotted curve obtained experimentally.

During the progress of the test run with the dynamometer no
control or regular measurement of the synchronous motor
temperature was made. It fluctuated ‘widely with changes in
slip, and the only points taken at a known temperature are the
ones near the beginning of the run. For the first six, those
surrounded by circles, the temperaturs probably had not risen
far from ambient of 25 deg. cent. They check quite closely the
caloulated curve. ‘ f :

In order to evaluate the effect of temperature change eight
points were calculated on the basis of 100 deg. cent. These are
shown within squares. They show a better coincidence of slips
at which maximums occur, but little improvement in the maxi-
mum error. . Previous theories have usually neglected the effect
of salient poles. The solid line in Fig. 2 shows the calculated
curve. in this case, that is, for z4 = z4. 'A comparison of the
solid curves in Figs. 1 and 2 shows the large differences between

the two caloulations. P .

~1.'H. Summers: (communicated after adjournment) One
outstanding feature of this paper is that the equations are
expressed in ‘‘per-unit’’ quantities. This feature presents the
important advantage that the quantities involved are those
which are known directly from test or from the designm of the
machine. Furthermore, machines are more readily compared
with others of different rating when their constants are known in
“per-unit” values. ’
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However, these equations may not look familiar at frst sight
to those who are more used to desling in the physical quantities
such as ohms, amperes, volts, henrys, and farads. It therefore
seems appropriate to point out the correlation between this new
method and the more usual one. Consider, for example, Equa~
tions (4a) in the paper, together with the two immediately
following., - . :

Ordinarily we should have written for a machine with no rotor
sircuits in addition to the field, . '_

(R + Lep) Iy — M pljqcos 8 4 jbcos (9 — 120°)
+ jocos (6 + 120°)} ‘= E (1)

In this equation R/ is fleld resistauce, Ly is field inductance, M
is mutual inductonce between field and any one srmature phass
in the position of maximum mutual inductance, ja, jb and je
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sre armature phase currents, and Ey is fleld voltage.
quantities are in practical units.
Let

All these

9
Ja = 3 {Jucos 8 4+ 7, cos (0 = 120°) + jccos (0 + 120%)] )

Divide through by I, B, where I, is that value of field current
that causes normal voh.age to be generated in the armature at
no load.

E; 1, 3 L M, ,
e w1 OSed A OO Aok
1a Ry 4 +Tep) I 2 Ry I.IL; 74 : (3)
where Ty = Li/R (4)
Let Ei/I.Ry = E o
I/Ia =1 . S ®
d/Tvn = 14 . i L
Where i, is normal armature current, maximum v&lue. _Then .
3 M i, :
E=T I = e 2 iy ) .
oP( LT td) +1,‘ | (6),
This equation may be put into the form: '
E - Tu 7)‘1’ -+ I
3 M, . ‘
\Ila=1—-<-2— m)m )

Thaese résults may be compared with those immediately follow-:
It is easy to show by methods similar to.

ing (4a) in the paper.
those used by Mr. Park that

3 Mia ,
R

‘where z and z4' are the perc-unit diroet axis synchronous and
transient renctance respectively. Then the ecuations are the
samo o3 those given by the author.

Without this last relation we should doubtless have written
the equations as in (7) or even as in (1). But both of these con-
tain cumbersome quautities involving mutual and salf indue-
tances. The expression used by Mr. Park is simpler and more
expressive ancl contains quantities wiich are familiar to most
engineers who have to do with synchronous machines. .

Throughout this paper, although the problem is inherently
complex and some of the demonstrations appear long, the results
are relatively simple and in terms adapted for immediate use.

R. H. Park: Mr. Specht is entirely correet in his théught
that the present theory could be applied to synchronousinduction
motors such as those to which he refers.
of motor is not greatly different from a salient-pole synchronous
motor with an amortisseur winding.

In reply to Mr. MacMillan’s question, T would point out that
it is always necessary to make some asstumptions; in fact, aven
in the simplest problems there invariably exists an. enormous
number of assumptions most of which are not recognized as such.
Thorefore a rigorous solution invariably means only ‘‘rigorous
on the bayis of the assumptions.”
paper are rigorously correct in this sense.

Professor Lyon has criticized the assumptions ma.de in the
paper. This is due to a very definite rnisconception as to their
charncter. Thus, referring to the assumption “that the armature
windings are in effect sinusoidally distributed,” Professor Lyon
states that it is necessary to interpret the statement to mean
somothing other than it says. I believe, however, that this is
not necessary. Thus he states that were the armature windings
themselves sinusoidally distributed, there would be produced
space hoarmonies in the air-gap Hux distribution due to the
salioney of the poles, which “would complicate the problem
tremendously.” The reason that it does not complicate the

problem is that with a sinusoidal clistribution of turns only space

fundamental flux produces any armature flux linkages,

In priociple this type'-‘

The solutions presented in the

LA DDLU UD wvdaniLai ey sl

This follows from the fact that
2x . 2x

bfcdsnl)cosﬁz04’8‘=,'bfcusnosinm0dﬂ =='0 T

if n and m are integersand n = m. S

Although this answers Professor Lyon's ob;echon the 1mptas-
sion should not bo derived that the theory developed strictly
presupposes an exactly sinusoidally distributed _winding., The
full statement of the assumption referred to is tha.l: the armature
windings are in effect sinusoidally distributed *‘as far as coneerns
effects depending on rotor position.” Interpreted in terms of
solf and mutual inductive coefficients this sco.tement ia exa.ctly
equxvalent to the two usumptxons,

(a) that the self 1nduetn.nce of the armature circuits i expres- '
sible by an équation of the form, .

L m Ly 4+ Locos20

(b) that the mutual inductance between the armaturs and

any rotor cirouit is expressible by an equation of the form,
M = M,cos 8

The assumptions which have been made in prevmus studxes,
such as those which Mr. Ku in his paper “Transient Analysis of -
A-C. Machinery” has referred to as “‘exact,”” have been precisely
the same except that the second harmonic term in the armature
self inductance equation has not been considered, while amortis-
seur and other circuits in addition to the field have been neglected.

Actually the expressions for both armature and rotor self
inductance will involve all of the even harmonics of angular °
position, and the expression for armature mutual inductance wiil
involve all of the odd barmonics of angular position. - However,
tests on actual machines have shown that in most cases only the
zero and second barmonics of armature self inductance, the first
harmonie of mutual inductance, and the zero harmonic of rotor
circuit self inductance are of primary importance. About
the only case in which a consideration of any other harmonics
would be of value appears to be in the study of locking torques.
With proper design, however, the tendeney to tock at other than
half speed is slight. .

Professor Lyon is, in my opinion, also in error when he en-
deavors to point out the inadequacy of the theory by means of an
example in which alternating current is supplied to a rotating
field in a salient-pale machine. In this connection he merely
makes cermn dogmatic statements without proof, which would
not agres mth the writer's findings. However, such mere state-
ments or opinions do not constitute a proof, and the writer con-
tinues.to disagree with them.,

As T understand the example given, it corresponds to the
application of alternating current to a synchronous machine
field winding with a three-phase short circuit across the armature
terminals.. :

From L‘qunmons (11) and (22) of the paper there is in this case

Iy = [.1 | Sze=mp)> <z;)=zg>+(1-s*>zq(p)> ]'o ) E

= total per unit rotor excitation.
Evidently this is of the same frequency as that of the fleld volta.ge
E. That is, there are no harmonics, Mr. C..A. Nickle has sub-
mitted a physical interpretation of this result. Thus he states

““Lat ]'cos . be impressed on the fiald which is running at a
speed S expressed as o fraction of synchronous speed for the
frequency of the current impressed on the field winding. The
eurrent I cos ¢t produces a space fundamental flux [ cos¢ in the
direct axis and space harmonics alternating in time. DBut since .
the armature winding is assumed to have sine distribution, these
harmonic fluxes can induce no voltage and may be neglected.
The fundamental flux, I cos {, may be resolved into two rotating
components //2 rotating forward at normal speed with reference
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to the pole structure and J /2 rotaling backward at the same
speed. The first component rotates forward with respect to the
armature at a speed 1 + S and since the armature is short
circuited polyphase, a positive phase sequence current of fre-

quency 1 + S will flow in the armature winding. Similarly

a negative phase sequence current of frequency 1 ~ S will flow
in the armature winding due to the backward rotating component
of fleld flux. The polyphase current ti4g will produce 2 rotating
0. m.{. als0 714q and this m. m. f. rotates forward relative to the
pole structure at normal speed. Two fluxes are produced dus to

dissymmetry of the direct and quadrature axes. These are
; ‘ .
2 (=d 4 z)

rotating forward with respeect to the poles at normal speed or
1 + S with respect to the armaturs, and

Tidg
2

rotating backward with respect to the poles at normal speed or
at 1 — § backward with respect to the armature.

(zd' = z¢)

The first will

PARK: SYNCHRONOUS MACHINES

Transactions A. I. B. E.

indues an armature voltage of frequency 1 -+ S, and the second
a voltage of frequency 1 — S.

The armature current of frequency i, ., produces an . m. f.
ti -g rotating backward with respect Lo the poies at normal speed
and produces two rotating fluxes. One,

1i.g

2

(zd + z,")

Totates backward with rospect to the armature at a speed 1 — .

and
-

) (zd' ~ z4)

rotates forward with respect to the armature at a spesd 1 + .
Thus, this current also produces armature voltages of frequencies
1+ 8and 1 — 8. Therolore, no frequencies other than (1 + )
and (1 — {3) need be assumed, in thearmature winding and thore-
fore, these are the only frequencies that exist there. Moreover,
this impliess that only fundamental frequency can exist in the

rotor.”’






