Flux-linkage equations for 7-winding representation (similar to eq.

A, L. Ly
A R
A L. L.
Ae | = Le. e
o Loa  Lop
A Loa Lo

ECH Lo Lo

4.11 in text)
Lac LaF LaD
I—bc I—bF I—bD
Lcc LcF I-cD
LFc LFF I—FD
I—Dc I—DF I—DD
Lo Loe Loo
LGC LGF LGD

The above terms are defined as follows:

Stator-stator terms:
L..=Lt+L,c0s20
Lay=-[Ms+Lc0s2(0+30°)]
Lac=-[M+Lincos2(0+150°)]

Lpa=-[Mst+Lic0s2(6+30°)]
Lyp=LstLnc0s2(0-120°)
Lyc=-[MtL,c0s2(0-90°)]

Lea=-[MstLncos2(0+150°)]
Ley=-[Mst+Li1c0s2(6-90°)]
Lc=LstLic0s2(6-240°)

Rotor-rotor terms:

Stator-rotor terms:
L.r=Mgcos6
L.p=MpcosO
LaQZMQsinG
Lac,:MGsine

Lyr=MEcos(0-120°)
LbDZMDcos(6-120°)
LbQ:MQSiIl(e- 1 200)
LbG=MGsin(6— 1 200)

L=Mgcos(0-240°)
L.p=Mpcos(6-240°)
L.q=Mgsin(6-240°)

LaQ LaG I

LbQ LbG

Lo L
e Les
Lo Loc
Loo Lo
oo Les ||

Rotor-Stator terms:
Lra=Mgcos6
Lr,=Mgcos(0-120°)
Lpc=Mgcos(6-240°)

Lpa=MpcosO
Lpy=Mpcos(0-120°)
Lpc=Mpcos(6-240°)

LQa=MQsin6
Loy=Mgsin(6-120°)
LQC=MQsin(6-240°)

LGaZMGsinG

LFF:LF LcG=MGsin(9—240°) LGb=MGsin(6— 1 200)
LFD=MR LGC=MGsin(9-240°)
LFQ: LFG =0

Lpr=Mg Lor=Lop=0 Lgr=Lgp=0

LDD:LD LQQ:LQ LGQ:MY

Lpo=Lps=0 Loc=My Lec=Lc
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So the compact form of the flux linkage equations are

i abc Laa LaR !abc

Lanc
2« — [L] - — - (eq. L)
 AFDQG | leooe | | Lra  Lre || IFDoG |

which, when expanded with the expressions for self and mutual inductances, become:

i Ly + L, cos26 —[Mg + L, cos2(8 +30°] —[Mg + L, cos2(6 + 150°)] M ¢ cosé M cosé M, sind M sind
—[Mg + L, cos2(8 + 30°)] Ly + L, cos2(6 —120°) —[Mg + L, cos2(8 —90°)] My cos(@ —120°) My cos(@ —120°) Mg, sin(@ —120°) Mg sin(6 — 120°)
—[Mg + L, cos2(@ +150°) —[Mg + L, cos2(6 — 90°)] Ly + L, cos2(8 — 240°) M cos(d — 240°) M cos(@ — 240°) M, sin(6 — 240°) M sin(@ — 240°)

M cosé M ¢ cos(6 — 120°) M ¢ cos(@ — 240°) L: M 0 0

M cosé M, cos(8 —120°) M, cos(@ — 240°) M 5 Lo 0 0

M, sind M, sin(@ —120°) M, sin(6 — 240°) 0 0 Lo M,

I M siné M ; sin(@ — 120°) M 5 sin(@ — 240°) 0 0 M, L
(eq. L-ex)




Voltage equations

Consider the stator circuit appears as in Fig. 1:

Fig. 1
The current direction in the phases, which is out of the terminals for
generator operation, produces a flux that is along the negative axis of the
respective phase axis.
We assume that the neutral conductor is not coupled with any other circuit.
We can write a voltage equation for each of the phase windings as follows:

V, =—I_r,— A, +V,
V., =—I.I —A +V,

<
o
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We may also write a voltage equation for the neutral circuit as follows:

Vn — _Inrn o I—nln — _(Ia + Ib + Ic)rn o Ln(la + Ib + Ic)
Now let’s look at the rotor circuits. There are four of them.
Fig. 2: D-Axis Field
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Fig. 3: D-Axis Damper
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Fig. 5: Q-Axis Field




Putting all of these equations together in matrix form, we have that:

v, ] [noo0oo0o0o0 ofi,] %] v
v, 0r, 0000 0fi,| [b] |v,
v, 00r 000 O0fil [A] |v,
Ve [==0 0 0 r. 0 0 Ofi.|-|A|+]|0
0 0000 T, 0 O0fiy| [A] |O (eq 4.23")
. , 0
0 000000 15 Ofig| |4
0] (000000 rgjig] |5 | LO]
! el |4 |

We can write this more compactly, similar to eq. 4.26 in text:

Vabe |:B abc Q :| iabc i abe |:y 0 :|
== . | . + ,
Vrboe 0 Repos || Iroos A epoc 0 (eq. 4.26)

Motivation for Park’s Transformation

We would like to get the above equation into state-space form (xdot=Ax)
so that we can combine it with our inertial equations (and then be able to
apply numerical integration and solve them together).

We notice, however, that we have two different types of state variables in
the above equations: flux linkages (A) and currents (i). So we need to
eliminate one of them, and this is not hard since we have that flux linkages
can be easily expressed as functions of the currents that produce them. For

example, for a single conductor, we write that A=Li (see also first equation
in these notes).

But eq. 4.26’ has derivatives on A. Again, no problem, since dA/dt=d(Li)/dt.



It is here that we run into trouble, since the inductances that we are dealing
with are, in general, functions of 0, which is itself a function of time.
Therefore the inductances are functions of time, and differentiation of flux
linkages results in expressions like:
di dL. di
=—1+—L
dt dt dt

The differentiation with respect to L, dL/dt, will result in a time-varying
coefficient on the state variable. When we replace, in eq. 4.26°, the
derivatives on A with the derivatives on 1, and then solve for the derivatives
on i (in order to obtain X = AX), we will obtain current variables on the

right-hand-side that have time varying coefficients, i.e., the coefficient
matrix A will not be constant. This means that we will have to deal with
differential equations with time varying coefficients, which are generally
more difficult to solve than differential equations with constant
coefficients.

This presents some significant difficulties, in terms of solution, that we
would like to avoid. We look for a different approach.

The different approach is based on the observation that our trouble comes
from the inductances related to the stator (phase windings):

e Stator self inductances

e Stator-stator mutual inductances

e Stator-rotor mutual inductances

1.e., all of these have time-varying inductances.

In order to alleviate the trouble, we will project the a-b-c currents onto the
D and Q axes.

In making these projections, we want to obtain expressions for the
components of the stator currents that are in phase with the D and Q axes.



One can visualize the projection by thinking of the a-b-c currents as having
sinusoidal variation IN TIME along their respective axes. The picture
below illustrates for the a-phase.

Fig. 6

Decomposing the b-phase currents and the c-phase currents in the same
way, and then adding them up, provides us with:

I, =K, (ia cos@ +1, cos(d —120°) +1_ cos(d + 1200))
i, =k, (i, sin @ +i, sin(6 —120°) + i sin(@ +120°))

Here, the constants kg and k, are chosen so as to simplify the numerical
coefficients in the generalized KVL equations that we will get.

But note: we have transformed 3 variables 1,, 1, and 1, into two variables 14
and 14. This yields an undetermined system, meaning

e We can uniquely transform i,, 1,, and i, to 14 and i

e We cannot uniquely transform 14 and iq to 1,, iy, and 1.



So we need a third current. We take this current proportional to the zero-
sequence current:

i, =k, (i, +i, +i.) (i-zero)
We note that, under balanced conditions, i, 1s zero, and therefore produces
no flux at all. In fact, it is possible to show that 1, produces no flux which
links the rotor windings at all (see Concordia’s book, pg. 14 and also

Kimbark Vol III, pg. 60). The implication is that under all conditions, iy
and iq produce the exact same flux as iy, Ip, and i.

We write our transformation more compactly as:

iO kO kO kO
I, |=|Kycos8 K, cos(0—-120) Kk, cos(6+120)
i  K,sind K, sin(60—120) K, sin(6 +120) |

| q ]
—— - ~ =
!odq E

lodg = E!abc (eq. 4.3)

We may also operate on the voltages and fluxes in exactly the same way:

Vodg = E\_/abm /_10dq — Eiabc (eq. 4.7)

This transformation resulted from the work done by Blondel (1923),
Doherty and Nickle (1926), and Park (1929, 1933), and as a result, is
usually called “Park’s transformation,” and the transformation matrix P is
usually called “Park’s transformation matrix” or just “Park’s matrix.”

In Park’s original paper, he used ky=1.0 and k4=1.0, and k=-1.0 (he
assumed the g-axis as leading the d-axis; if he would have assumed the g-
axis as lagging the d-axis, as we have done, then he would have had
ks=1.0). However, there are two main disadvantages with this choice:




1. The transformation is not orthogonal. This means that B'l;tBT. If the
transformation were orthogonal (P"'=P"), then the power calculation,

T - T -
which is 0 = Vape lapc, is also given by [0 = Vgqqlogq- This can
be proven (see eq. 4.10 in text) since, from eqgs. 4.3 and 4.7,

1 _1- ]
P Vodg = Vapc and P lodqg = lapc, we may write:

P= Vzbc lope = (P_IVOdq )T (E_liOdq )

Recalling that (ab)'=b'a’, the above is:
T . T A\ (~-1: 1.
p — \_/abc !abc = \_/odq (E ) (E !Odq ) odq (P)(E !Odq )

T -
= Vodqlodg

2. The transformed mutual inductances, when per-unitized, do not provide
that Mj=My;, implying that the per-unit inductance matrix is not
symmetric. This prevents us from finding a real physical circuit to use in
modeling the transformed system.

In order to overcome these problems, we (Anderson and Fouad) make a
different choice of constants, according to:

1 2
kozﬁj kd:kq: 5

The choice of kj, when applied to eq. (i- zero) above, results n:

iozi(ia+ib+ic)= 2 +—|b+—|

3 f V277 N2
2

So we see that the factor g is the multiplier on all three equations,

resulting in a Park’s transformation (and the one that we will use) as:



1 1 1

vz 0 2
cos@ cos(@—120) cos(f+120)

sinf sin(@—120) sin(6 +120)

O
I
|

Park’s Transformation Applied toVoltage equations for 7-winding
representation

Now perform the Park’s transformation on both sides of the voltage
equation (eq. 4.23° or 4.26°). Note that we apply P to only the a-b-c
quantities, i.e., we leave the F-D-Q-G quantities alone (the rotor-rotor
quantities are constants and therefore need no transformation) since these
quantities are already on the rotor (and the rotor-rotor inductances are
already constants). This means we need to multiply eq. (4.23° or 4.26’)
through by a matrix

P O

0 U,

Recall (4.26) 1s:

_ y abc Babc Q iabc i abc |:y 0 i|
= — ] _ . + ’
_\—/ FDQG Q B FDQG 1 FDQG i FDQG Q (eq. 4.26’)

Multiplying through by our matrix, we obtain:

|:P Q :||: \labc :|_ |:P Q :||:Rabc Q :||:iabc :| |:P Q :| iabc +|:P Q :||:Vn
0 U, | Vepos 0 U, |0 Repgs iFDQG 0 U, iFDQG ¥Q U, QJ

- / .- J/

where Uy 1s a 4x4 identity matrix.

ter\rfn 1 ter?n 2 term 3 term 4

10



We need to express eq. (tvel) in terms of 0-d-q quantities. In what follows
below, we do this one term at a time. Our general procedure will be to
replace the a-b-c quantities with 0-d-q quantities and then simplify.

The easiest one is term 1, so we will begin with it.
Term 1:

E Q Vanc I:)Vabc \_/Odq

0 U, | Vepos VEpos VEDQG

Term 2;
This term 1s:

_E Q Babc O iabc

_(_) Q4 Q BFDQG iFDQG

Note that
[ = - - _1 -

!Odq E O !abc !abc E O !Odq

) = : = . = .
DG 0 Uy, | Tepos I Fpoc 0 Uy, | 'epoc
Substitution yields:

_E (_) Babc Q E_l O iOdq
0 U, |0 Repge || 0 U, | Irbos

PRuc 0P 0 [l | [PRuP™ 0 | log

0 BFDQG 0 U, iFDQG 0 BFDQG iFDQG

Note that the upper left-hand element has a diagonal matrix in the middle
of two orthogonal matrices.

11



-1
Fact: If E is orgthogonal, then EB abc E = B abc 1f Babc 1s
diagonal having equal elements on the diagonal.

You can test this as follows. Let

0O 1 O
A =10 0 1].1tis easy to show this is orthogonal using A A'=U.

1 0 0

2 0 O]
0 2 0

Then try multiplying A R A" where B =

0 0 2

It is easy to prove as follows. If R is a diagonal matrix with all of its
diagonal elements the same, call them r, then R=rU. Then

ARA'= ArUA'=rAUA'=rAA"=rU=R.
Here, we will assume r,=r,=r. which is very typical of synchronous
machines and simply implies that all phase windings are equal length with
the same type of conductor, which is always the case.

Therefore term 2 is just:

P 0 Ry O

~abc

0 U,|0 BFDQG iFDQG

_EBabc E_l Q !Odq R abc 0 !Odq

0 BFDQG | _!FDQG _ 0 BFDQG _!FDQG .

12



Repeating our equation (tvel) here for convenience....

|:P Q :||: \labc :|_ |:P Q :||:Rabc Q :||:iabc :| |:P Q :| iabc +|:P :||:Vn:|
0 U, | Veogs 0 U, |0 Repgs iFDQG 0 U, iFDQG 0 U, QJ

- _ - _ N ~ .

term 1 term 2 erm 3 term 4

1

and recalling what we have done so far:

E Q \_/abc PV abc \_/Odq

TERM 1:

0 U, |l Vepos VEpoe Vepoe

TERM 2:

|:E Q :| Babc Q :abc
0 U, |0 Rengs || Iroge

E_abc E_l Q iOdq |:Rabc Q :| iOdq

0 Repos | Trpgs

0 R FDQG lrpoc
Substituting, we obtain:

\_IOdq __|:Babc Q i|_10dq _|:E Q:| iabc +|:E Q :||:\_/n:|
Vepoe 0 BFDQG _L:DQG 0 U, iFDQG \Q U, QJ

\ J o ~ / . ~ J/ A'd
term 1 term 2 term 3 term 4

eq. (tve2)
Now we observe that terms 3 and 4 have variables not in terms of 0-d-q
quantities. We work on term 4 next (before term 3) because it is easier.
Term 4:
Observe that v,=[v, v, Vn]T. Therefore, when we multiply Pv,, we get
elements in the second and third rows of P being scaled by the same
constant (v,) and then summed. Consider these elements in the second and
third rows of P, below.

13



1 1 1

RN 0
P=./-|cos@ cos(8—-120) cos(€+120)

3
sinf sin(@—120) sin(6 +120)

So the product of the second row with v,, or of the third row and v,, will
include a summation of symmetrical components, which will be zero. So
the only non-zero element in Pv, will be the product of the first row of P
and v,, which is

-
[1 1 1}\/ 3y, .
V33 3T 3

But recall the voltage equation indicates that:
vio=—I.r —LI1 ==, +1, +1)r, =L (, +1, +1) %
Also, recall that

iO:%(ia+ib+ic):>ia+ib+ic:\/gio (**%)

Substitution of (***) into (**) yields:
V, = _(\/gio)rn _ Ln (\/glo)

and replacing v, in (*) with this, we have:

14



(3ri, —3L.1, |
0

(*#)
_ nodq
0

S O O O O

where nyqq 1s the first 3 elements and 0 is the last 4 elements.

Now recall eqt. (tve2), repeated here for convenience:

\_/0dq . _|:Babc Q :| iOdq _ |:E Q :| iabc n |:E Q :||:\_/n :|
Vepos 0 R FDQG i FDQG 0 U, i FDQG 0 U,|o0
< v

N ] N

J '

term 1 term 2 term 3 term 4

and substitute in eqt. (*#) to obtain

\_IOdq . _|:Babc Q :| iOdCI . |:E Q :| iabc n |:D0dq :|
Vepoe 0 BFDQG L:DQG 0 U, &.FDQG 0
\ﬁ/_/ %/_/

. v _ )

term 1 term 2 term 3 term 4
eq. (tve3)
And so now the only a-b-c variables remaining are in term 3. So let’s work
on term 3.

Term 3:
Term 3 1s:

E Q iabc P_jvabc
. = . (4.30°)
L_J4 /_1|:DQG /_1FDQG

IS

15



So we need to do two things:

1. Obtain PA abc 1n terms of the 0-d-q quantities.
2. Express all of term 3 in terms of currents instead of flux linkages.

To begin this task, recall thati = Ei , and take derivatives of
0dg abc

both sides. Note in differentiating the right-hand-side, we need to account
for the fact that P is time-dependent. Thus:

ﬂvOdq — I:)ﬂfabc + I:)ﬂ*abc

Solving forEi abc, We obtain:

Eiabc — iOdq - Eiabc #)

But the right-hand side still has&abc . We can eliminate this using

ﬂ*abc = E_liodq

Substitution into eq. (#) yields:

Pﬂ*abc ﬂ*Odq — PP_lﬂodq (4.31)

Now we have expressed Pﬁ abc 1n terms of the 0-d-q quantities.
Substitution of eq. (4.31) into eq. (4.30’) above yields:

P 0 iabc Eiabc iOdq EE_I iodq

0 Uil Adroos | | Aroos | | Aroos 0

term 3a term 3b

So we have accomplished our objective 1, which was to obtain PA abc 1n

terms of the 0-d-q quantities. Let’s substitute the above equation into eq.
(tvel)

16



\_/odq . |:Babc Q :| iOdq |:E Q :| iabc n |:D0dq :|
Vepoe 0 BFDQG L:DQG 0 U, iFDQG 0
— N - _ N -~ Y] —
term 1 term 2 term 3 term 4
eq. (tve3)
to obtain
YOdq B |:Babc 0 :| iOdq &Odq n EE_I iOdq n |:DOdq :|
\_/FDQG Q BFDQG iFDQG iFDQG Q Q
H_J . ~ J N -~ ~ —
term 1 term 2 term 3a term 3b term 4
eq. (tved)

Now we need to accomplish our objective 2, which is to express all of term
3 in terms of currents instead of flux linkages. To do this, let’s investigate
terms 3a and 3b one at a time. Let’s start with term 3a....

Term 3a:

So term 3a is:

iodq

Arpgc

Our goal is to see if we can express this in terms of currents, which means
we will need to use inductances. Let’s start by looking at the same
expression but without the derivatives, since we know how to write this
using Park’s transformation and a-b-c flux linkages. This is:

iOdq E 0 iabc
= (eq. 3a-1)
iFDQG 0 U, iFDQG

Now to write eq. (3a-1) in terms of the 0dq/FDQG currents (instead of
0dg/FDQG flux linkages), recall from eq. (L), pg. 2, repeated here for
convenience

iabc Laa LaR iabc
= . (eq. 3a-2)
Arpgc Lra Lrr || Irooc

17



that the vector of abc/FDQG flux linkages on the right of (eq. 3a-1) is
related through the inductance matrix to the ab¢c/FDQG currents.

Now recall that the ab¢c/FDQG currents may be related to the 0dg/FDQG
currents using the inverse Park Transformation according to:

. O )
| abc E Q !Odq
. = ) (eq. 3a-3)
| IrDoG 0 U, | !rogs
Substitution of (3a-3) into (3a-2) and then WhaE results into (3a-1), we have

_iOdq P O || Laa La E_l 0 iOdq
_iFDQG 0 L_J4 LRa LRR _O Q4 il:DQG

Performing the above matrix multiplication, we obtain....

 Aosg | [PLaP Pl {iodq |

= By _
_i FDQG LRaE LRR !FDQG_
Now we need to go through each of these four matrix multiplications. I will
here omit the details and just give the results (note also in what follows the

definition of additional nomenclature for each of the four submatrices):
Submatrix (1,1):

L, 0 0
El—aaE_lz 0 Ld 0 EL—Odq
0 0 L

where L():LS-ZMs, Ld:LS+MS+(3/2)Lm9 and Lq:Ls+MS-(3/2)Lm.

18



Submatrix (1,2):

0 0 0 0
PLu=|\SMe My 0 0 |=L,
3 3
0 0 2MQ ZMG
Submatrix (2,1): ) _
0 ;I\/I c 0
0 EM 5 0
LRaE_1 — 2 3 = L-rl;]
0 0 2MQ
3

0 0 2MG

Submatrix (2,2) (note that this submatrix is unchanéed from the original

inductance matrix): ~ _
L. M, 0 0
My Ly 0 0
Lgrr =
O O I—Q M Y
0 0 M, L

Using the defined nomenclature above for the 4 elements, we finally have:

Il
—
Py
Pu)

iOdq LOdq Lm !Odq

T .
iFDQG L' m Lgr [ Iroge

19



Expanding...

L, 0 0 0 0 0 0
3 3 -
_/10 - O Ld O 2M F 2M D 0 0 |0
|

& 0 0 L, 0 0 3|v|Q M |
A 3 2 2 lg
e |=| 0 Me 0 L, M, 0 0 | i
A 3 I
2 0 Mo 0 M, L, 0 0|4,
A 3 i
el 10 0 Mo 0 0 L, M, [le.

0 0 ;MG 0 0 M., L

(4.20°)
Compare this to eq. (L-ex) on page 2 to see big improvement in simplicity.

Aside: It is convenient here to note from the above matrix relation
that A4 and A, are given by:

: : : 3., . 3., .
iOdq :Lodqlodq +Lm!FDQG = Ay =L4ly +\/;M cle +\/;MDID

: 30, - 3., -
= A, = L1, +\/;MQ|Q +\/;|\/|GIG

We will use this in developing term 3b below.

One nice surprise from the above is that THE MATRIX IS CONSTANT!!!

As a result of this “nice surprise,” we may differentiate both sides to get:

20



&Odq LOdq Lm I_Odq
. - T - $
4FDQG L m LRR !FDQG )
or, again, when expanded, is:
L, 0 0 0 0 0 0
3 3 o
oh 0 L, 0 Me (5Mo 0 0 i,
] |
& 0 0 L, 0 (RN EAVIREN ETVIN
i 2 2 I
Zq 3 q
Ae|=| 0 Me 0 L, M, 0 0 i
fo 3 °
ﬂ“Q 0 EM D 0 M R I‘D 0 0 IQ
A
-e 0 0 %MQ 0 0 Lo M, [Led
3
0 0 Me 0 0 M, L

Substitution of (§) for term 3a into eq. (tve4), repeated here for
convenience,

Vodg | Rae 0 | o B Aodq N EE_liOdq N {ﬂ()dq }
Vebqe 0 Repge || irpge &.FDQG 0 0
term 1 \ term 2 j m ) terr¥1 3b ’ m
eq. (tved)
results in
\_/Odq _ Babc Q iOdq LOdq Lm i—.Odq n EE_I &Odq n |:D0dq }
Vepoe 0 Repos | 1roos L'n Lar i_'FDQG 0 0
term 1 \ term 2 o term 3a © Tem3b | 4
eq. (tve5)

We are almost done! The only remaining term which contains flux linkages
is term 3b.
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Term 3b:

Recalling term 3b is: PP /100'0'
0
we see that we need to expand the product PP First, recall that:
1 1 1
52 02 7

o)
I

3 cos@ cos(@—120) cos(6+120)
sinf sin(d—-120) sin(@+120)

Also, recall that . .
O=w, t+o()+7/2 > O=w, +0(1)

And note carefully that P is a function of time because the angle 6 is a
function of t. Therefore we need to differentiate P. This is not hard and

results in: B _
0 0 0
. P 2 : : :
P= PrambiELe et 6 —sin(0-120) —sin(8+120)
| cost  cos(0—120)  cos(0+120) |

Now taking the productPP ', we obtain:

\[\[ —sinf — sm(é’ 120) - sm(é’ +120)

cos@ cos(@—-120) cos(6+120)

cosd sin &

cos(@—120) sin(6—-120)

Siiviiaeiiy

cos(6+120) sin(@+120)
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0 0 0 7[00 0]
:ia)o 0 -3/2|=|0 0 -
0 3/2 0 | [0 @ O

Note in the above that row 1 is all zeros because row 1 in P is all zeros.
On the other hand, column 1 is all zeros because the multiplication of rows

: -1
2and3in P by column 1 of E yield a sum of symmetrical terms.

This provides that: L
0 0 oAl [ 0
pP_l/%dq =10 0 -o|4|= _a)/lq
0 o 0 J4,] | oty _

Some comments on speed voltages -k, and wAy.
e These speed voltages together account for the voltages induced in the

(fixed) phase windings as a result of the spatially-moving magnetic
field from the rotor.

They represent the fact that a flux wave rotating in synchronism with
the rotor will create voltages in the stationary armature coils.

Speed voltages are so named to contrast them from what may be
called transformer voltages, which are induced as a result of a time
varying magnetic field.

You may have run across the concept of “speed voltages™ in Physics,
where you computed a voltage induced in a coil of wire as it moved
through a static magnetic field, in which case, you may have used the
equation Blv where B is flux density, | is conductor length, and v is
the component of the velocity of the moving conductor (or moving
field) that is normal with respect to the field flux direction (or
conductor).
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e The first speed voltage term, -wA,, appears in the v4 equation. The
second speed voltage term, wlgy, appears in the v, equation. Thus, we
see that the g-axis flux causes a speed voltage in the d-axis winding,
and the d-axis flux causes a speed voltage in the g-axis winding.

Now we are in a position to obtain term 3b. Using the expressions for A4
and A, obtained in the “Aside” of page 20 above, we get:
_ | 0

0 —wlL | —a)\/EM i —a)\/EM i
_a)ﬂ’q qq 2 Q'Q 2 G'G

: A - 3 IV
{PP%M}: 0 |- o, o M o M {Speed}
0
0 0 g - (&)
0 0
0
- - i O )
where )
0 0
3 304 - 0
speed = | -l i, — @ 2|\/|QIQ w\EMGIG | 0= 0
3 3., .
oLyl + o 2MF|F+a) 2|\/|DID 0]

Now recalhng eq. (tves),

\_/Odq _:_|:Babc Q :| iOdq _ Lodq Lm iodq + EE_liodq +|:DOdq
yFDQG_ Q BFDQG iFDQG LTm LRR i_.FDQG Q Q

— ~~ ~- / - ~ -~ —
term 1 term 2 term 3a term 3b term 4

L |

eq. (tved)
we substitute (&) to obtain:
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YOdq . Babc Q !Odq Lodq Lm I_Odq + Speed 4 DOdq
= _ _ - .
Vepoc 0 Repgs || Irpgs L'm Lgk |[!Fpos 0 0
— - ~ “ N “ U —
term 1 term 2 term 3a term 3b term 4
eq. (tveb)

Putting it all together:

Let’s re-write the voltage equation eq. (tve6) by substituting in complete
expressions for all vectors and submatrices in terms 1, 2, 3a, 3b, and 4, as
obtained above:

Term 1 Term 2 Term 3a
L, 0 0 0 0 0
3 3
Vo ', 000 0 0 0fi, 0 Ly 0 \EMF \EMD 0
v, 0 00 0 0fi \F
00 0 0 L 0 0 M
v, 00r 000 0i i 2 ¢
v 540 00 r 00 ofii|-| o %MF 0 L M, 0
0 000 0T, 0O0i 3
0 00000, 0]ig 0 Mo 0 My Lo 0
0 000000 rg|i
3
0 0 Mg 0 0 M,
] 2
_ 3 3 3r.i, =3L.i,
S N EMQIQ_G) EMGIG 0
a)Ldid+a)\/§MF|F+a) EMDID 0
+ 2 0 2 + 0
. 0
. 0
0
- 0 - B B
Term 3b Term 4
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Now, observe that each of the non-zero elements of term 3b and term 4 is
multiplied by a current or current derivative, and that terms 2 and 3a both
get multiplied by vectors of currents or current derivatives, respectively.
Therefore, we may “fold-in” Term 3b and Term 4 into the Terms 2 and 3a
by combining parts of the non-zero term 3b and 4 elements with the
appropriate matrix element in terms 2 and 3a.

For example, we may fold in the -wLy, term in row 2 of term 3b by
including oL, in row 2 (since we are dealing with the second equation),
column 3 (since we need the term that multiplies i) of term 2. Note that
since term 2 has a “minus” sign out front, we do not include the “minus”
sign of -owL41, when we fold it in. The circle and arrow above illustrate this
folding-in operation.

The complete results of all fold-in operations are provided in what follows:

~_ [r+3r, 0 0 0 0 0 0 . -
V, 3 3 l
v, 0 I, ol, 0 0 a)\/;MQ a)\/;MG i
Vv i
‘ 0 -ol, T, —a)\/EMF - iMD 0 0 !
v, | = 2 2 i
0 0 0 0 r. 0 0 0
ID
0 0 0 0 0 ry 0 0 .
o
0 0 0 0 0 0 ry 0 i
- - Lo 0 0 0 0 0 e |-
L, +3L, 0 0 0 0 0 0
3 3 o
0 L, 0 Me Mo 0 0 i
|
0 0 L, 0 0 CIVIRR EAVIR B
2 2 Iy
-0 %MF 0 L, M 0 0 i
3 'o
0 Mo 0 M, L, 0 0 i
3 I
0 0 Mo 0 0 Lo M, |l
3
0 0 Mo 0 0 M, L,
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It is of interest to rearrange the ordering of the variables so that the voltage
equations for all d-axis windings are together and the voltage equations for
all g-axis windings are together because this will emphasize the presence or
absence of the various couplings that we have. The result of this re-
ordering of the variables is as follows:

- - [r+3r, 00 0 0o : 0 0 0 . -
Vo | e femmm e omemeeene  e— 7 b
v, 0 T 0 0 . oL, ® EMQ @ EMG i
—V, 0 i 0 r. 0o : 0 0 0 i

Vo=0y=— 0 : 0 O o 4.0 0 O .. I
Va 0 '—-wl, -o iM - EM: r 0 0 lg

0 : P 2 F 2 8 :

Yo = 0 i 0 0 (O 0o |

Ve=00 | o 1 o 0 0 | 0 0 r e

L, +3L,; 0 0 0 ! 0 0 0
i 3 3 ]
0 | L, M EME,: 0 0 0
0 | %MF L, M, | 0 0 0
3 |
-0 Mo M, L, 0 0 0
--------- e el & Rt 3
| | 3
0 0 0 0 ! “Me L, M, |
: ! 3
0 ! 0 0 0 ! “Me M, L,
(eq. 4.39’)
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Some observations about the transformed voltage equations:
1. The first matrix gives
a. Resistive voltage drops
b. Speed voltage drops, svd (terms with ®). These svd’s
e QOccur in the d- and g- circuits, to represent the fact that
a flux wave rotating in synchronism with the rotor will
create voltages in the stationary armature coils
e Do not occur in circuits physically located on the rotor,
since there is no motion between the rotating flux wave
and the rotor windings.
e Are caused by currents in the field windings of the
“other” axis:
- the d-circuit svd is caused by 14, 1o, and i
- the g-circuit svd is caused by 14, ip, and ip

2. The matrices are almost constant, except for the svd terms in the
first matrix, but even these terms are practically constant since
we only see small changes in . The constancy of the matrices
is the main motivation behind the Park’s transformation.

3. The variables have been reorganized so that all d-axis circuits
are together and all g-axis circuits are together. This makes it
easy to observe any coupling/decoupling between different sets
of circuits.

4. The second matrix gives voltage induced by current (or flux)
variation. Note that there is no coupling between the d-axis
circuits (d, F, D) and the g-axis circuits (q, Q, G). This is
because these two sets of circuits are orthogonal.

Finally, some comments about the Park’s transformation:

1. i4 and 14 are currents in a fictitious pair of windings fixed on the
rotor.

2. These currents produce the same flux as do the a,b,c currents.

3. For balanced steady-state operating conditions, we can use
1odq = Plapne to show that the currents in the d and q windings are
dc! The implication of this is that:
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e The a,b,c currents fixed in space, varying in time produce
the same synchronously rotating magnetic field as
e The d,q currents, varying in space, fixed in time!

From Kimbark, Vol. III:

Physical interpretation of Park’s variables. A physical interpreta
tion of the new variables is now in order. The m.m.f. of each arma
ture phase, being sinusoidally distributed in space, may be representec
by a vector the direction of which is that of the phase axis and thi
magnitude of which is proportional to the instantaneous phase cur
rent. The combined m.m.f. of the three phases may likewise be rep
resented by a vector which is the vector sum of the phase-m.m.f
vectors. The projections of the combined-m.m.f. vector on the direc
and quadrature axes of the field are equal to the sums of the projec
tions of the phase-m.m.f. vectors on the respective axes as given by
the expressions for ¢z and i, eqs. 106. The constant § is arbitrary
Thus i3 may be interpreted as the instantaneous current in a fictitiow
armature winding which rotates at the same speed as the field winding
and remains in such position that its axis always coincides with the
direct axis of the field, the value of the current in this winding being
such that it gives the same m.m.f. on this axis as do the actual thre
instantaneous armature phase currents flowing in the actual armature
windings. The interpretation of ¢, is similar to that of 73 except tha
it acts in the quadrature axis instead of in the direct axis. The % o
the new variables iz identical with the usual zero-sequence current
except that it is an instantaneous value and is defined in terms of the
instantaneous phase currents. This current gives no space-funda-
mental air-gap flux.

The flux linkages of the fictitious armature windings in which 1,
and 1, flow are ¢4 and ¥, respectively.

In view of the foregoing interpretation of 4 and 1 , it is apparent
that their m.m.f.’s are stationary with respect to the rotor and there-
fore act on paths of constant permeance. Hence the corresponding
inductances Ly and L, are independent of rotor position.

The fictitious direct-axis stator winding and the field winding are
inductively coupled. Each has a self-inductance (Lg and Lys), and
there is a mutual inductance between them. It should be noted that
the mutual inductance has different values in eqs. 116a and 4, being
M; in one and §M; in the other. The difference could have been
avoided by a different choice of the constant coefficients in eqs. 105
and 106; however, we will retain the form of the variables given by
Park.
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Another interesting paragraph from Kimbark Vol. III

In the interpretation of egs. 116, it was suggested that iz and 4
were the currents in fictitious retating stator windings — if that para-
doxical expression may be used — which gave the same m.mJi.'s as
did the actual armature currents in the actual armature windings.
But it is not necessary to have the fictitious windings rotate. The
same effect can be achieved by conceiving the armature winding to
be stationary (as it actually is) and to be a closed-circuit winding
with a commutator on which rest brushes which rotate with the field.
The magnetic axis of the stator will always coincide with the brush
axis, Thus iy may be interpreted as the current entering and leaving
the armature through a pair of brushes which are alipned with the
direct axis of the field. Similarly, ¢, may be regarded as the current
entering and leaving the armature through a second pair of brushes,
aligned with the quadrature axis of the field. In other words, the
armature may be thought of as like that of a synchronous converter,
having both commutator and slip rings, but having brushes in both
axes instead of in the quadrature axis only. The actual phase cur-
rents, entering the slip rings, give the same m.m.f.'s as do the substi-
tute currents i3 and ¢, entering the commutator brushes.

This physical picture is also correct with respect to the voltages.
The terms —w, and w4 oceurring in eqgs. 121 and 122 may be regarded
as components of applied voltage required to balance the speed voliages.
The speed voltage across each pair of brushes iz proportional to the
flux on the axis 90° ahead of the brush axs.
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