Time Constants (Section 4.14.1)
In a linear static circuit with no capacitance, i.e., an R-L circuit, the
transient currents decay with time according to

i(t) =ie™” (1)
where Ig is the initial current and T is the time constant.
For an R-L circuit, we may show that

- _1 —t/(L/R)
|(t)—Ee )

where we see that T=L/R. How do we think of T?

Let t=T and then we get that
I(t) = ioe‘T’T = ioe‘l =0.368i, (3)

Thus we see that the time constant is:

1. The time in which the current decreases to 36.8% of its initial
value;

2. The time in which the current decrease equals 63.2% of its initial
value;

3. The time in which the current would decrease to zero if it
continued to decrease at its initial rate of decrease.

Figure 1 illustrates these three ways of thinking about T.

It

0.632ig

0.368ig




So the time constant is a good measure of the speed of the dynamics.
Low T =>» fast dynamics.

For a salient pole machine, we have a time constant for each rotor
circuit given as the ratio of some inductance to the circuit resistance.

We can obtain the time constants under one of two conditions:
1. Stator is open-circuited.
2. Stator is short-circuited.

The procedure used in VMAF for developing these equations is as

follows (see pp 133-134). | will apply it to obtain the open circuit

d-axis subtransient time constant.

1. Flux linkage voltage equations: Write voltage equation for the
appropriate circuit using flux derivatives using (4.36) below:
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We assume a step change is applied to the field winding (with the
stator winding open or short-circuited, it is the only way we can
provide an external forcing function). We want to characterize
the time constant of the D-winding. Therefore, we pull out of
(4.36) the vr and vp equations:

Ve =i + A (4.181a)
Vo =0=r,i, + 4, (4.181b)

2. Replace fluxes with currents: Use eq. (4.20) (see “macheqts”)
to replace fluxes with currents.
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For example, we see that
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. Apply conditions: Apply appropriate open circuit or short circuit
conditions to simplify the equation. For example, if we are getting
the open circuit time constants, then the stator windings are open
circuited, and ig=0. This causes ig=iq=0 and (*) and (**) become
Ae = Leig +Maig (4.182a)

Ay =Mip + Lpip (4.182b)
Notice that from (4.182b), for a step change applied to the field
voltage, CFLT indicates that Ap(0%)=0, which implies that

0=M,i. +Lyip,=»i- =—=i, (4.183)
MR

. Manipulate: Differentiate (4.182a) and (4.182b), respectively,
de =Lz + M,
do =Mic + Loiy
and then substitute into (4.181a) and (4.181b), respectively. This
results in
Ve =i + Lo + Mg (4.184a)
0=rgiy +Mgi. +Lgi, (4.184Db)
Divide (4.184a) by Lr and (4.184b) by Mg to get




—Fip (4.184¢)

L
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Subtract (4.184c) from (4.184d) to get
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M, L. Mg L. L.

o i - e i + L Me i'D:'V_F
M, L. M, L¢ L-

Now replace i with (4.183) to get

b kL i+ Lo Mg I
M. L M, M. L L.

Now divide through by the coefficient of the derivative term:
' n e Lp — Vg
M, L-M./). . L,

I, +1p =
L M) 77 (L Mg
M., L. M., L,

Multiply top and bottom of the first term on the left-hand-side by
Mg, and do the same to the right-hand-side, to get

r, + "eLo
L . —M_ove /L,

F 2o+ =

Ly -MZ/L)°  ° (L, -M2/L,)
. Approximate and apply LaPlace: Use the following
information (in per-unit):
e Damper circuits are very fast, because rp and rq are large.
e Field circuits are very slow, because rg and rg are small.
Reference to Example 4.1 (p. 107) indicates, in per-unit:

ro=0.0131, ro=0.054

re=0.000742, rs=0.00584




VMAF (pg. 134) make the statement that “usually in pu rp>>rg
while Lp and Lg are of similar magnitude.” This means
ro>>reLp/Le; it is also true that ro>>rg while Lo and Lg are of
similar magnitude. Data for the pu inductances from Example
4.2 in VMAF (p. 112) are as follows:

Le=1.65

Lp=1.605

Le=1.76

Lo=1.526

and so the above becomes
I .. =Mpve /L
(Lo —|\/|F§/|_F)ID o= (Lo -M2Z/L.)
Rearranging, we obtain
r : Mg /L

I+ D i, =—v

D (LD—MélLF)D F(LD—MélLF) (4.186a)
Now define

I M, /L
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Then (4.186a) becomes

i+ Kiip = K, (4.186b)

Using LaPlace transforms, we get
sl (s)+ K I5(s)=K, /s

1,(s)(s+K,)=K, /s
K
1,(s) = 2
o (8) s(s+K,)
Taking partial fraction expansion, we have:

| (s)= K, _K2/K1_K2/K1_K2 1 1
P s(s+K)) s s+K, K,

(4.186¢)

s_s+K1
The inverse LaPlace transform is then K
ID(S) = :
PFE: (e Hi)

A B

5 s (s+K)
A=slp(s)|s=0
B=(s+K1)Ip(S)ls=-k1




i (t) = %(be‘“t )U(t) (4.186d)

This shows that if we were to apply a step change in the field
voltage (Ve=Veu(t)) per bottom of p. 133), the current in the D-
damper winding would rise in accordance with a time constant of
Ky, similar to the function y=(1-e")u(t) as indicated below.
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Replacing K; and Kz, we obtain
M, /L. (LD -MZ/ LF) _(LDfMDF%/LF)t

i, (t)=-v 1-e u(t)
’ " (Ly-M2/L,) r
B T @
_ v, |\/|Rr/ L 1_e (Lo-ME/Le) u(t)
D

Recall

(2)

where T=L/R, and so we see that 1/K; is the time constant. We define
this time constant as the open circuit direct-axis subtransient time
constant, i.e.

.1 L -MZ/L,

: 1
i(t) = — o tILIR)
(t) -

- K1 r-D
It’s name comes from the fact that
e it is computed when the stator windings are open circuit,
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e it characterizes the behavior of the D-winding and is therefore
a subtransient response.

Comments:

a. | have added a HW problem where you need to perform this
same development except for the quadrature axis time
constant.

b. On p. 134, VMAF writes the following: “When the damper
winding is not available or after the decay of the
subtransient current, we can show that the field current is
affected only by the parameters of the field circuit, i.e.,

reic + Ll =Veu(t) (4.188)

The time constant of this transient is the d axis transient

open circuit time constant z’qo, given by
, _ L

Too = ——

e

Likewise, for round rotor machines (for which we need to

model the G-winding), we can obtain the g-axis transient
open circuit time constant 4o, given by

Too = L
rG

c. The time constants given using the Greek letter z are in per-
unit time, that is, they are related to time constants given
using “t” (in seconds) according to

T=twp=> 1=tX377.

d. Most texts indicate time constants in seconds. These values
must be normalized before using them in relations (4.189)
or (similar to 4.189), e.g., see below example 4.2, p. 112.

(4.189)

(similar to 4.189)



Data in pu is as follows:

L, =1.70 kM, =1.49
L, =1.64 r =0.001096
L, =1.65 r. =0.000742
L, =1.605 r, =0.0131
L, =1.526 r, = 0.0540
KM, =M,=kM, =155 H =237s
(y=10,=015

And Example 4.7 indicates x’q=0.38 pu which is for the same machine.
Recall our development for L’q in the last set of notes
(SubtransientTransientLT) which resulted in

2
Lo
q q L. (4.180)

Solving (4.180) for Lg results in

L 2
Lo =—2—

L -L

q q
Recall from the “perunitization” notes, p. 30 that the mutual, Lag, is the
difference between the self and the leakage, i.e.,

Lqu'lqu:LQu'lQu:LGu'lGu:LAQ

Substitution of this last expression for Lag in the L expression results in

L -1,)
L = ( q_ q)
4
Lq ) Lq
Now we may utilize the above Example 4.2 data to obtain:
2
L (L—%) _(164-015)° 2.2201
L, —L; 1.64-0.380 1.26

This value is given in the pu values computed via Example 4.1, which shows
Example 4.2 is for the same machine. VMAF does not provide t’qo or T°qo
anywhere for the machine in these examples, and so | chose a value of 0.8sec
that is typical of round-rotor machines based on my experience and review of
various sources including, for example, Table 4.7 in VMAF, data in Kundur’s
book, and data in some WECC data sets | have. Then, the pu value of this
would be

7°90=0.8*377=301.6.

=1.76




So then, re=Lc/1’4=1.76/301.6=0.00583554pu,

which again agrees with pu values computed for Example 4.1.

This value makes intuitive sense because it is an order of magnitude

larger than rr (and so it is faster than the field cct), but an order of magnitude
lower than the damper values rp and rq (and so it is slower than the damper
winding circuits). This value, as computed here, was used in Ex. 4.2 (p. 112).

Application of similar procedures results in the expressions that
Kundur calls the “classical expressions” given as follows (the
VMAF equation number appears in the box to the right).

Without G-winding (salient pole machine):

, L
OC/DAJTITC: Tao™ r_F (D-axis field) (4.189)
F
" LD_(LAD)Z/LF
OC/DAISTITC: T 40 = . (D-axis damper) | (s.187)
D
1 LQ
OC/QA/ST/TC: ¥ a0 = E (Q-axis damper) | (4.193)

1 LF
OC/DA/T/TC: Fao=7 (D-axis field) (4.189)
F
" LD_(LAD)Z/LF )
OC/DAJST/TC: T a0 = ; (D-axis damper) | (4.187)
D
"o LQ B Li\Q / LG .
OC/QA/STITC: g = . (Q-axis damper) | (4.192a)
Q
. - L
OC/QAI/TITC: Tqo . (Q-axis field) (4.192a)
G

In the last equation, Ls may be obtained as follows :

I :{Lq—fﬁ_:zc Lo (Lt

¢ | Lq_Lq Lq_Lq




In the above
OC : Open-circuit
DA : direct-axis

QA : quadrature axis

T : transient
ST : subtransient
TC : time constant

The short circuit time constants are as follows:

Without G-winding (salient pole machine)::

SC/DA/TITC:

SC/DAISTITC:

SC/QA/ST/TC:

With G-Winding (round-rotor machine)::

1
[ | Ld
Td_TdOL
d
Lll
oo n d
z'o|—2'do|_.
d
Lll
Tll :TII . q
q q L
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SC/DAITITC:
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SC/QA/ST/TC:

SC/QA/ST/TC:

1 L'd
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i L d
Td_TdOU
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' =" —Lq
q qOL
q

1 L'q
qurqwt—

(D-axis field)
(D-axis damper)

(Q-axis damper)

(D-axis field)

(D-axis damper)

(Q-axis damper)

(Q-axis damper)

(4.191)

(4.190)

(4.192b)

(4.191)

(4.190)

(4.192b)

(4.192b)




It is useful at this point to take note of the following from p. 132
of VMAF, where it says,

“Before we examine the g axis inductances, some clarification
of the circuits that may exist in the q axis is needed. For a salient
pole machine with amortisseur windings, a g axis damper circuit
exists, but there is no other actual or effective q axis rotor
winding. For such a machine the stator flux linkage after the
initial subtransient dies out is determined by essentially the same
circuit as that of the steady-state q axis flux linkage. Thus, for a
salient pole machine, it is customary to consider the g axis
transient inductance to be the same as the g axis synchronous
inductance.

The situation for a round-rotor machine is different. Here the
solid iron rotor provides multiple paths for circulating eddy
currents, which act as equivalent windings during both transient
and subtransient periods. Such a machine will have effective g
axis rotor circuits that will determine the q axis transient and
subtransient inductances. Thus, for such a machine, it is
important to recognize that a g axis transient inductance (much
smaller in magnitude than L) exists.

Another time constant used to characterize synchronous
machines is the stator time constant, given by
(L'g+L',)/2

r
Note that the text uses Lq in the above equation instead of L’
(since Lq = L’q when the G-winding is not represented).

Ta

Table 4.3, pg. 135 in VMAF, provides a comparison of typical
numerical range for time constants. Kundur also provides such a
table, Table 4.2, pg. 150. Note transient T >> subtransient T.
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Another way to get the time constants is to use the equivalent
circuits.
Then derive the inductances in terms of the LaPlace variable “s”
according to

Aq (S)
Ly (S) = i (s)
A4(8)
AR

| will not go through the development here, but you can find it on
pp. 140-143 of Kundur’s text.

The denominator of the above expressions is the characteristic
equation for the circuit. The roots of this equation are the inverse
of the time constants.

This approach makes no approximations, and therefore Kundur
refers to the resulting expressions for the parameters as the
“accurate expressions.”

The relationship between our nomenclature and that used by

Kundur is as follows:

Kundur2*VMAF

Lag=® Lap

Lig=> Ir

Rro= IF

R1d=> Ip

Lig=>Ip

L= Iy
You can review some of the data in appendix C of your text to see
if it conforms to our conclusions about “fast” vs. “slow” circuits.

12



And you can check Kundur, page 153, for some comparative data
for both salient pole and round-rotor machines, which | have copied
out below.

Tahle 4.2
___.i,ﬂj P 3T ﬁ-‘;.'*..,hn-__.gl{.\
Parameter | Hydraulic Units Thermal Units
Synchronous A bo-1.5 ' 1.0 - 2.3
Reactance ‘1[; 0.4.- 10 0.53
| B Transient Xy 0.2 - 0.5 0.15 - 0.4
Feactance II; - 0.3 - 1.0
Subtransient Xs 0.15 - 0.35 0.12 - 0.25
Reactance x; 0.2 - 0.45 0.12 - 0.25
Transient OC T 1.5-90s 3.0 -10.0 s
Time Constant T j 035-20a
Subtransient OC T 0.01 - 0.05 s 0.02 - 0.05 s
Time Constant T.T'& 0.01 - 0.09 3 0.02 - 0.05 5
S‘?iiili‘mﬁig‘* A 0.1-02 0.1-02
Stator
Resistance Ra 0.002 - 0.02 0.0015 - 0.003
e — ——
Notes: I. Reactance values are in per unit with stator base values equal to the

comresponding machine rated values,
2. Time constants &ré in seconds.

Similar data is in Chapter 4 of Anderson & Fouad, p 135: Note
Table 4.3 comes from Kimbark, see next page of these notes.
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Table 4.3, Typical Synchronowss Machine Time Constanis in Scconds

T Turbogenerators Wateraheel genarators Symchronous condenseis

consan Laow | High Law A, High Liye Avg High

Ta LR 9.1 I.5 i 0.5 6.0 .0 1.5

L 0.4 IH 0.5 I8 13 1.2 a0 2y

o= 00k J 005 0.0 LTIER .03 G2 LENVER 1)
0,04 : 0.3 0or Qs 0,13 g e 0.3

ource: Heprimied by permissson (rom Pover §psiesm Siebifiire, vall 3, h} E.W. Eimbark. & Wiley, 1955

Table 4.4.  Typical Turbogenerator and Synchronous Condenser Charasieristics

Creneralors Synchronous condensers
Parameler Becom- Recam-
Range mended Bange mezsiled
AvETags AYErage
Maminal rating 00 - 1000 MW S0 100 MY A
Power factor 0.K0-(h 05 {90 g —_—
Diirect axis synchronous reactance xy 1600 150 1l 1R-270 2
Transicnt reactance ©y 23-35 15 4565 55
Subtransient reactance T3 15-21 ) 1545 Eh ]
IIQu;u.kznurl‘.‘ axis synchronous reactince Ty | S )3 155 1 0{h- 1 30 115
Migative-sequence reaciance xg 18-X 19 3545 44
FETO=SeqUEnce Feaclance oy 12-14 1% 15-25 P}
Short circwit rotio 0.50-0.72 a4 035065 050
—— ltw-sp{.lﬁunr,.-mm 05,0 4.0
(EVA) | VB r fman RO-8.0 6,10 T

Source: From the 1964 Mationsl Power Survey made by ihe LS Federsl Power Commission, LIS PO

Mote: All reactences in percent cn raled voMage and KVA base. bW losses lor typesal syncheones
condensers in the ramge of sizes showns, cxcludmp losses associated with slop-up ransformens, are | i
arder of 1.2-1.5% on micd EVA base. Mo attempl has beon made o show kW loascs associaled with ger
ETAIRTS, Simie pencraling plamls are gencrally raled ona net power output basis and losses vary widely de-
pendent an ke generator plant design.

Table 4.5. Typical Hydrogenerator Characterisincs

Paramsier :".rr!uu L”.F
wniis umils '
Fomiial rating (b YA} -4 40- 200
Power [actar 0, &0-0.95* 0, By, 35"
Speed (rfmin T-250 T 20HD
Imertia constant Ff, kW -3) 1.5-4.0 J0-5.5
(kWVA)

Direct axis synchronous reaclance 14 an-110 Al 10
['ransient reaclianoe 25-d45 | B Y]
Hublransien] reaclanoe g 20-35 15-%0
Cruadralure axis synchronows reactance Xa — —
Megative-sequence reaciance x; 21435 20-15
fero-sequence reactance vy 1-15 L0-25
Short circuit ratio 10-2.0 10-20

Sowrce: From ihe 1964 Mational Power Survey made by the U5, Federal Power Commdssion. LISG P
Muode: All reacianees in percent on rated voliage and EVA Base. Mo anempl has heen made 1o sho®
KW losses associated with genersiors, since gemerating planis are generally roted om 1 net pawer ool

basis oed losses vary widsly dependent on the gengratar plant design.
*These power factors coved canditions lar generators instulled either close to or remate Trom load @28

lers. |

And From Kimbark, p. 40 (note time constant data at bottom of
table is used in A&F’s table, given on previous page).
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Trpioan Constants oF TARER-PHASE Avmoarowous MacnTRes
{Adapted from Refs. 15, 34, and 41)

r ] Byvochronols
E:D::;rs “1:';*'2;_:?[2?:’ Synchronous Motors

i s ) | Cendensera (general
solid roto with dam
- ") pers)t purpose)

| Low Asg. Highl Low Avg. Highl Low Avg. High [Low Az High
Reactances in per unit

= lu,ﬂ.'i 110 145 fo.ﬁu 115 1.45 [L50 1.80 220 [0.80 120 L350
o 0.02 L08 142 040 075 100 [0.05 L15 140 D60 0.90 1.10
zd 12 0.23. 0.28 [0.20 0.37 0.503[0.30 0.40 060 1025 0.35 0.45
I 012 023 028 [0.40 0.75 100 [0.95 115 140 iﬁr.ﬁl} 0.90 1.10
ENN 007 012 0.17 {013 0.24 035 (018 0.25 038 nao 030 040
z" 010 015 0.20 [0.23 034 0.45 D23 030 043 030 040 050
Ty 007 0.4 021 017 032 0.40 023 034 045

s 0.07 .02 0.7 013 0.24 085 017 0.24 037 10.25 035 045
" 0.01 010 10,02 0.21 [0.03 0,15 (0.04 027
Resistances in per unit |

rofd-c.) (00015 0.005(0.003 ﬂm:u[am; 0.015
rin-c.] |0.003 0,008 0.003 0015 D004 0.010
0,025 0045012 0.20 0025 0.07

05 (B0 9.0 1L5

*z, varies from about 0.15 to 0.80 of xg"", depending upon winding piteh.
+For water-wheel generators without damper windings,

5! = 085zd, x5 =@ —mp 3= (@ LD

and xg is as listed.
{For carves showing the normal value of 2 of water-wheel-driven generators
a8 & function of kilovelt-ampere rating and speed, see Ref. 54.
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