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Abstract—This paper discusses the pricing of marginal trans-
mission network losses in the locational marginal pricing approach
recently deployed in the ISO New England (ISO-NE) standard
market design (SMD) project implemented by ALSTOM’s T&D
Energy Automation and Information (EAI) Business. The tradi-
tional loss model is studied and a new model is proposed. The new
model achieves more defendable and predictable market-clearing
results by introducing loss distribution factors to explicitly bal-
ance the consumed losses in the lossless dc power system model.
The distributed market slack reference is also introduced and
discussed. The LMP components produced by the two models
are studied and compared under changes in slack reference.
Numerical examples are presented to further compare the two
models.

Index Terms—Electricity market, marginal pricing, network
losses, optimization, power systems.

NOMENCLATURE

Generation bid price vector.
Loss distribution factor vector.
Vector whose elements are 1.
Market demand vector.
Loss sensitivity vector, whose elements are calcu-
lated with respect to the distributed slack reference
represented as vector .

Loss System losses variable.
offset System loss linearization offset, which is dependent

on the slack weight .
Market energy supply output vector.
Minimum generator output limit.
Maximum generator output limit.
Line flow limit vector.
Constraint sensitivity matrix, whose elements are
calculated with respect to the same distributed slack
weight .
Distributed slack reference weight vector.
Shadow price for the energy balance equation.
Shadow price for the system losses equation.
Shadow prices vector for the transmission con-
straints.
Shadow prices for the maximum generator output
constraints.
Shadow prices for the minimum generator output
constraints.
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I. INTRODUCTION

A congestion management system (CMS) is a major part of
the current competitive electricity markets. A 2002 No-

tice of Public Ruling (NOPR) from Federal Energy Regula-
tory Commission (FERC) [1] proposes location-based marginal
pricing (LMP) together with firm transmission rights (FTR) as
a mechanism to build efficient energy markets. LMP is part of
the standard market design (SMD) promoted by FERC and is
a fundamental principle in the majority of electricity markets
[2]–[4].

LMP at a location is defined as a cost of supplying an incre-
ment of load at this location. This price reflects not only the cost
of producing energy, but also its delivery. Losses and/or trans-
mission network congestion may make delivery of energy from
the least expensive resource to a different location impossible or
uneconomic. The resulting “out of merit” dispatch to accommo-
date the system constraints using more expensive energy will, in
turn, cause price separation at the various network locations, so
it is very important to include the effect of congestion and losses
in both economic dispatch and price calculation.

All CMS implementations in the current markets utilize
linear-programming (LP) techniques in the market-clearing
algorithms. LP requires linear network models that are nor-
mally based on the dc idealization of power-flow equations
[2]–[5], [9]. The dc model has no transmission losses by defi-
nition, which makes it very challenging to correctly model the
marginal effect of losses for economic dispatch and electricity
pricing.

Marginal loss modeling affects dispatch and LMPs in the
system. It is shown in the new approach described below that
consistent modeling of the marginal losses cannot only preserve
major LMP properties with dc model idealization, but also pro-
mote a transparent and liquid electricity market by producing
more defendable and predictable results.

II. LMP COMPONENTS

One of the important SMD features is the ability to hedge
congestion costs through the use of FTRs. In a system without
losses, the value of an FTR can be defined as the difference
between the LMP at the sink of the FTR and the LMP at the
source [2]. However, in a system with losses, the LMPs at two
locations can be different even in the noncongested case. This
could be easily seen from the following expression for the LMP
at node [4], [6], [7]

(1)

where is the constraint ’s power flow sensitivity to the
injection at node with respect to the slack reference , and
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is the number of constraints. Even in the case of no con-
gestion, when , the prices would be different at dif-
ferent locations due to the variation in the loss sensitivity fac-
tors. This makes it impossible to calculate the value of FTRs
simply by subtracting the sink LMP from the source LMP for
FTRs that hedge only congestion costs. The LMP in (1) could
be split into three components [3], [4]: reference energy compo-
nent , loss component , and congestion
component . In the above, although the refer-
ence energy component is called “energy component,” in gen-
eral, it does not represent the price for energy without loss and
congestion. Because loss factors and all shift factors are equal to
zero at the slack reference (i.e., reference bus), the energy com-
ponent is equal to the LMP at the reference. The energy com-
ponent is the same for all locations in the system. In the model
with losses, the value of a FTR must be measured by the differ-
ence in only the congestion components of LMP. In a lossless
system, the loss component of LMP in (1) is zero at all loca-
tions and the difference in LMPs defining the value of FTRs is
the same as the difference in the congestion components.

With the introduction of transmission losses, the LMP must
be decomposed. Although the LMP is not dependent on the
slack reference, the split into LMP components is dependent on
the selection of the slack reference. This dependency indicates
that importance should not be placed on the absolute value of
each component by itself. However, the differences in conges-
tion components between locations are not dependent on the
slack reference and are more meaningful. In the ISO-NE and
NYISO market, the only reason for splitting LMP into compo-
nents is the need to calculate congestion revenue and the values
of FTRs. The energy and loss components should be grouped
together as one component—the delivered energy component.
There is no need to split delivered energy component into en-
ergy and losses. In fact, the ISO-NE settlements process never
uses them separately. Neither congestion nor loss revenue is de-
pendent on the location of the slack reference.

III. TRADITIONAL MODEL

In the traditional model [4], [6], [7], losses are added to the
energy balance equation, however, the location of losses to be
balanced is not explicitly indicated. This model is presented in
the problem LP1.

LP1:

Loss (2.1)

Loss offset (2.2)

(2.3)

(2.4)

where the values of loss and constraint sensitivities are calcu-
lated with respect to the distributed slack [7], [8] whose slack
weights are represented by the vector . (This includes the case
of a single reference bus, or nondistributed slack, if all weights
but one are equal to 0.) The Lagrangian function for LP1 is

Loss

Loss offset

The subscript 1 represents the LP1 problem. The
Kuhn–Tucker (KT) condition for the loss variable is

Loss
(3)

Thus, the locational marginal price (LMP) is defined as

(4)

The LMPs can be decomposed into the following three com-
ponents:

(5.1)

(5.2)

(5.3)

In the ISO-NEs settlement, the delivered energy and congestion
are settled separately. Under LP1, the revenues collected would
be

Rev

Loss Loss (6.1)

Rev

(6.2)

where is defined as marginal losses.
In the following, we will study the effect of changing slack

weights under the LP1 formulation. Assuming the slack weights
are changed to , the following relationship holds [see the
Appendix, (A.13) and (A.22)]:

(7)

(8)

In addition, the following relationship can be derived from the
Taylor’s series expansion of the system losses equation:

offset
offset

(9)

The new LP problem based on the slack weight
is formulated below.

Loss (10.1)

Loss offset (10.2)

(10.3)

(10.4)

Substituting (10.2) by (10.1), (8), and (9), (10.2) becomes

Loss

offset

Loss

Loss offset

Loss offset
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The above shows that (2.2) and (10.2) are equivalent, which
proves that the change of slack reference weights does not
affect the loss (2.2).

Substituting (10.3) by (7) and (10.1), (10.3) becomes

Loss

Due to the fact that there exits at least one vector such
that can be a nonzero vector, (10.3) is not equivalent
to (2.3). LP1 and are different linear programming
problems and, therefore, give different market-clearing results.
This also indicates that the dual problem of is also
different from that of LP1. In conclusion, the traditional model
specified in LP1 is dependent on the selection of slack weights

. The LMPs, the congestion, and loss revenue will be different
when the slack weights change.

IV. PROPOSED MODEL

As seen from Section III, the drawback of the traditional
model is that the losses are balanced at the slack reference im-
plicitly through energy balance equation. As we know, the losses
are consumed by the transmission lines. However, in the dc
power-flow model, they must be balanced at the bus level. Thus,
the location of balancing system losses should have impact on
the line flows, which cannot be explicitly observed from the
formulation of security constraints in (2.3). In the traditional
model, when the slack weights change, the loss balancing loca-
tion is changed implicitly. This results in different power flow,
and different LMPs due to different megawatt (MW) injections.

The study of dc power flow model shows that the power-flow
solution is unique once the injection at each bus is determined,
which implies that the power-flow solution and the LMP should
be invariant to the selection of slack reference once the method
of balancing losses is determined. Based on the above assump-
tion, a model is proposed below to produce prices that are not
dependent on the selection of the slack reference. In order to
balance the system losses explicitly, the loss distribution factors
are introduced in the proposed model, and are represented by
a vector . In this way, each bus in the system may balance a
share of total system losses. The optimal choice of is a sub-
ject of separate research and is not being discussed in this paper.
The loss distribution factors are normalized to 1

(11)

The proposed model is represented as LP2 below.
LP2

Loss (12.1)

Loss offset (12.2)

Loss (12.3)

(12.4)

The Lagrangian function is

Loss

Loss offset

Loss

where subscript 2 represents the LP2 problem. The KT condi-
tions for the loss variable is

Loss
(13)

The LMP is defined as

(14)

Combining (13) and (14) to eliminate , the LMP components
can be defined as

(15.1)

(15.2)

(15.3)

The revenues collected by the ISO are

Loss Loss (16.1)

(16.2)

Equation (16.2) shows that the congestion charge is deter-
mined by the product of the constraint shadow price and the
constraint limit. We will show later in (18) that the constraint
shadow price and, thus, the total congestion charge, is indepen-
dent of the slack reference.

To study the effect of changing slack weight , a similar LP
is constructed as below for slack reference .

Loss (17.1)

Loss offset (17.2)

Loss (17.3)

(17.4)

The equivalence of (5.2) and (10.2), shown in Section III, also
shows that (17.2) is equivalent to (12.2). Now we will prove that
(17.3) is equivalent to (12.3). Substituting (7) and (17.1) into
(17.3), we have

Loss

Loss

Loss

Loss

Loss Loss

Loss

Since the equivalence between (12.3) and (17.3) [and,
thus, the equivalence of each equation in (12.1)–(12.4) and
(17.1)–(17.4)] indicates that is equivalent to LP2, the
primary solutions for the two LP problems must be the same.
The objective functions for the two LPs are also the same.
Let be the optimal value of the objective function of the
LP2 and be the optimal value of the objective function of

The shadow price for any transmission constraint
can be calculated as follows:
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Since are both increased by the same amount of , the
values of objective functions for both LP2 and are
equal. That is

Thus, we have

(18)

This verifies that the does not change with . Similarly, we
can calculate the shadow price of the loss equation as

offset offset

offset offset

According to (9), if offset is increased by , offset has
to be increased by such that the LP2 and can be
equivalent, where . Thus, we have

offset offset

offset offset

(19)

The LMP components under the new slack weights are

Energy (20)

(21)

(22)

The sum of the LMP loss and energy components is

(23)

From (22) and (23), we have

(24)

From the above study, we can draw the following conclusions
for the proposed model. The change in the selection of slack
weights :

1) does not influence the primary solution of the proposed
model, including the dispatch of units;

2) does not affect the value of LMP;
3) does not change the LMP congestion component and con-

gestion revenue;
4) does change the LMP energy and loss components;
5) does not change the sum of LMP energy and loss com-

ponents, and the sum of the energy and loss revenues are
kept the same.

These advantages of the proposed method are important in the
calculation of predictable and defendable prices in electricity
markets.

V. DISTRIBUTED SLACK AS A MARKET REFERENCE

In the traditional model, losses are usually balanced at a single
slack bus. The loss sensitivities and constraint sensitivities are
usually calculated based on that slack bus. Due to the concentra-
tion of all system losses at one network bus, the dc power-flow
model could produce inaccurate power flows in the transmission
lines compared to those of the ac power-flow model. The intro-
duction of loss distribution factors in LP2 provides more flex-
ibility in balancing system losses than the LP1 model. The most
significant feature of the proposed model is that the choice of
buses for balancing losses is explicitly indicated. There are sev-
eral ways of selecting loss distribution: one common method-
ology is to use the real-time or historical load ratios [2], [3].

In the LP1 model, the LMPs and the sum of the energy and
loss components change with the change of the slack reference
and the associated change in the loss and constraint sensitivi-
ties. Because loss and constraint sensitivities for the slack ref-
erence are zero, the energy component is the price at the slack
reference.

As shown above, LMPs in the LP2 model are not dependent
on the selection of the reference for a given loss distribution.
However, it is often perceived by market participants that the
best place to be located on the network is at the reference
bus because both loss and congestion components are zero.
The fact is that the amount of money charged or credited at a
given location is the same no matter where the slack reference
is located. It is more convenient to establish a “fair” location
of the market reference that is not subject to abrupt changes.
A load weighted distributed slack is proposed to serve as the
market reference to keep reference at the system load center
and avoid arguments about the location of the reference bus.
Equations (7) and (8) provide means to convert sensitivities
calculated at different times and by different applications (e.g.,
network applications and market-clearing applications). This
ability creates additional convenience by removing restrictions
on how and where loss and shift factors are calculated.

As discussed in Section IV, the energy component in LP2 is
the shadow price of system losses equation and is dependent on
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TABLE I
RESULTS OF LP1 WITH SLACK REFERENCE AT A

the slack weight . In general, under the LP2 formulation, the
energy component will not be the price at the slack reference
unless the slack weight is chosen to be the same as the loss
distribution factor . When , the loss and constraint
sensitivities at the market reference are 0 [see (A.12) and (A.20)
in the Appendix]

(25)

(26)

The congestion component will be

(27)

And the loss distribution weighted LMP equals to the price at
the market reference

(28)

The LMP energy component in LP2 is the distributed market
reference price, which is the weighted average of LMPs at each
bus balancing a portion of the losses. This is more of a conve-
nience than of a necessity.

VI. NUMERICAL EXAMPLE

In this section, a five-bus example [2] is presented to compare
the results from the two models. Fig. 1 is a diagram of the PJM
five-bus system. The flow limit on line E-D is 240 MW. The line
impedances shown in the diagram are in the per unit values. In
the following cases, the loads at busses B, C, and D are 300,
300, and 400 MW, respectively. The bid prices for generator
Alta, Park City, Solitude, Sundance, and Brighton are $14, $15,
$30, $40, and $20 /MWh. The economic maximum of those
generators is 110, 100, 500, 200, and 600 MW, respectively. In
the following examples, line E-D is the limiting element.

In order to estimate the losses in the lossless network, a base
case power flow is solved. The loss sensitivities for all of the
buses are calculated with bus A as the slack reference. Several
cases are constructed below to illustrate the differences between

Fig. 1. Five-bus system diagram.

Fig. 2. Power-flow results of case 1 (note that 23 MW of losses are withdrawn
at bus A).

models of LP1 and LP2. The loss offset is –24.11 MW, which
is calculated against the reference bus A.

A. Case 1—LP1 With Slack Reference at A

In this case, the LP1 model is applied. The loss factors are
calculated from the base power flow with the slack at bus A.
The solution is summarized in Table I. The marginal units are
Solitude and Brighton. The losses are balanced at the slack bus
A from the nodal energy balance equation.

The power flows and bus prices are shown in Fig. 2.

B. Case 2—LP1 With Slack Reference at E

The LP1 model is considered again, but the slack bus is
moved to bus E. The results are summarized in Table II. The
line flows are shown in Fig. 3.

Cases 1 and 2 have different power flows and LMPs, which
show that the LP1 model produces different solutions if the
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TABLE II
RESULTS OF LP1 WITH SLACK REFERENCE AT E

TABLE III
RESULTS OF LP2 WITH DISTRIBUTED SLACK REFERENCE AT B, C, AND D

Fig. 3. Power-flow results of case 2 (note that 23.8 MW of losses are
withdrawn at bus E).

Fig. 4. Power-flow results of case 3 (note that 7, 7, and 9 MW of losses are
withdrawn at busses B, C, and D, respectively).

slack bus of both loss and constraint sensitivities is changed.
The system losses are balanced at the slack bus.

C. Case 3—LP2 With Distributed Slack Reference at B, C,
and D

In this case, a distributed slack reference is adopted, and LP2
model is used. The slack weights and loss distribution factors
are 0.3, 0.3, and 0.4 for busses B, C, and D, respectively. The
results are shown in Table III.

The loss and constraint sensitivities are all described with re-
spect to the same slack weights . The power flows are shown
in Fig. 4.

As the loss distribution is the same as the slack weight, the
energy component is the weighted sum of LMPs at busses B, C,
and D.

D. Case 4—LP2 With Slack Reference at A

In this case, the loss distribution factors are kept the same
as in case 3, but the slack weights are changed. The results are
shown in Table IV.

The primary solution, LMPs, and LMP congestion compo-
nents in case 4 are the same as those in case 3, even though the
loss and constraint sensitivities are relative to slack bus A. The
energy and the loss components are different from those of case
3. However, the sum of energy and loss components in case 4 is
the same at the same location as in case 3. Since the loss distribu-
tion factors are different from the slack weights , the
energy component defined in (15.1) is not equal to the weighted
average of the LMPs at busses B, C, and D.

Case 1 is a special form of the LP2 model in which both the
loss distribution factors and the slack reference are at bus A.
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TABLE IV
RESULTS OF LP2 WITH SLACK REFERENCE AT A

A comparison of the results from case 1 and case 4 shows the
change in the LP2 optimization due to the change in the loss
distribution reference. As would be expected from changing
the location of the loss withdrawals in the network model,
the difference in case 1 and case 4 indicates that the change
of loss distribution factors will result in different optimization
problems.

VII. CONCLUSION

This paper presents a marginal loss pricing model developed
jointly by the ISO New England and ALSTOM EAI. In the
proposed model, the losses are balanced explicitly at selected
locations in the system. The introduction of the loss distribution
factors provides more flexibility in balancing the losses in the
lossless dc power-flow model to achieve more realistic power
flow and more defendable and predictable market-clearing
results. The proposed model is invariant to the selection of the
slack bus for losses and constraint sensitivities once the loss
distribution factors are fixed. This gives stability to the market
prices if network topology changes necessitate a change in
reference and gives more freedom for the software components
that produce the loss or constraint sensitivities, since they do
not have to be synchronized with the market reference bus. The
energy component of this proposed model is the distributed
market reference price, which could serve as an index of the
system-wide energy cost. However, the model does produce
different LMPs when the loss distribution is changed, as the
change in the location of loss balancing energy produces
different power flow.

APPENDIX

A. Loss Sensitivity Calculation

In the following, the loss factors are calculated relative to the
distributed slack reference. Let be the weight for each bus
and . The power-flow equations are as follows:

(A.1)

(A.2)

(A.3)

(A.4)

The system losses are

(A.5)

where
and active and reactive power injection vectors that

do not include bus zero;
and voltage and phase angle vectors that do not in-

clude bus zero;
and active and reactive power injection at bus zero;
and voltage and phase angle at bus zero;

vector of slack weights for bus 1 to N.
Since the voltage and the angle at the reference bus zero are

constant, we have the following:

(A.6)

(A.7)

where is the Jacobian matrix. When the fast-decoupled
method is used [ and , for each
bus ], we will have the following relationship:

(A.8)

where and are the coefficients associated with bus as a
result of the matrix multiplication. From (A.8), we have

(A.9)
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The loss sensitivity can be calculated from (A.5) and (A.9) as

(A.10)

where we define . Thus, the loss sensitivity at each
bus is

(A.11)

In addition, we have the following property:

(A.12)

When the slack weights are changed to , the loss factor for
bus is changed to

(A.13)

B. Constraint Sensitivity Calculation

To calculate the constraint sensitivity for a line with the dis-
tributed slack, dc power flow model is adopted. The nodal power
balance equations are

(A.14)

(A.15)

where is the bus admittance matrix, the angle reference bus is
bus 0, and is the vector of injections modeled in the dc power
flow including losses allocated according to distribution . Let
us assume the power flow on the line is

(A.16)

where is the incidence matrix for line and is the
admittance of line .

Substituting (A.14) and (A.15) into (A.16), we will have the
following:

(A.17)

where is the th element of .
Let . Then (A.17) can be rewritten as

(A.18)

Thus, the sensitivity of bus to constraint is

(A.19)

In addition, we have the following property:

(A.20)

When the slack weights are changed to , the constraint sen-
sitivity of bus is changed to

(A.21)



888 IEEE TRANSACTIONS ON POWER SYSTEMS, VOL. 19, NO. 2, MAY 2004

In the case of multiple constraints, (A.21) becomes

(A.22)
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