Notes 14: Distribution system line models
14.0 Introduction
We use the term “line” here to refer to either underground or overhead lines.

Consider for a radial feeder the two following sets of quantities, where node m is downstream of node n. 
1. Voltage at node n and currents into node n

2. Voltages at node m and currents out of node m.
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Fig. 1

Figure 1 illustrates this situation.

It is often the case in analysis of a radial feeder that we will either

· Have (1) and want (2) or

· Have (2) and want (1).

But of course, in distribution systems, everything must be modeled as 3-phase, with each phase represented explicitly.

However, at this point, we simply have models of line series impedance and line shunt capacitance. We need to put them together.
We begin by recalling that we actually have already started on this problem, back when we motivated the need for obtaining the line shunt admittance matrix (see section 13.1). We will review this section before we move ahead.
14.1 Exact Line Model – voltage equation
Recall Fig.2, which shows a distribution branch model, where, 

· as in Fig. 1, we see currents flowing into node n and out of node m. We also see currents flowing out of node n into node m. 

· we see the node voltages

· we see the shunt components characterized by the Yabc matrix (half on left and half on right). 
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Fig. 2

As before, we can relate voltages on the left to voltages on the right using KVL according to:
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(2)

We can also relate currents to the left of node m to currents to the right of node m using KCL at node m according to:
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(3)

Substituting eq. (3) into eq. (2) yields:
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(This is where we stopped in Notes 13.)

Our first goal is to derive an expression for the node n voltages in terms of the node m voltages and currents. We have it already, but let’s obtain a more compact notation.

Let’s repeat the above steps leading to eq. (4) in compact form. 

First, eq. (2) is:
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(2)

Then, eq. (3) is:
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(3)

Then substituting eq. (3) into eq. (2), we have:
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This is the compact notation which corresponds to the eq. (4) on the previous page. But we can do even better….

Let’s expand and collect terms in [VLGabc]m (but be careful whether you pre-multiply or post-multiply!!!), we have:
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where [U] is the 3x3 identity matrix.

Now define the 3x3 matrices:
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(6)

and we see that eq. (5) becomes:
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(7)
Now that is better (.

14.2 Exact Line Model – current equation
Now our goal is to write the node n currents in terms of the node m voltages and currents.

Referring back to Fig. 2, we can write a KCL at node n to obtain:
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(8)

In compact form, this is


[image: image13.wmf][

]

[

]

[

]

[

]

n

abc

abc

m

abc

n

abc

VLG

Y

Iline

I

2

1

+

=


(9)
Now recall eq. (3), repeated here for convenience:
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(3)

And substitute this into eq. (9), resulting in:
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But we have an expression for [VLGabc]n!!!

Substituting eq. (7) into (4), we get
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(11)

Let’s go ahead and expand [a] and [b] with eq. (6), resulting in:
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(12)
Now everything is multiplied either by [VLGabc]m or by [Iabc]m. So let’s expand and then collect terms in these elements:
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Collecting terms:
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Noticing that the first two terms add,
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(13)

Now define the 3x3 matrices:
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(14)

And then eq. (13) becomes very beautiful:
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Beautiful, indeed….

14.3 Exact Line Model
Recalling eq. (7), we combine it with eq. (15) to obtain:
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(7)
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Or in a single matrix relation:
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(16)
We refer to the submatrices of the abcd matrix of eq. (16) as the generalized line matrices.

Eq. (16) is quite similar to one that you may recall seeing in EE 303, the ABCD constants for a two-port, as follows:
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(17)
which applies to the two-port network shown in Fig. 3.
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Fig. 3

The difference between eqs. (16) and (17), and between Figs. 2 and 3, is that the former are for a 3-phase “two-port” (a “six-port”?) and the latter for a single-phase “two-port.”

But in both cases, the idea is the same, relate compute the quantities on the left (V1 and I1) from the quantities on the right (V2 and I2).

We may find it convenient at times to compute the quantities on the right (V2 and I2) from the quantities on the left (V1 and I1). 

This is easily done by inverting the abcd matrix of eq. (16), as follows:
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   (18)
Let’s evaluate the matrix inversion.

Assuming we can treat the 2x2 matrix just as if the submatrices are scalars (which we can do if they are all square of same dimension [1, p. 42], which they are), then
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(19)
Let’s evaluate the term
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(20)
From eqs. (6) we have
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(6)
and from eqs. (14) we have


[image: image32.wmf][

]

[

]

[

]

[

]

[

]

[

]

[

]

[

]

abc

abc

abc

abc

abc

abc

Z

Y

U

d

Y

Z

Y

Y

c

2

1

]

[

4

1

+

=

+

=



(14)
Substitution of eqs. (6) and (14) into (20) yields:
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Expanding, we obtain:
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This simplifies to
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(Recall that [U] is the identity matrix).
Therefore, eq. (19) becomes
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(24)

So that the original relation to obtain the quantities on the right (node m) from the quantities on the left (node n), eq. (18), becomes:
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(25)
Now compare the previous equation with the one that gives quantities on the left (node n) from quantities on the right (node m), eq. (16):
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(16)

The premultiplying matrices are almost the same, with the exception that:

1. [a] and [d] are in opposite positions and

2. the two off-diagonal matrices are negated.

But recall from eqs. (6) and (14) that
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(26)

So we may swap [a] and [d] since they are equal, and eq. (25) becomes:
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Now comparing eqs. (16) and (27), we see that the two pre-multiplying matrices are the same, with only exception being the negation of off-diagonal submatrices.

14.3 Example

A balanced 3-phase load of 6000 kVA, 12.47 kV, 0.9 pf lagging is being served at Node m of a 10,000 ft. three-phase line segment. The configuration and conductors of the line segment are the same as 

· problem #1 of HW#3, and problem #1 of quiz 2 (to get the Zabc matrix)
· Example problem from Notes 13, section 13.6, and problem #3 of quiz 2 (to get the Yabc matrix).

Determine the generalized line constant matrices [a], [b], [c], and [d]. Using these matrices, determine the line-to-ground voltages and line currents at the source end (node n) of the line segment assuming the voltages at the load are balanced.

Note that this would be the first step we would take in a forward-backwards sweep.

We will not re-compute the two matrices here but will rather just give them as:

Zabc=
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Given that 10000 feet = 1.8939394 mile, we multiply the above matrices by 1.8939394 mile to obtain:
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Note that the elements of the phase admittance matrix are μS, i.e., 10-6S, implying very large impedance values, implying very little current flow. We could ignore it and get good answers for this.
Now let’s obtain the generalized matrices.
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The [a] matrix is the identity matrix because the second term is extremely small.
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The elements in the [c] matrix are actually not zero, just very small.
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The [d] matrix is the identity matrix because the second term is extremely small.


We observe that the phase admittance could have been omitted.
The magnitude of the line-to-ground voltage is 12470/sqrt(3)=7199.56 v.

Selecting the phase a-to-ground voltage as reference, the line-to-ground voltage matrix at the load is
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The magnitude of the load currents are given by S3φ=6000/(sqrt(3)x12.47)=277.79.

For lagging power factor, the load current is
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The line-to-ground voltages at Node n are then computed to be:
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The above exercise represents just one step of the forward-backwards sweep. Let’s pretend that it is the last step, and that we now have the solution. 
There are two attributes of this solution that are important to assess.

1. Unbalance: This is the maximum difference between phase voltage magnitudes and the average, normalized by the average, in percentage i.e.,
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So for our problem, the amount of unbalance would be 
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And therefore,
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Two comments here:
· Why does the unbalance exist?

If you check back to “Notes 10”, at the top of page 8, you will find that we gave the primitive impedance matrix there, repeated here for convenience:
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Note that the diagonal terms are all equal, as they should be since all 4 conductors (including the neutral), we assumed to be identical conductors.

But the off-diagonal elements, which represent the mutual coupling between conductors, are not the same. So we can conclude that the unbalance results from the effect of unequal mutual couplings between conductors.

And why do we have unequal mutual coupling? Because the conductors occupy different positions and distribution circuits are not transposed to compensate for the fact that the conductors occupy different positions.

· Why is unbalance undesirable?
Unbalance affects the operation of three-phase loads. The most common three-phase load is the induction motor. The National Electric Manufacturer’s Association (NEMA) states that induction motors should be derated for a lower horsepower capability if the unbalance is more than 1%.
2.  Voltage regulation: 
Voltage regulation on the three phases can be computed according to:

Phase a: 
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Phase b: 
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Phase c: 
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14.4 A hybrid generalized relation

Sometimes it is necessary to compute the voltages at Node m as a function of the voltages at Node n and the currents entering Node m. Such a relation can be useful, for example, in the backwards sweep, if we update voltages only, but not currents (assuming we use the same currents that we obtained in the forward sweep).

Go back to eq. (7), repeated here for convenience:
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(7)

Solve the above for [a][VLGabc]m, 
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(28)
Now pre-multiply through by [a]-1.
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(29)

Distribute the [a]-1 inside the curly brackets:


[image: image69.wmf][

]

[

]

[

]

m

abc

n

abc

m

abc

I

b

a

VLG

a

VLG

]

[

]

[

]

[

1

1

-

-

-

=

(30)

Now define:
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(31)


[image: image71.wmf][

]

[

]

[

]

b

a

B

1

-

=







(32)

Substitute eqs. (31) and (32) into (30) to get:
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(33)
14.5 Modified line model
The modified line model neglects the shunt admittance. As we have seen in the previous example, this results in the following expressions for the generalized matrices:
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