Admittance Matrix#2
1.0 Introduction
We have seen how to model a network using the admittance matrix (Y-bus). Our interest in these notes is to see how to deal with the network if it contains off-nominal-tap transformers.

2.0 Y-bus for single off-nominal tap xfmr

Our work in this section is analogous to Example 9.3 in the text. 

Consider the single off-nominal tap transformer shown in Fig. 1.
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Fig. 1

We want to develop the Y-bus for just this system. That means we want to express the current injections at each bus as a function of the voltages at each bus. Fig. 2 illustrates this more clearly. Note in Fig. 2 that we have dropped the per-unit notation, but it is implicit that everything is in per-unit.
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Fig. 2

Recall that we defined t1 as the ratio of the per-unit voltage on the left-hand-side of the ideal transformer to the per-unit voltage on the right-hand-side of the ideal transformer.
Note also that t1 is the same as “a” in Example 9.3. 
This means that the secondary side of the ideal transformer in Fig. 2 has voltage (1/t1)V1 and current of t1I1, shown in Fig. 3.
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Fig. 3
We can express the current t1I1 using Ohm’s Law:
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(1)
Dividing through by t1 and expanding the right-hand-side yields:
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(2)

Now express the current I2:
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(3)
We can re-write eqs. (2) and (3) in matrix form as:
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(4)

But how to apply eq. (4) to obtain the Y-bus in a network? 

One way to answer this is to identify a network that corresponds to eq. (4), and then just connect that network in the system between the buses in which the off-nominal transformer is connected.

Thinking in this way, we recall that the off-diagonal elements must give the negative of the admittance connecting the two buses. Therefore, this admittance must be y/t1. 
Let’s draw the circuit, as in Fig. 4.
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Fig. 4

The question we need to answer is: what is y1 and y2?

The answer to this question comes from observing that if eq. (4) is to apply to Fig. 4, then it must be true that:
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(5)

and
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Solving eqs. (5), (6) for y1, y2 result in:
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(7)
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Redrawing Fig. 4:
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Fig. 5

Fig. 5 is the same as Fig. E9.3(b) in the text.
So what does this mean? 

We have encountered a situation where we must represent ideal transformers in our network, and the situation is when the tap of a transformer is non unity. 

But we can escape this situation by employing the circuit of Fig. 5! 

Implication: Our entire network, off-nominal transformers or not, may be represented within the admittance matrix.
Example:
Consider the network previously considered given in Fig. 6, where the numbers indicate admittances. 
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Fig. 6
The admittance matrix is given by inspection as:
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Now let’s consider that the connection between buses 3 and 4 is an off-nominal-tap transformer, as shown in Fig. 7, with t1=1.02.
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Fig. 7

So we need to replace the portion of the circuit from bus 3 to bus 4 with Fig. 5. The necessary calculations are:
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Fig. 7 then becomes:
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Fig. 8

The Y-bus is then:
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