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In this paper, we consider the delay minimization problem of an interconnect wire by simultaneously
considering buffer insertion, buffer sizing and wire sizing. We consider three cases, namely using
no buffer (i.e., wire sizing alone), using a given number of buffers, and using the optimal number of
buffers. We provide elegant closed form optimal solutions for all three problems. These closed form
solutions are useful in early stages of the VLSI design flow such as logic synthesis and floorplanning.
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1. INTRODUCTION

With the evolution of VLSI fabrication technology, interconnect delay has be-
come the dominant factor in deep submicron design. Buffer insertion, buffer siz-
ing, and wire sizing have been shown to be effective techniques for interconnect
delay optimization. An overview of previous works on interconnect optimization
using these three techniques is given in Section 2.

Although interconnect optimization is usually performed at late stages in
the current VLSI design flow, it is important to take into account the impact of
interconnect optimization on early stages (like high-level synthesis, logic syn-
thesis, interconnect planning and floorplanning). However, as we can see from
the overview in Section 2, except for some simple cases like wire sizing alone
or buffer sizing alone, all the previous results on interconnect optimization are
algorithmic. It is not practical to incorporate existing interconnect optimization
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algorithms directly into the synthesis or planning tools. Those algorithms are
too costly to be run repeatedly inside the synthesis or planning tools. Moreover,
to run those algorithms, a lot of detailed information (i.e., choice for wire width
and buffer size) is required. But at the synthesis and planning stages, such
information is usually not available. A larger degree of abstraction is usually
used.

In this paper, we give closed form optimal solutions to several interconnect
optimization problems. These closed form solutions are useful at the synthesis
and planning stages since they are extremely efficient to compute and provide
the abstraction needed.

Basically, we consider the delay minimization problem of an interconnect
wire by simultaneous buffer insertion, buffer sizing, and wire sizing. The prob-
lem can be described informally as follows: Given the length of the wire, the
driver resistance and load capacitance, we are allowed to divide the wire into
segments and to optionally insert buffers between any two adjacent segments.
The sizes of buffers and the lengths and widths of segments can all be changed
in order to minimize the delay from source to sink. We solve three versions of
this problem, which differ in the number buffers allowed.

The first version uses the optimal number of buffers. This version is called the
simultaneous Buffer Insertion/Sizing and Wire Sizing problem (BISWS). It is
defined formally as follows: The input is the wire length L, the driver resistance
Rp, the load capacitance Cy, (together with other electrical parameters) and the
total number of segments n to be used. The output variables are listed below.
Let m be the number of buffers used. (Therefore, the wire is separated by the
buffers into m + 1 pieces.) For 0 < j < m, let n; be the number of segments
between the jth buffer and the (j + 1)th buffer (with ny being the number of
segments between the source and the first buffer and n,, being the number of
segments between the last buffer and the sink). For 1 < j < m,let b; be the size
of the jth buffer. For 1 <i < n, let [; and &; be the length and the width of the
ith segment, respectively. The objective is to minimize the delay D from source
to sink over m, ng, ..., ny, b1,...,bm, 11,...,1, and hq, ..., h, simultaneously,
with constraints ng +---+n,, =nandl; +---+1, = L. See Figure 1 for an
illustration of BISWS.

The second version allows no buffer. In other words, this is the problem of
delay minimization by wire sizing alone. This version is called the Wire Sizing

problem (WS).
The third version is that the number of buffers m is given as input. The
objective is to minimize D over ng, ..., Ry, b1,...,bu, l1,...,l, and Ay, ..., A,

simultaneously, with constraints ng+---+n,, = nandly+---+1,, = L. This ver-
sion is called the simultaneous Buffer Insertion/Sizing and Wire Sizing problem
with m buffers (BISWS/m).

We provide closed form optimal solutions for all three versions. BISWS is the
most sophisticated version. But we also consider WS and BISWS/m because
their solutions are key intermediate steps to solve BISWS. In addition, WS and
BISWS/m are also practically very interesting by themselves. Instead of using
the optimal number of buffers, we may want to use fewer or not to use any at
all sometimes. In those cases, we need these simpler versions.
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INPUT n segments

[> # of buffers?

‘Where to insert?
Buffer sizes?

[ Segment lengths?
Segment widths?

OUTPUT ny segments  ny segments n, segments

A AN

L b I

“m buffers

Fig. 1. Illustration of the problem BISWS. The input is L, Rp,Cr and n. The output is m,
ngy---sMm, 01, ..., 6m, l1,...,1, and hq,...,h,. We provide a closed form optimal solution of it
which minimizes the delay.

Note that for the wire sizing technique considered here, the segment lengths
can also be varied, as long as the total length is fixed. This is more general
than the formulations in previous works, which allow the change of segment
widths only. The buffer insertion technique is more general too as buffers can
be inserted anywhere, rather than having some predefined candidate buffer
locations [Alpert and Devgan 1997; Lillis et al. 1995]. On the other hand, bounds
on buffer size and wire width, and wire fringing capacitance are ignored in the
problem formulation. The consideration of these two extensions are presented
in Section 7.4 and 7.5, respectively. Also note that n is a parameter that allows
us to determine the quality of the solution. We can get a smaller delay by using
a larger value of n.

The remainder of this paper is organized as follows: In Section 2, we present
an overview of previous works on interconnect optimization. In Section 3, we
introduce some notations and the models that we use. In Section 4, we consider
WS. The closed form solution is summarized in Theorem 1. In Section 5, we
consider BISWS/m. The closed form solution is summarized in Theorem 2. Then,
in Section 6, by showing how to find the optimal number of buffers, we give
a closed form solution for BISWS. The result is summarized in Theorem 3. In
Section 7, we present some interesting implications and extensions of our closed
form solutions. An extended abstract of this paper was presented in ISPD-97
[Chu and Wong 1997].

2. PREVIOUS WORKS

In this section, an overview of previous works on interconnect optimization
using buffer insertion, buffer sizing and wire sizing is presented.
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For wire sizing, Chen et al. [1996b], and Fishburn and Schevon [1995] gave
a closed form solution to the continuous wire sizing problem. Later, Chen and
Wong [1997], Fishburn [1997], and Gao and Wong [1997] extended the result
by taking fringing capacitance into consideration. Many iterative algorithms
optimizing various objectives using different delay models have also been
proposed Chen and Wong [1996]; Cong and He [1996]; Cong and Leung [1993];
Kay et al. [1997]; Menezes et al. [1997]; Menezes et al. [1994]; Xue et al. [1996].

Buffer sizing has been an active research area for decades. To drive a large
capacitive load, Lin and Linholm [1975] first proposed the tapered buffer struc-
ture, which is a series of cascaded buffers of increasing size. Immediately after
that, Jaeger [1975] showed that the optimal tapering factor (the size-ratio be-
tween consecutive buffers in the tapered buffer structure) that minimizes de-
lay should be the constant e. Hedenstierna and Jeppson [1987] considered a
more accurate capacitance model and delay model, and showed that the op-
timal tapering factor should be approximately 3-5, depending on the process
parameters and the design style. Zhou and Liu [1997] considered delay, power
dissipation and circuit area and proposed the use of variable size-ratio between
consecutive buffers. Note that all the results for the tapered buffer structure
above are useful only when large capacitive loads are driven. When the re-
sistiveness of loads cannot be ignored, as in the case of driving interconnects
nowadays, buffers should be distributed throughout the interconnect.

If the buffer locations in an interconnect are predetermined, and the buffers
and wire segments can be sized simultaneously, many iterative algorithms us-
ing various techniques have been published in the past few years. Menezes et al.
[1995] used a sequential quadratic programming approach, Cong et al. [1996]
used a greedy approach, Chen et al. [1996a] used the Lagrangian relaxation
technique, and Chu and Wong [1999b] solved a recurrence relation.

If the buffer locations are not predetermined (i.e., buffer insertion is consid-
ered), Dhar and Franklin [1991], and Alpert and Devgan [1997] considered the
problem of driving a uniform line (i.e., wires were not sized). Dhar and Franklin
[1991] assumed that the driver and sink can be resized and derived a closed
form solution which minimizes the delay. Alpert and Devgan [1997] disallowed
resizing of driver and sink and obtained a theoretical result similar to Dhar and
Franklin [1991]. Chu and Wong [1999a] formulated the simultaneous buffer
insertion and wire sizing problem as a convex quadratic program and derived
an very efficient algorithm to solve it. They also introduced an effective pruning
technique to handle buffer sizing. Lillis, et al. [1995] handled the simultaneous
buffer insertion, buffer sizing and wire sizing problem by generalizing the dy-
namic programming algorithm for buffer insertion in van Ginneken [1990]. The
algorithm in Lillis et al. [1995] was later extended to handle power dissipation
and incorporate signal slew into the buffer delay model Lillis et al. [1996].

As we can see, except for some simple cases like wire sizing alone or buffer siz-
ing alone, all the previous results on interconnect optimization are algorithmic.

3. PRELIMINARIES

The following are the notations of the electrical parameters used in this paper:
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Fig. 2. The model of a wire segment of length [ and width % by a 7-type RC circuit.
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Fig. 3. The model of a buffer of size b6 x minimum device by a switch-level RC circuit.

e Rp: Driver resistance.
e Cy: Load capacitance.
e ro: Unit square wire resistance.
e c¢o: Unit area wire capacitance.

o r,: Effective output resistance of a minimum device.
e c,: Gate capacitance of a minimum device.
e cg4: Drain capacitance of a minimum device.

Elmore delay model [Elmore, 1948] is used for delay calculation. For the
purpose of delay calculation, a wire segment is modeled as a 7-type RC cir-
cuit as shown in Figure 2, and a buffer is modeled as a switch-level RC
circuit as shown in Figure 3. For any segment, the upstream resistance is
the sum of all resistances from the driver (or the last buffer before the
segment) to the segment (excluding the segment). The downstream capaci-
tance is the sum of all capacitances from the segment (excluding the seg-
ment) to the sink (or the next buffer after the segment). The upstream
resistance of a buffer or the load, and the downstream capacitance of a
buffer or the driver are defined similarly. Let the delay associated with
the driver be Rp x (downstream capacitance of the driver), the delay asso-
ciated with a wire segment as shown in Figure 2 be (rol/h) x (colh/2 +
downstream capacitance of the segment), and the delay associated with a
buffer as shown in Figure 3 be (r./b) x (cqb + downstream capacitance of the
buffer). Then, the Elmore delay for the wire is the sum of the delays associated
with the driver, all the segments and all the buffers.

4. WIRE SIZING

In this section, we consider the case when no buffer is used. In other words, we
consider the delay minimization problem from source to sink by sizing the n
segments of the wire. We call this the Wire Sizing problem (WS). See Figure 4
for an illustration.
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n segments
INPUT /\ITT\
L TCL

[] Segment lengths?
Segment widths?

OUTPUT
w{ R ]

I b by

Fig. 4. Illustration of the problem WS. The input is L, Rp, Cy, and n. The outputislq,...,[, and
h1,...,h,. We provide a closed form optimal solution of it which minimizes the delay.

The delay D can be written as a function of /;’s and A;’s, as follows:

D = Rp(colih1 +coloho + - +colph, +CL)
rol1 (col1h1
i (3
rol2 [ col2hz
(3

+coloho + - - -+ colnhy, + CL)

+"'+Colnhn+CL>

rOZn Colnhn
+ h, <T+CL>

We want to minimize D with respect to /;’s and A;’s. The optimal /;’s is given
in Lemma 5, and the optimal A4;’s is given in Lemma 7. The optimal solution of
WS is summarized in Theorem 1. In particular, it is interesting to note that
for the optimal solution, the wire is divided into equal-length segments and
the widths of the segments form a geometric progression (i.e., for 1 < i < n,
h; = h1o'~1 for some constant ~; and «).

LEmma 1. If f(x) = Ax + B/x + C where A, B, C are independent of x, and
A >0, B >0, then f(x)is minimized when x = \/B/A.

PROOF. x is an extreme point when f'(x) = A — B/x? = 0. Therefore x =
VBJ/A. f"(v/B/A) = 2B/(/B/A?® = 2A\/A/B > 0. So f(x) is minimized
when x = «/B/A. O

LemMa 2. If f(x) = Ax? + Bx + C where A, B, C are independent of x and
A > 0, then f(x)is minimized when x = —B/(2A).

ProoF. «x is an extreme point when f’'(x) = 2Ax + B = 0. Therefore,
x =—B/Q2A). f"(x) =2A > 0. So f(x) is minimized when x = —B/(2A). O
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Lemma 3. For the optimal solution of WS, for any i such that 1 < i < n,

h; = \/roCp/coRy, and D = rocol?/2 +21;+/rocoRyCp +RyCp + (terms inde-
pendent of h;), where Ry is the upstream resistance and Cp is the downstream
capacitance of segment i.

Proor. The delay D can be written in terms of A; as follows:

i (colihi
D = Ryfeolihi +Cp)+ 7 (COZ +CD)

+ terms independent of A;
1 rocol ?
= h; - Rycol; + " - roCpl; + -t
1
+ terms independent of A;.

b — roCpli  [roCp
v RuColi - C()Rz,{.

If we substitute A; into D,

+ RyCop

By Lemma 1, optimal

I"()Coliz

D = + 21;+/rocoRyCp + Ry Cp + terms independent of 2;. O

LemMmA 4.  For the optimal solution of WS, h1 > hg > --- > h,,.

Proor. Consider segment i and segment i + 1 for any i, the upstream resis-
tance of segment i is smaller than that of segment i + 1 and the downstream
capacitance of segment i is larger than that of segment i + 1. So by Lemma 3,
h; > hi1 for the optimal solution. O

Lemma 5. For the optimal solution of WS, 11 =lg=---=1,=L/n.

Proor. Consider segment i and segment i + 1. Let L =1; +1;;,. We assume
in this proof that L is fixed while /; and ;1 are considered as variables, and
h; and h;,1 are changed optimally according to /; and ;1. We show below that
the delay is minimized when [; = [; ;. It follows that, for any solution of WS, if
l; #1;,1 for some i, we can always find a better solution with /; = /; 1. Therefore,
for the optimal solution, all /;’s must be the same.

Let Ry be the upstream resistance of segment i and Cp be the downstream
capacitance of segment i 4+ 1. Note that Ry, and Cp are independent of A;, h;, 1,
l; and [; 1 as l; + ;1 is fixed.

D = Ry(colih; +coliv1hiv1 +Cp) +

n roliv1 (coli+21hi+1 N CD>

+ terms independent of 4;, h;1,1; and [; 1

rol; (Colihi

I 2 +colit1hit1 + CD)

hi+1
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= (1"000 — r—OC(;Lhi+1)li2

1

— rocal, —
hi h; roco hi1

+ terms independent of h;, h;1,1; and ;1.

higL rC . C
+<Rb{00hi - Rz,{Cohi+1 —+ ToCoMi+1 + ToLp ro D)li

By Lemma 4, rocog — rocohir1/h; > 0. So by Lemma 2,
~(Rycoh; — Rycohis1 +rocohiviL/hi +1oCp/h; — rocoL —roCp/hit1)

l; =
2(roco — rocohiv1/ hi)
1/. Cp 1 Ry
=L+ —= — —h; ). 1
2< +00hi+1 r0h> W
By Lemma 3,
B — \/rO(COliJrlhiJrl + Cp)
T C()Ru ’
So
Ry, h? Cp 1
ljgg = — -+ 2 _— 2
o ro hiv1 co hiy1 @
Again, by Lemma 3,
B _ 7‘0CD
7N co(Ry +roli/ hi)’
So
I, = @% _ Buy 3)
o hiy To
Add (2) and (3),
2
N - 1 i
L:&hl _% @}; _&hi. (4)
ro hivi co hiy1i - co Y, To
Eliminate /; by (1) and (3),
1. Cp h; 1Ry 1Cp 1
L = — ———h, — = .
2 Co hi2+1 2 ro 2 Co ]’Li+1 (5)

Subtract 2 x (5) from (4),

Co hi Ry B
co h2,,

i+1 ?hiﬂ’
which implies
Cp 1 Ry
co his1 o
So by (1), I; = L/2. That means [; = [;;; = L/2. This implies l; = [y = --- =
[, = L/n for the optimal solution. O

h;.
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LemMmA 6. For the optimal solution of WS, hy, hs, ..., h, form a geometric
progression.

Proor. Consider segment i, segment i + 1 and segment i + 2. Let Ry, be
the upstream resistance of segment i and Cp be the downstream capacitance of
segment i + 2. Letl = L/n. By Lemma 5,1; =1;,1 =1;,9 =1. Let R = Ry/rol
and C = Cp/col. By Lemma 3,

\/T'O(Colhi-H + Colhi+2 +Cp)
hi =
coRy

hizi+hi2+C
R b

b — . |Tolcolhisz + Cp)
i co(Ry +rol /hy)

_ hite +C
N \/ 1/h; + R’ @

b — roCp
2 =\ co(Ry + 1ol hi + 1ol [ his1)

(6)

C
= . 8
\/l/hi+1/hi+1+R ®)
So by (6), (7), and (8), respectively,
hlzR = hi+1 + hi+2 +C 9)
h2
h+1 +h% R = hi2+C (10)
h2 h2
i+2 i+2 2 — ) 11
h; + hies +hi R C (11)
Eliminate C by (9) and (11),
h2 h2
R2R = hij1+hio+ 2 + 22 L 2R, (12)
hi  hip
Eliminate A; 2 + C by (9) and (10),
h2
h?R = hi+ h+1 +h?R. (13)

Eliminate R by (12) and (13),

2 72 , , hlo iy
(hi - hi+1) hiv1i+hizo+——+—
hi  hip

2 2 hi2+1
= (ki = hiyo) | hiv1 + e
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h? his  hi %,  h? h?

: hiio h;
+ i+2 1— i+2 (2 =0
hi2+1 hivi hia hiz+1 hi2+1 hi2+1 hivi hin
hi hio ) ( hi ) (hi+2 )
N 1 +1) (22 4 1) =0
<hi+1 hit1 hit1 hit1
hi hisp hi hiva
—1=0 as +1>0 and +1>0

hit1 i1 hit1 hit1
hivi hiye

hi Ryt

So h;’s form a geometric progression. 0O

LEmMA 7. For the optimal solution of WS, we have

roCr. 1 . .
h; = 0L ol for 1<i<n
i n_1 =l =
C()RDOl

D rocoL? n+ 2o — no?
T 2n? 1-a2 °

where a is the unique root between 0 and 1 of

L [roco  minye
f(Ol) n RDCLO{ to

Letl! = L/n. By Lemma 5,/; =1 for 1 <i < n. By Lemma 6, we

know h; = hiai~1, 1 < i < n, for some «. By Lemma 4, we know 0 < « < 1. We
can write the delay as

Proor.

D = RD(COlhl+C°lh1a+"'+00lh1a”71-|—CL)
;LLl<col2h1 +ecolhyo + -+ col hya™ 1 +CL>
1

rol (eol e + - +ecol "+ Cp
hla 2

rol Colhlan_l
+ P ( 5 + CL)

— RpCy + r0c0z2g Trocol2(n — Do+ (n— 2o + -+ 2272 4 o™ 1)

IC 1 1
Y Rpeolhi(1+a+ - o b 4 0L (1 + ' ) (1

ot
hi o an—1

View D as a function of ~; and apply Lemma 1, we get

By — rolCr,(14+1/a +--- + 1/an-1)
b RDcol(l+a+...+an71)

_ reCLd+a+---+ar Hjamt  [rCr 1
B coRp(l+a+---+am 1) — \cRp a1t
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Substitute A into (14), we get

D = RpCL + rocolzE +rocol?((n— Do+ (n—2)a® + -+ 22" 2+ o™ 1)

C
+RDCOZHFOTL ——(Q4a+--+a"
Colvp o

R 1 1
trolCpy [Py <1+ Fot nl)
roCr o

— RpCL + rocolz— +rocol2((n— Do+ (n—2)a% + -+ 22" 2 + o 1)

+2l /FOCORDCL( —(n— 1)/2 —(n—3)/2 + ... +a(n—1)/2) (15)
—noe?+m—-Da
(1-w)?

1—a"
+2l\/rocoRDCL< s ﬁ) (16)
Let 0 = \/rocoRpCr.

dD 9 ((n +Da" —2na+(n—-1) 2"t —na+((n— 1)0{))
rocol

n+1
= RpCy, +rocolzf + rocol 2 <

da (1—a)? (1—a)p
1 1y Loet (a1 1
+2lo (—anTl —1—oz( )+ 1o (— 5 >a("+1)/2

+1—a” 1 >
a%l ( _Ol)2

2= D -+ Da+ @+ Do —(n— D"
(1—-a)p
n—-1D—-m+Da+n+ Do — (n — Dot
a(n+1)/2(1 a)?

rocol o l n n
= (1_a —~ a<n+1)/2> G @ D=(tDat(n+ Do —(n— 1 .

Note that! #0and (1 —«)? #0as0 <« < 1. Let

:]"0

—lo

pl@) = (n—1)—m+Da+m+1Da” —(n— DL
Then
pla) = —(n+ 1 +nn+ D" —(n - Dn+ o™
p'a) = n(n—1Dn+ a2 —nn —1n+ o™ !
= n(n — D(n + D" 21 — )
>0 for 0 <o <1.

So p'(a) is increasing for0 < o < 1. As p’(1) = 0, p’(@) < 0 for 0 < @ < 1. Hence,
p(a) is decreasing for 0 < @ < 1. As p(1) = 0, p(a) > 0 for 0 < « < 1. In other
words, p(a) #0as0 <a < 1.
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By (15), D is a posynomial [Duffin et al. 1967] in «. So D has a unique
minimum with respect to «. Therefore
dD

D is minimized <& — =0
da

rocol o
< (1 —a a(n+1)/2> =0

“ ZJRFOI((;WHWM —1=0
pCr
L [ roco (n+1)/2
_L [Troco ~1
fla)=— @a e

Then the optimal value of @ which minimizes D is a root of f(«) between 0 and
1. Note that

Let

f(0)<0< f(1)

L 1
f(a):—,/};ﬂocg -%a("’l)/2+1>0 for 0<a<1
n DVL

So f(a) has a unique root between 0 and 1.

To find D, note that
| ToCo
l (n+1)/2 —1=0
—RDCLa + o

and

implies
Oln+1/2
vV RpCr =1./roco T o
Substituting v/ RpCy, into (16), we get
D rocoL? «"t1 rocol? rocoL? o™ —no? +(n —
o2 (1-a)2 2n n2 (1-a)?

27‘000[42 Ol(]_ - Oln)

nz2 (1-a)?
rocoL? n+ 2a —na

n2 (1—a)

2

The results of Lemma 5 and Lemma 7 is summarized in the following
theorem.

TuEOREM 1. For the optimal solution of the Wire Sizing problem (WS), we
have

l; = L/n for 1<i<n
7‘()CL 1 i—1 .
hi = coRpan-1 o for 1<i<n
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m buffers

> D> >

n segments

R ka—’—\
L
L 1

INPUT

Where to insert?
Buffer sizes?

[ Segment lengths?
Segment widths?

OUTPUT ny segments  ny segments n, segments

A AN

m buffers
Fig. 5. Illustration of the problem BISWS/m. The input is L, Rp,Cr, n and m. The output is
ngy -+ Mm, 01, ..., 6m, l1,...,1, and hy,...,h,. We provide a closed form optimal solution of it

which minimizes the delay.

rocoL? n+ 2o — na?

2 (1—a)?

where a is the unique root between 0 and 1 of

/ 0c0 (I‘L+1)/2
f o) = — — + o — I .

5. SIMULTANEOUS BUFFER INSERTION/SIZING
AND WIRE SIZING WITH m BUFFERS

In order to simplify the notations, we treat the driver and the load as buffers of
fixed size in the rest of the paper. We call the driver the Oth buffer and the load
the (m + Dth buffer. Let by =r./Rp and b,,41 = Cr/cg. For 0 < j <m +1, let
sj =ng+---+n;_1. In other words, s; is the total number of segments between
the driver and the jth buffer.

In this section, we consider the simultaneous Buffer Insertion/Sizing and
Wire Sizing problem with m buffers (BISWS/m). In other words, we minimize

D =

Doverng,...,Npm,b1,...,bm,l1,...,l,and hq, ..., h,. See Figure 5 for an illus-
tration of BISWS/m.

Instead of considering BISWS/m directly, we first consider a restricted ver-
sion of it such that m as well as ng, . .., n,, are fixed (with ng+- - -+n,, = n). Note

that if we consider the piece of wire between the jth buffer and the (j + 1)th
buffer, the sizing problem of it is similar to the one discussed in Section 4 with
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n; segments. However, the upstream resistance, which is r. /b;, and the down-
stream capacitance, which is czb;1, and the length of this piece are not fixed as
we allow variables to be changed simultaneously. This complicates the problem
alot. In what follows, we exploit some interesting properties so that closed form
optimal solution can be obtained.

The following lemma implies that even under buffer insertion and sizing, the
wire should still be divided into equal length segments.

LemMmA 8. For the optimal solution of BISWS /m with ny, ..., ny, fixed, [1 =
lo=---=l,=L/n.

Proor. Forany j, consider the jth buffer, segments; and segments;+1(.e.,
the 2 segments around the jth buffer). Let L =[5, + ;1. As in Lemma 5, we

assume that L is fixed while ls; and [, 1 are considered as variables. Let Ry be
the upstream resistance of segment s; and Cp be the downstream capacitance
of segment s; + 1. Note that Ry, and Cp are independent of b}, A, , hs; 11,15, and
ls;+1. By Lemma 3,

rocolf.
D = D) : +2lsj1/r000Ru(Cgbj)+Ru(cgbj)
oColsJH /
+ TSl froeoCo g+ Coft + D,

where D’ are terms independent of b;, hs,, hs; 41, ls; and [5; 1.

Putl;, ;1 = L — [, into D and let p = \/rocoreCg, we can write

= r'()C()l + < Py —7‘0C()L> s;

+<rOC§L +2Lo\ [ =7 +recg< Rubj | CD>+D/>.

cgb; Te cgb;

This is a quadratic equation in /5;. By Lemma 2, D is minimized when

I . _Zp\/Rz,{bj/re — Zp\/CD/Cgbj —rocoﬁ (17)
S 27‘000 '

a2
L A .

D= ek Lo, [Co +recg<R”bJ + CD) +D
2 cgbj Te cgbj

AN\ 2
(20 \/Bub;/r. = 20/Cp]egh; — rocol.)

47”000

L | Ryb; | C
— roco < u >L+ 2\/recg RyCp+ D'.
cgbj
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Consider D as a function of \/b;. By Lemma 1, D is minimized when

C R
e % 2
g e
Rub; [ Cp
re  \ cgb;

So according to (17), /s, =I:/2. Therefore, [s;11 = Is;. This together with
Lemma 5 implies [; =lg = --- =1, = L/n for the optimal solution. O

or equivalently,

By Lemma 6, we know A, 1, hs; 19, ..., hy,,, form a geometric progression
for each 0 < j < m. Let a; be the constant such that Ay ; = hy 410" for
1 <i <n;.ByLemma 4, we know that 0 < «; < 1for 0 < j < m. The following
lemma proves the surprising result that the constants «;’s corresponding to
different wire sizing problem instances between any two buffers are all the

same.

Lemma 9. For the optimal solution of BISWS/m with ny, ..., ny, fixed, ag =
Q1=+ = 0.

Proor. Letl = L/n. By Lemma 8,[; =1 for 1 < i < n. In this proof, we
treat «;_1 and «;, and hence D, as functions of b; for some j. We minimize
D with respect to b; but we write the optimality condition in terms of o;_;
and o;.

Note that the sizing of the pieces of wires between two adjacent buffers are
instances of WS. So by Theorem 1,

roCo n;_1+1/2
9 aY 1 =
l\/ (ro/by1)cghp -1 T 0

nj-1+1
%1 recg  bj

or equivalently,

(1—aj_1)?  rocol?bj_1
Differentiate with respect to b;,

nj-1

0‘]’—1

(nj,l—i—1+aj,1—nj,1aj71)dozj_1 _ TeCy 1
(1—0[]'_1)3 de a rocolzbj_l

Hence

doj_q aj-1(1—aj1) 1

dbj - nj1+1l4+aj_1—nj_105_1 E
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Similarly, by Theorem 1,
roCo n;+1/2
Iy )—————a’ +a;—1 =0,
V re/b)e b 4

nj+1
@ reCg bj+1

(1—06]')2 o 7”00012 bj '

Differentiate with respect to b;,

or equivalently,

a?j(nj‘f‘l"‘aj_njaj)do{j _ recg bin
(l—Olj)s db] o l”()C()l2 b?
__ogm
(1—Olj)26j.
Hence
da; . oj(1—aj) l
dbj — nj+1l+a;—nja;b;
Let
D, — rocolznj +2aj—njaJ2-
) (1—a;)2

Then by Theorem 1,

m
D = mr.cq +ZDJ'-
j=0

Note that only D;_; and D; are dependent on b;.
D rocol2mj—1+ 2w 1 —nj10?_  rocl®nj +2aj — njo?
B 2 (l—aj,1)2 2 (1—0[J')2
+ terms independent of b;,

dD rocol 2 (2 —2n; 101 2(nj—1 +2aj_1 — nj—1a§_1>> doj_1

dbj - 2 (1—0@;1)2 (1—aj,1)3 dbj
rocol 2 (2—2njaj)+2(nj +20éj—njot?) da;
2 (1—0[j)2 (1—Olj)3 de
_ r‘ocolznj& +1l+aj1—nj_10j_1 . doj_1
(1—0[]'_1)3 de
ontj +140a; —nja; do;
+I"()Col (1 —Olj)?’ de

_ 7‘00012 < i1 _ o; )
T b (-« 1?2 (1—a,)?
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dzD 7‘000l2 ( i1 aj )

do? b2 \Q—aj 12 (-

J
4 I"()C()l2 (< 1 4 20(j_1 ) dOlj_l
bj (1 —Olj,1)2 (1 —Olj,1)3 dbj

1 20 daoj
B ((1 —a;)? * (1 —Olj)3> E)
_1dD N rocol 2(1 + aj_1)aj 1
bj dbj b?(l — aj_l)z(nj_l +14+aj1—nj_105-1)

roCol2(1 + o )Olj

+
b?(]. — aj)z(nj +1 +oj — njaj)
Therefore
D
D is minimized d— =0
db;
aj-1 aj
< - =0
Q1—aj_1? (1—a;)?
& (aj_10; — D(ej —aj1) =0
& aj1=a; sincea;_jo; —1<0.
In other words, for the optimal solution, ¢ = a1 =+ - =0a,,. O

With Lemma 8 and Lemma 9, we are able to write b;’s, h;’s and D in closed
form in the following lemma.

Lemma 10.  For the optimal solution of BISWS/m with ny, ..., n,, fixed, we
have

o’ .
bj:bOE for 1<j<m

[roCL ™ o't .
h, = coRp a1 pi for 1<i<n

with j being the index such thats; +1 <i <sj41
(i.e., the ith segment is between the jth and (j + 1)th buffers)
rocol? n+2(m+ 1o — ne?

on? (1-a)? ’

D

mrecq +
where S :rocoLZ/recgn2, o is the unique root between 0 and 1 of g(a) =
/b0 /b1 STV ontmAD/2 _ (1 — oyt and B = (1 — a)?/Sa.

Proor. By Lemma9,letoy=a1 = - =a,, = . Let] = L/n. By Lemma 8,
l; =1 for 1 <i < n. Note that the sizing of the pieces of wires between two
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adjacent buffers are instances of WS. So by Theorem 1,

70Co . :
)/ P — (n1+1)/2+ —1=0 for 0< 7 <m
\ (re/b)egb 1) “ =J=
= ioz(”f’l)/?‘ = l(1 —a) for 0<j<m
bj+1 Vs
= H (n,+1)/2 H / (1 —a)

(m+1)/2
bO Ol(n+m+1)/2 — (l) " (1 _ a)m-ﬁ-l'
bm+1 S

gla) = bo Sm+D/2 (ntm+ /2 _ (1 _ gyt
bm+1

Let

(18)

Then the optimal value of @ which minimizes D is a root of g(«) between 0 and

1. Note that
g(0)<0<g()

and

[ b 1
g/(a) — - 0 S(m+1)/2n + ’;7’ + a(n+m+1)/2—1 +(m+1DA =)™
m+1

>0 for O0<a<1

So g(«) has a unique root between 0 and 1.
Let 8 = (1 — @)?/Sa. For b,’s, by (18),

Sgntl o’
bry1 = bkm = bk7-
So
.j71 ne
by =bo | [] %
io P

For h;’s, by Theorem 1, for 0 < j <m ands; +1 <i <s;,1,

hi = \/ro(cgijrl) 1 aifsjfl

CO(re/bj) ani—1
i—-s;j—1

roc 1 .
\/ gbjbj+1 o
nj—1
Core o
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Since b; = boo® /7 and

a8j+1 a5m+l asj+1_sm+1 a5j+1—n
bj+1 = Oﬂj+1 = O‘Bm+1 : ‘B‘]im :bm+1 ﬂjim )
S Sjt1—n
B rocgb asi b aSi+l 1 i—s;—1
;i = 00—+ m+1f n;lot
core B/ prm ot

_ roCr B™ ol
- coRp a1 ﬂj ’

For D, by Theorem 1,

2sj+n;—n
\/rocg re Cp a?sithi 1 51

rocoL? n; + 20 —n;o?
2n2 (1 —w)?

m
D = mr.cq + Z
j=0

rocol? n+2m+ 1o — na?

= mrecq +

2n2 (1—a)?
Notice that by Lemma 10, the optimal delay D is independent of ny, ..., n,.
That means we can set no, ..., n, arbitrarily (with the constraint that ny +

.-+ + n, = n) without affecting the optimal delay. This observation together
with Lemma 8 and Lemma 10 give the following theorem.

THEOREM 2. For the optimal solution of the simultaneous Buffer Inser-
tion/Sizing and Wire Sizing problem with m buffers (BISWS/m), we have

n; = an arbitrary nonnegative integer, for 0 < j <m

(such that ng+---+n, =n)

s

b= T 1<
D

L/n for 1<i<n

[roCL p™ o't .
h; = coRparl Bi for 1<i<n

with j being the index such that s; +1 <i <sj1
(i.e., the ith segment is between the jth and (j + 1)th buffers)
rocol? n+2(m+ Do — na?

on2 1-a)2

where S = rocoLZ/recgnZ, §j = ng+---+nj_1, a is the unique root between 0

and 1 of
TeCg (m+1)/2_ (n+m+1)/2 m+1
= /2558 —(1-
g(«) RpCy, * ( O™

and B =1 —a)?/Sa.

=~
=
Il

D = mr.,cqg +
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6. SIMULTANEOUS BUFFER INSERTION/SIZING AND WIRE SIZING
WITH OPTIMAL NUMBER OF BUFFERS

Now, we consider the problem BISWS. In other words, we minimize D over m,
noy .. s My b1, ..., 6, l1,...,l, and hq, ..., h, simultaneously. (See Figure 1.)
The optimal number of buffers m is given by the following lemma.

LemmA 11. For the optimal solution of BISWS, we have m equals the better
one of ] and [m], where

o (1 reea (18 s6\7)
m_(lnRDCL,B (1+ 9 S,8+<2>) )/lnﬁ,

S = rocoL?/recgn?, and (1/ep)V/F = eca/cs,

Proor. By Theorem 2, if the number of buffers used is m, then for the opti-
mal solution,

rocoL? n+2m + Da — na?

D = mr, . , 1
mr.cq + on? A ap (19)
where
TeCg  Q(m+1)/2,, (n+m+1)/2 m+1l _
——=8 -(1- =0
\/ RoCs o 1-0w) ,
or equivalently,
TeCg  » m+1
= . 20
Ry CL(X B (20)

Let B = (1 — «)?/Sa. Then

dp 201 -a) (A-a)?

da Sa ~ Saz
1-a)1l+4+a)

B Sa2 ’

Differentiate (20) with respect to «,

TeCg n-1 _ pgm+l d_:Bm+1 d_ml
Rpc,? T (da 5 T da BF)
dm n (1-o)l4+a)im+1
= (Z 1
da (oz + Sa? B ) / np
_n—no+m+1)+m+ Da
N a(l—a)lnp
Differentiate (19) with respect to m, we get
dD . 7‘0(30L2 da da 1
% = T'eCd + 2n2 <<2(m + 1)% + 2“ — 2na(i’n) . 7(1 — a)z
-2 da
—_— 2 . —_——
+ (n+2(m + Da — na®) (1—a)3< dm))
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_ rocol? /n—noe+(m+1)+m+ D do o
= TeCd t o 1—ap dm T A a2
N l”()C()L2 o
= reCq + ok d=ar (Ing+1)
Ing+1
= IreCqd +TeCg

d’D (1 1n,8+1> dp
= reCg

dm® B B ) dm
_ e InpdBda
"¢ B2 dadm
e (In B)? (1-a)?(1+a)
T8 B2 Sa(n—na+m+1)+(m+ Da)
> 0 as0 <o < 1.

So D is a convex function with respect to m. Therefore

D
D is minimized < d— =0

dm

Ing+1

& TeCq +TeCyq 0

In 1
o _RAAL G
B Cg

1 1/ ,
_ — Cd Cg
< (eﬁ> ¢

Since B = (1 — «)?/Sa, or equivalently, «? — (2 + SB)a + 1 = 0, and we know
O<a<l,

.. SB Sp\?

Take the logarithm of both sides of (20) and rearrange,

m = (ln I;;céLoc”) /ln,B— 1
TeCgq SB SB 2\"
<lnRDCL;6 (14—7— Sﬂ—i-(?) ) )/ln,B.

Suppose D is minimized when m = i1, where 11 is not necessary to be an integer.

Since D is a convex function with respect to m, the integer value that minimizes
D is either |/ or [R]. O

Lemma 11 together with Theorem 2 give the following theorem.
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TuEOREM 3. For the optimal solution of the simultaneous Buffer Inser-
tion/Sizing and Wire Sizing problem (BISWS), we have

m = the better one of || and [m],

where
S — I‘()C()L2
" recgn?’
. SA s .
= lnR;gﬁ 1+€§— Sﬁ+(??) /hw,:md
1/B
(i) = /%%,
ep
Moreover,

n; = an arbitrary nonnegative integer,for 0 < j <m
(such that no+---+n, =n)

re oS .
bj:ReDﬁ for 1<j<m
li = — for 1<i<n

n

[roCL p™ o't )
hi = coRp a1 BJ for 1si<n

with j being the index such that s; +1 <1 <s;1
(i.e., the ith segment is between the jth and (j + 1)th buffers)
rocol? n+2m+ 1o — ne?

2n? (1—a)? ’

where sj =ng+ ---+nj_1, a is the unique root between 0 and 1 of

/ TeCg (m+1)/2  (n+m+1)/2 m+1
o —° S o —(1—-« ,
g( ) RDC[ ( )

and B =1 —a)?/Sa.

D = mr.cq +

7. DISCUSSION

In this section, some interesting implications and extensions of our closed form
solutions are presented. For the experiments in this section, we use the param-
eters of the 0.18 um technology listed in Cong and Pan [1998], which is based on
the 1997 National Technology Roadmap for Semiconductors (NTRS’97) [Semi-
conductor Industry Association 1997]. The values are shown in Table I. Buffers
of size 200 x minimum device are used both as driver and as load.

7.1 Generalization of Previous Results

We observe that several previous results are special cases of our result.
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Table I. Parameters of the 0.18 um Technology Based on NTRS97.

ro Co Cf Te Cg Cd Winin
0.06792/0 0.0596fF /um? 0.0641fF/um 17.1k2 0.234fF 3.883fF 0.18 um

¢y is the unit length wire fringing capacitance.
Winin is the minimum wire width.
All other parameters are defined in Section 3.

Wire sizing alone. In this paper, the wire is divided into a finite number of
uniform-width segments. Therefore, the width function describing the opti-
mal wire shape is a step function. In Chen et al. [1996b] and Fishburn and
Schevon [1995], a continuous version of the wire sizing problem was consid-
ered. The wire was divided into an infinite number of segments. Therefore,
the width function describing the optimal wire shape is a continuous func-
tion. These two papers proved that the optimal width function should be an
exponential function. Note that by letting n tends to infinity, our result on
WS (Theorem 1) implies their results.

Buffer sizing alone. If weignore all the wire segments in Section 5 and Section 6
by setting L = 0 (i.e., I; = 0 for all i), then our result on BISWS (Theorem 3)
implies the results for the tapered buffer structure in Lin and Linholm [1975]
and Jaeger [1975].

7.2 The Use of Equal-Length Segments

For previous papers which apply wire sizing for interconnect delay optimiza-
tion, the problem formulations usually allow changing of segment widths while
segment lengths are given as input. Some papers (e.g., Cong and He [1996] and
Cong and Leung [1993]) made the assumption that the input segment lengths
are all equal. Then they solved the problems of determining the wire widths
by iterative algorithms. This is a very natural assumption to make, but no one
actually proves that this is the best. In this paper, we consider a more gen-
eral formulation by allowing the lengths of segments to be varied. However,
we prove that for the optimal solution, the wire is always divided into equal
length segments (no matter how many buffers we use and no matter where
we put the buffers). That means using segments of different length does not
have any advantage with respect to the delay. Therefore, our result justifies the
assumption made in previous works.

7.3 Trade-off between Delay and Number of Segments Used

We point out in Section 1 that the number of segments used n is a parameter
that allows us to determine the quality of the solution. We can get a smaller
delay D by using a larger value of n. In order to suggest a good value of n to
be used in practice, we take a 10000 um long wire and apply our solution of
BISWS to it using different values of n. Figure 6 plots D as a function of n.
We also compute the delay corresponding to n = 1000, which is assumed to be
the best possible value. If an accuracy of 2% within the best possible value is
desired, a value of n > 6 is needed. If an accuracy of 0.2% is desired, a value of
n > 17 is needed.
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D (ps)
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320.00 1
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300.00 1
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T

T

Fig. 6. The delay D versus the number of segments used n.

7.4 Minimizing Area subject to Bounds on Buffer Size and Wire Width

In Section 5, we pointed out that D in Theorem 2 is independent of
ng, ni, ..., ny,. In other words, for any fixed number of buffers inserted, if the
buffers and wires are allowed to be sized simultaneously and continuously,
we can put the buffers anywhere between two adjacent segments without af-
fecting the optimal delay. Note that although the delay is not affected by the
buffer locations, other design objectives, such as total wire area, total power
dissipation, minimum wire width or minimum buffer size, are very sensitive
to buffer locations. So the flexibility in buffer locations can be used in opti-
mizing other objectives. In this section, we demonstrate how this flexibility
can be used to minimize buffer and wire area among minimum delay solu-
tions such that the buffer sizes and wire widths are larger than some lower
bounds.

We use a wire that is 15000 um in length as an illustration. We set m = 2
(i.e., 2 buffers) and n = 6 (i.e., 6 segments). Since 0 < s; < s < 6, there are
7+6+---+1 = 28 optimal solutions of BISWS/m with different buffer locations.
Four of the solutions are shown in Figure 7.

If the ith segment is between the jth buffer and the (j + 1)th buffer Gi.e.,
sj +1 <1 <sj;1), by Theorem 2, the size of the jth buffer b; and the width of
the ith wire h; are given as follows.

re o’

b= g 21)

roCr B™ ol
=gk P2 22
h coRp an1 gJ (22)
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Driver Load
l 1.266um 0.493um 0.192um 0.075um 0.029um 0.011um l

Solution 1 :[:]:1:»
4.6x

30.3x
200x 200x

1.266pum 0.493pum 0.192pm 0.493um 0.192um  0.493um

200x 77.9x 77.9x 200x

1.266pum 0.493pum 1.266pm 0.493um 0.192um  0.493um

200x 200x 77.9x 200x

1.266pm 0493um 1.266pum 0493um 1.266um 0.493um

200x 200x 200x 200x

Fig. 7. Four optimal solutions of BISWS/m with different buffer locations. The segment widths
are written above the segments. The buffer sizes are written as a ratio over the minimum device
below the buffers.

We know that « is less than 1. 8 is also less than 1 in practice. (Note that 1/8 is
the buffer tapering factor if wire segments are ignored. If the optimal number
of buffers is used, 8 can be proved to be less than 1.) Therefore, for any j, b;
is smaller if s; (i.e., number of segments before the jth buffer) is larger. For
any i, h; is smaller if j (i.e., number of buffers before the ith segment) is larger.
In other words, if we cascade all buffers just before the load (i.e., sy = --- =
Sm = n), then both the buffer area and the wire area will be minimized. For
the problem in Figure 7, Solution 1 is the one with minimum buffer and wire
area.

However, for the minimum-area solution, buffers may be too small and wire
segments may be too narrow. So instead of using s; = n, we use the largest s;
such that the solution is still above the bounds. In the following, the way to find
the largest feasible s; is discussed. Suppose the jth buffer is just after the ith
segment. Note that if we decrease s; by one (i.e., we move the jth buffer from
just after the ith segment to just before the ith segment), by (22) and (21), all
buffer sizes and all segment widths will remain the same except for the jth
buffer and the ith segment. The size of the jth buffer b; will be divided by a
factor «, and the width of the ith segment 4; will be divided by a factor . In
other words, both the size of the jth buffer and the width of the ith segment
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will be increased if s; is decreased by one. For an illustration, compare Solution
2 and Solution 3 in Figure 7, in which the first buffer is moved across the third
segment from Solution 2 to Solution 3.

The algorithm for determining buffer locations such that the buffer area and
wire area are minimized and the buffer sizes and wire widths are larger than
some given lower bounds can be summarized as follows:

Algorithm to Determine Buffer Locations
1. Sets;:=nforl<j <m.
2. Compute b; and A, using Theorem 2.
3. for j :=1tom do
while b; or hsj is below the lower bound do
Set Sj =8 — 1.
Compute b; and h;; using Theorem 2.
4. Place the jth buffer just after the s;th segment for 1 < j <m.

If we apply the algorithm to the problem in Figure 7, Solution 2 is obtained.
For comparison, if the buffers are placed evenly along the wire, Solution 4 is
obtained. We notice that Solution 4 uses 156.7% more buffer area and 68.6%
more wire area than Solution 2.

7.5 Wire Fringing Capacitance Consideration

In this section, we present some experimental results on approximating the
case with fringing capacitance by our closed, form solutions. We use wires the
lengths of which range from 1000 um to 20 000 um and we set n = 10. For a
wire of length L, we add half of the total fringing capacitance to the load Gi.e.,
we add crL/2 to Cr). Then we obtain the solution of BISWS by Theorem 3.
We notice that when fringing capacitance is considered, the delay is affected
by the buffer locations. So we choose the best one among all n™ possible buffer
placements of the solution of BISWS, where m is the number of buffers used.
Note that it is very efficient to try all n™ buffer placements as m is usually
small in practice. When the wire length is from 1000 um to 5000 pm, from
6000 um to 13 000 pm, and from 14 000 um to 20 000 um, m is zero, one, and
two respectively. The delay of our solution and of the optimal solution (obtained
by an iterative algorithm) are plotted in Figure 8.

In general, the accuracy of our solution is higher for shorter wires. If the wire
length is within 8000 pm, our solution is within 2% of the optimal solution. Even
for a wire of length 20 000 «m, our solution is only 3.5% away from the optimal
solution.

Recently, Cong and Pan [1998] also derived a closed-form delay estimation
model for an interconnect wire. In their model, fringing capacitance is taken
into consideration. About 90% accuracy on average was reported.

Fringing capacitance will become more important as wires will become nar-
rower. For future research, it would be nice if closed-form optimal solutions can
be obtained even if fringing capacitance is considered. However, the closed-form
solution is expected to be much more complicated. For example, the lengths of
segments will no longer be equal and the widths of segments will no longer
form a geometric progression in the optimal solution.

ACM Transactions on Design Automation of Electronic Systems, Vol. 6, No. 3, July 2001.



Closed Form Solution to Buffer Insertion o 369

D (ps)
600.00 [ ' ' ' '
550.00
500.00
450.00 -
400.00 -
350.00 -
300.00 -
250.00 -
200.00 -
150.00 |-
100.00 -
50.00 |-
0.00{- .

5000 10000 15000 20000

ISWS
Optimal

Fig. 8. Comparison of the approximate solution of BISWS and the optimal solution (obtained by
an iterative algorithm) when fringing capacitance is considered.

7.6 Handling Interconnect Trees

For interconnect trees, minimizing maximum sink delay and minimizing total
area subject to sink delay bounds are the most commonly used objectives. Chen
et al. [1996] showed that both objectives can be reduced by the Lagrangian
relaxation technique to a sequence of subproblems minimizing a weighted
sum of the sink delays. In other words, by solving the problem of minimizing
weighted sink delay, we also solve the problems of minimizing maximum
sink delay and minimizing total area subject to sink delay bounds as well.
So we consider the problem of minimizing weighted sink delay in the
following.

To minimize a weighted sum of the sink delays of an interconnect tree, a simi-
lar technique as in Chen et al. [1996] can be used. The basic idea is to iteratively
optimize the tree edges one at a time. In each iteration, we manipulate the tree
edges one by one in a depth-first order. When an edge is manipulated, we keep
all the other edges fixed and apply our closed form solutions to that edge. This
method should be much faster and use much less memory than an iterative
algorithm which divides each tree edge into several segments and locally sizes
one segment at each step.
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