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Abstract

We presenta new sketch for summarizingnetwork data. The sketchhasthe following properties
whichmake it usefulin communication-ef�cient aggregationin distributedstreamingscenarios,suchas
sensornetworks: the sketchis duplicate-insensitive, i.e. re-insertionsof the samedatawill not affect
the sketch,andhencethe estimatesof aggregates. Unlike previous duplicate-insensitive sketchesfor
sensordataaggregation[25, 12], it is alsotime-decaying,sothattheweightof a dataitem in thesketch
candecreasewith time accordingto a user-speci�ed decayfunction. Thesketchcangive provably ap-
proximateguaranteesfor variousaggregatesof data,includingthesum,median,quantiles,andfrequent
elements.Thesizeof thesketchandthetime takento updateit arebothpolylogarithmicin thesizeof
the relevantdata. Further, multiple sketchescomputedover distributeddatacanbe combinedwithout
losing the accuracy guarantees.To our knowledge,this is the �rst sketchthat combinesall the above
properties.

1 Intr oduction

The growing interestin sensornetworks hasled to a variety of novel problemsin distributedcomputing.
Althoughsensorsareincreasingin computingability andnumber, they remainconstrainedby the costof
communication:with limited batteries,communicationis theprimarydrainon power andso theworking
life of a sensornetwork canbeextendedby algorithmswhich limit communication[22]. In particular, this
meansthatalthoughsensorsmayobserve largequantitiesof informationover time, they shouldreturnonly
smallsummariesof their observations.Ideally, we shouldbeableto usea singlecompactsummarythat is
�e xible enoughto provide estimatesfor a varietyof aggregates,ratherthanusingdifferentsummariesfor
estimatingdifferentaggregates.

Thesensornetwork settingleadsto severalotherdesiderata.Becauseof theradionetwork topology, it is
commonto takeadvantageof the`localbroadcast'behavior, whereasingletransmissioncanbereceivedby
all theneighboringnodes.Here,in communicatingbackto thebasestation,eachsensoropportunistically
listensfor informationfrom othersensors,mergesreceivedinformationtogetherwith its own datato makea
singlesummary, andannouncestheresult.Thismulti-pathroutinghasmany desirableproperties:appropri-
atemergingensureseachsensorsendsthesameamount,asinglesummary, andtheimpactsof lossaremuch
reduced,sinceinformationis duplicatedmany times(withoutany additionalcommunicationcost)[25, 12].
However, this duplicationof datarequiresthatthequality of our summariesremainsguaranteed,no matter
whetheraparticularobservationis containedwithin asinglesummary, or is capturedby many differentsum-
maries.In thebestcasethesummaryis duplicate-insensitive andasynchronous, meaningthattheresulting
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summaryis identical,irrespective of how many times,or in whatorder, thedatais seenandthesummaries
aremerged.

Lastly, we observe that in any evolving setting,recentdatais morereliablethanolderdata.We should
thereforeweightnewer observationsmoreheavily thanolderones.This canbe formalizedin a varietyof
ways:wemayonly considerobservationsthatfall within aslidingwindowof recenttime(say, thelasthour),
andignore(assignzeroweight to) any that areolder; or, moregenerally, usesomearbitraryfunction f ()
that assignsa weight to eachobservation asa function of its age[14, 11]. A datasummaryshouldallow
suchdecayfunctionsto beapplied,andgive usguaranteesrelative to theexactanswer.

Puttingall theseconsiderationstogetherleadsto quiteanextensive requirementslist. We seeka com-
pact, general purposesummary, which canapplyarbitrarytimedecayfunctions, while remainingduplicate
insensitiveandhandleasynchronousarrivals. Further, it shouldbeeasyto updatewith new observations,
merge togethermultiplesummaries,andquerythesummaryto giveguaranteedqualityanswersto avariety
of analysis.Prior work hasconsideredvarioussummarieswhich satisfycertainsubsetsof theserequire-
ments,but no singlesummaryhasbeenable to satisfyall of them. Here,we show that it is possibleto
ful�ll all theabove requirementssketchbasedonaahash-basedsamplingprocedurethatallows asampling
procedurethatallows avarietyof aggregatesto becomputedef�ciently underarbitrarydecayfunctionsin a
duplicateinsensitive fashionoverasynchronousarrivals. In thenext section,wedescribemorepreciselythe
settingandrequirementsfor ourdatastructures.

1.1 Problem Formulation

Considera datastreamof observationsseenby a singlesensorR = he1; e2; : : : ; en i . Eachobservationei ,
1 � i � n is a tuple(vi ; wi ; t i ; id i ), wheretheentriesarede�ned asfollows:

� vi is apositive integervalue,perhapsa temperatureobservationby thesensor.

� wi is aweightassociatedwith theobservation,perhapsanumberre�ecting thecon�dencein it.

� t i is theintegertimestamp,taggedat thetimeei wascreated.

� id i is auniqueobservationid for ei .

This abstractioncapturesa wide variety of casesthat canbe encodedin this form. It is deliberately
general;userscanchooseto assignvaluesto these�elds to suit their needs.For example,if the desired
aggregateis themediantemperaturereadingacrossall (distinct)observations,thiscanbeachievedby setting
all weightsto wi = 1 andthevaluesvi to beactualtemperaturesobserved. Theuniqueobservation id id i

canbeformedastheconcatenationof theuniquesensorid andtime of observation(assumingthereis only
onereadingperinstant).Weshallgive otherexamplesin thenext section.

It is possiblethat the sameobservation appearsmultiple timesin the stream,with the sameid, value
andtimestamppreservedacrossmultipleappearances— suchrepeatedoccurrencesmustnotbeconsidered
while evaluatingaggregatesover the stream.Note that our modelallows differentelementsof the stream
to have different ids, but the samevaluesand/ortimestamps— in sucha case,they will be considered
separatelyin computingtheaggregates.

Weconsiderasynchronousstreams,wheretheelementsdonotnecessarilyarrive in orderof timestamps.
Handlingasynchrony is especiallyimportantbecauseof multi-pathrouting,aswell asthe needto handle
theunionof sketches.Notethatei +1 is receivedafterei , anden is themostrecentlyreceived item. In the
asynchronouscase,it is possiblethat i > j , so that ei is received later thanej , but t i < t j . Most prior
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researchon summarizingdatastreamscontainingtimestamps(with the exceptionof [27, 8]) hasfocused
on thecaseof synchronousstreams,wheretheelementsof thestreamareassumedto arrive in theorderof
timestamps.

De�nition 1.1. A function f (x) is a decayfunction if: (1) for every x, f (x) � 0 and (2) f (x) is non-
increasingwith x, i.e. x1 � x2 =) f (x1) � f (x2).

Theresultof thedecayfunction is appliedon theweightof a dataitem. More precisely, the “decayed
weight” of item(v; w; t; id) at timec � t is w � f (c � t). An exampledecayfunctionis theslidingwindow
model[14, 17, 27], wheref (x) is de�ned asfollows. For somewindow sizeW , if x � W , thenf (x) = 1;
otherwise,f (x) = 0. Otherpopulardecayfunctionsincludeexponentialdecayf (x) = exp(� ax) for a
constanta, andpolynomialdecay, f (x) = x � a. An integral decayfunctionis onewherethedecayedweight
w � f (c � t) is alwaysaninteger. Notethatsliding window is trivially sucha function;otherfunctionscan
bemadeintegral by appropriateroundingor scaling.

1.2 Aggregates

Let f (�) denotea decayfunction,andc denotethe time at which a queryis posed.Let the setof distinct
observationsin R bedenotedby D . Wenow describetheaggregatefunctionsconsidered:

1. Thedecayedsumat time c is de�ned as

V =
X

(v;w;t;id )2 D

wf (c � t);

i.e. thesumof thedecayedweightsof all distinctelementsin thestream.For example,supposeevery
sensorpublishedonetemperaturereadingeveryminute,andweareinterestedin estimatingthemean
temperatureover all readingspublishedin the last90 minutes.This canbeestimatedastheratio of
thesumof observedtemperaturesin thelast90 minutes,to thenumberof observationsin thelast90
minutes.For estimatingthesumof temperatures,we considera datastreamwheretheweightw i is
equalto theobserved temperature,andthesumis estimatedusinga sliding window decayfunction
of 90 minutesduration. For the numberof observations,we considera datastreamwherefor each
temperatureobservation, thereis an elementwherethe weight equalsto 1, andthe decayedsumis
estimatedover aslidingwindow of 90 minutesduration.

2. Informally, the decayed� -quantileat time c is a value � suchthat the total decayedweight of all
elementsin D whosevalueis lessthanor equalto � is a � fractionof thetotal decayedweight. For
example,in thesettingwheresensorspublishtemperatures,eachobservationmayhavea“con�dence
level” associatedwith it, which is assignedby thesensor. Theusermaybeinterestedin theweighted
medianof the temperatureobservations,wheretheweight is initially the “con�dence level” andde-
cayswith time. This canbe achieved by settingthe valuev equalto the observed temperature,the
initial weightw equalto thecon�dencelevel, � = 0:5, andusinganappropriatetimedecayfunction.

Sincecomputationof exactquantiles(evenin theunweightedcase)in onepassprovably takesspace
linear in thesizeof the set[23], we considerapproximatequantiles.Our de�nition below is suited
for thecasewhenthevaluesareintegers,andwheretherecouldbemultiple elementswith thesame

valuein D . Let therelative rankof a valueu in D at time c bede�ned as
P

f ( v ;w ;t;id ) 2 D j v � u g wf (c� t )
P

( v ;w ;t;id ) 2 D wf (c� t ) .

For auserde�ned 0 < � < � , the� -approximatedecayed� -quantileis avalue� suchthattherelative
rankof � is at least� � � andtherelative rankof � � 1 is lessthan� + � .
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3. Frequentitems.Let the(weighted)relative frequency of occurrenceof valueu at timec bede�ned as

 (u) =

P
f (v;w;t;id )2 D jv= ug wf (c � t)
P

(v;w;t;id )2 D wf (c � t)
:

The frequentitemsarethosevalues� suchthat  (� ) > � for somethreshold� , say� = 2%. The
exact versionof the frequentelementsproblemsrequiresthe frequency of all items to be tracked
precisely, which is provably expensive to do in smallspace[4]. Thuswe considerthe� -approximate
frequentelementsproblem,which requiresusto returnall values� suchthat (� ) > � andno value
� 0suchthat (� 0) < � � � .

4. A selectivityestimationqueryis, givena predicateP(v; w) which returnseither0 or 1, to evaluateQ
de�ned as:

Q =

P
(v;w;t;id )2 D wP(v; w)f (c � t)

P
(v;w;t;id )2 D wf (c � t)

:

Informally, theselectivity of apredicateP(v; w) is theratioof thetotal(decayed)weightof all stream
elementsthatsatisfypredicateP to thetotal decayedweightof all elements.Notethat0 � Q � 1.
The� -approximateselectivity estimationproblemis to returnavalueQ̂ suchthatjQ̂ � Qj � � .

An exactcomputationof theduplicateinsensitive decayedsumoverageneralintegraldecayfunctionis
impossiblein smallspace,evenin anon-distributedsetting.If wecanexactlycomputeaduplicatesensitive
sum,we caninsertanelemente, andtestwhetherthesumchanges.Theanswerdetermineswhethere has
beenobservedalready. Sinceit is possibleto reconstructall the(distinct)elementsobserved in thestream
so far, sucha sketchneedsspacelinear in thesizeof the input, in theworstcase.This linearspacelower
boundholdseven for a sketchwhich cangive exact answerswith a � error probability for � < 1=2 [3],
andfor a sketchthat cangive a deterministicapproximation[3, 20]; suchlower boundsfor deterministic
approximationsalsohold for quantilesandfrequentelementsin theduplicateinsensitive model. Thuswe
look for randomizedapproximationsof all theseaggregates;asaresult,all of ourguaranteesareof theform
“With probabilityat least1 � � , theestimateis an� -approximationto thedesiredaggregate”.

Themain contribution of this paper is a general purposesketch that can estimateall the above ag-
gregatesin a general modelof sensordata aggregation—withduplicates,asynchronousarrivals, general
decayfunctions,anddistributedcomputation.Thespacetakenby oursketchis logarithmicin thesizeof the
input data,logarithmicin 1=� where� is theerrorprobability, andquadraticin 1=�, where� is therelative
error. Therearelowerbounds[18] showing thatthisquadraticdependenceon1=� is necessaryfor duplicate
insensitive computations,showing thatourupperboundsarecloseto optimal.

Outline of the Paper After describingrelatedwork in Section2, weconsidertheconstructionof asketch
for thecaseof integral decayfunctionsin Section3. Althoughsuchfunctionsseeminitially limiting, they
turnout to bethekey to solvingall possibledecayfunctionsef�ciently. Weobserve thattheslidingwindow
casecanbe solved by our algorithm,andmorestrongly, that the samedatastructurecananswerqueries
over any sliding window with any window sizeover the stream.In Section4, we show a reductionfrom
an arbitrarydecayfunction to the combinationof multiple sliding window queries,anddemonstratehow
this reductioncanbe performedef�ciently; combiningthesepiecesshows the main result of our paper,
thatarbitrarydecayfunctionscanbeappliedto asynchronousdatastreamsto computeaggregatessuchas
decayedsums,quantiles,frequentelements(or “heavy hitters”),andotherrelatedaggregates.A singledata
structuresuf�ces, andit turnsout thateventhedecayfunctiondoesnot have to be�x ed,but canbechosen
atevaluationtime. Wemake someconcludingobservationsin Section5.
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2 RelatedWork

Thereis a largebodyof work ondataaggregationalgorithmsin theareasof datastreamprocessing[24] and
sensornetworks[19, 2, 10]. In this section,wesurvey algorithmsthatachieve someof ourgoals:duplicate
insensitivity, time-decayingcomputations,andasynchronousarrivalsin adistributedcontext — weknow of
no prior work whichachievesall of thesesimultaneously.

TheFlajolet-Martin(FM) sketch[15] is a simpletechniqueto approximatelycountthenumberof dis-
tinct itemsobserved,andhenceis duplicateinsensitive. Building onthis,Nath,Gibbons,SeshanandAnder-
son[25] proposeda setof rulesto verify whetherthesketchis duplicate-insensitive, andgave examplesof
suchsketches.They showedtwo techniques:FM sketchesto computetheCOUNT of distinctobservations
in the sensornetwork, anda variationof min-wisehashing[7] to draw a uniform, unweightedsampleof
observed items. Also leveragingon the FM sketch[15], Considine,Li, Kollios andByers[12] proposed
a techniqueto acceleratemultiple updates,andhenceyield a duplicateinsensitive sketchfor theCOUNT
andSUM aggregates.However, thesesketchesdo not provide a way for theweightof datato decaywith
time. Onceanelementis insertedinto thesketch,it will staythereforever, with thesameweightaswhen
it was insertedinto the sketch; it is not possibleto usethesesketchesto computeaggregateson recent
observations. Further, their sketchesarebasedon the assumptionof hashfunctionsreturningvaluesthat
arecompletelyindependent,while our algorithmswork with thepairwiseindependenthashfunctions.The
resultsof CormodeandMuthukrishnan[13] show duplicateinsensitive computationsof quantiles,heavy
hitters,andfrequency moments.They do notconsiderthetimedimensioneither.

Datar, Gionis,Indyk andMotwani [14] consideredhow to approximatethecountoveraslidingwindow
of elementsin a datastreamundera synchronousarrival model. They presentedan algorithmbasedon
a novel datastructurecalledexponentialhistogram for basiccounting,andalsothe reductionsfrom other
aggregates,suchas sum and `p norms,to usethis datastructure. GibbonsandTirthapura[17] gave an
algorithmfor basiccountingbasedon a datastructurecalledwavewith improvedworst-caseperformance.
Thesealgorithmsrely explicitly on synchronousarrivals: they partition the input into bucketsof precise
sizes(typically, powersof two). So it is not clearhow to extendto asynchronousarrivals, which would
fall into an already“full” bucket. ArasuandManku [4] presentedalgorithmsto approximatefrequency
countsandquantilesover a sliding window. Theboundsfor frequency countswererecentlyimproved by
Lee andTing [21]. Babcock,Datar, Motwani andO'Callaghan[6] presentedalgorithmsfor maintaining
thevarianceandk-mediansof elementswithin a sliding window. All of thesealgorithmsrely critically on
structuralpropertiesof the aggregatebeingapproximated,andusesimilar “bucketing” approachesto the
above methodsfor counts,meaningthat asynchronousarrivals cannotbe accommodated.Equally, in all
theseworks,thequestionof duplicate-insensitivity is not considered.

Going beyond the questionof sliding windows, Cohenand Strauss[11] formalizedthe problemof
maintainingtime-decayingaggregates,andgave strongmotivating exampleswhereotherdecayfunctions
areneeded.They demonstratedthat any generaltime-decayfunction basedSUM canbe reducedto the
sliding window decaybasedSUM. In this paper, we extendthis reductionandshow how our datastruc-
ture supportsit ef�ciently; we alsoextend the reductionto generalaggregatessuchas frequency counts
andquantiles,while guaranteeingduplicate-insensitivity andhandlingasynchronousarrivals. This arises
sincewestudyduplicate-insensitive computations(notaconsiderationin [11]): performinganapproximate
duplicate-insensitive count(evenwithout time decay)requiresrandomizationin orderto achieve sublinear
space[3].

Babcock,DatarandMotwani [5] gave simplealgorithmsfor drawing a uniform samplefrom a sliding
window. To draw a sampleof expectedsizes they keepa datastructureof sizeO(s logn), wheren is
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thenumberof itemswhich fall in thewindow. Recently, Aggarwal [1] proposedanalgorithmto maintain
a setof sampledelementsso that theprobability of the r th mostrecentelementbeingincludedin the set
is (approximately)proportionalto exp(� ar ) for a chosenparametera. An openproblemfrom [1] is to
beableto draw sampleswith anarbitrarydecayfunction, in particular, oneswherethetimestampscanbe
arbitrary, ratherthanimplicit from the orderof arrival. We partially resolve this question:for an integral
decayfunction, our algorithmmaintainsa samplesuchthat the probability of retainingany item in the
sampleis proportionalto its currentdecayedweightand,with high probability, this sampleis largeenough
to accuratelyestimateusefulstatistics.

GibbonsandTirthapura[16] introduceda modelof distributedcomputationover datastreams.Eachof
many distributedpartiesonly observesa local streamandmaintainsa space-ef�cient sketch locally. The
sketchescanbe mergedby a centralsite to estimatean aggregateover the union of the streams:in [16],
they consideredtheestimationof thesizeof theunionof distributedstreams,or equivalently, thenumberof
distinctelementsin thestreams.This algorithmwasgeneralizedby PavanandTirthapura[26] to compute
theduplicate-insensitive sumaswell asotheraggregatessuchasmax-dominancenorm.Tirthapura,Xu and
Busch[27] proposedtheconceptof asynchronousstreamsandgavearandomizedalgorithmto approximate
thesumandmedianover a sliding window. Here,we extendthis line of work to handlebothgeneraldecay
andduplicatearrivals.

3 Aggregatesover an
Integral DecayFunction

In thissection,weconsiderasketchfor duplicateinsensitivedecayedaggregationoveratimedecayfunction
f () , suchthat thedecayedweightw � f (c � t) is alwaysan integer. We �rst describethe intuition behind
oursketch.

3.1 High-level description

Recall that R denotesthe observed streamandD denotesthe setof distinct elementsin R. Thoughour
sketchcanprovideestimatesof many aggregates,for theintuition, wesupposethatthetaskwasto answera
queryfor thedecayedsumof elementsin D at time � , i.e.

V =
X

(v;w;t;id )2 D

wf (� � t):

Let wmax denotef (0) timesthe maximumweight of any elementand id max the maximumvalueof id.
Considerthefollowing hypotheticalprocess,whichhappensatquerytime � . Thisprocessdescriptionis for
intuition only, andis not executedby the algorithm. For eachdistinct streamelemente = (v; w; t; id), a
rangeof integersis de�ned as

r �
e = [wmax � id; wmax � id + wf (� � t) � 1]:

Note that the sizeof the rangeis exactly wf (� � t). Further, if the sameelemente appearsagainin the
stream,an identical rangeis de�ned, andfor elementswith distinct valuesof id, the de�ned rangesare
disjoint. Thuswe have thefollowing observation.
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Observation 3.1.
X

e=( v;w;t;id )2 D

wf (� � t) =

�
�
�
�
�

[

e2 R

r �
e

�
�
�
�
�

Theintegersin r �
e areplacedin randomsamplesT0; T1; : : : ; TM asfollows,whereM is of theorderof

log(wmax � idmax ), which will be preciselyde�ned later. Eachinteger in r �
e is placedin sampleT0. For

i = 0: : : M � 1, eachinteger in Ti is placedin Ti +1 with probabilityapproximately1=2 (theprobability
is not exactly 1=2 due to the natureof the samplingfunctions,which will be madepreciselater). The
probabilitythataninteger is placedin Ti is pi � 1=2i . ThenthedecayedsumV canbeestimatedusingTi

asthenumberof integersselectedinto Ti , multiplied by 1=pi . Note that theexpectedvalueof anestimate
usingTi is V for every i , andby choosinga “small enough”i , we cangetanestimatefor V thatis closeto
its expectationwith high probability.

We now discusshow our algorithm simulatesthe behavior of the above processundersevere space
constraintsandunderonlinearrival of streamelements.Overcountingdueto duplicatesis avoidedthrough
samplingbasedon a hashfunctionh, which will be preciselyde�ned later. If an elemente appearsagain
in thestream,thenthesamesetof integersr �

e is de�ned (asdescribedabove), andthehashfunction leads
to exactly thesamedecisionasbeforeaboutwhetheror not to placeeachinteger in Ti . Thus,if anelement
appearsmultiple timesit is eitherselectedinto thesampleevery time(in whichcaseduplicatesaredetected
anddiscarded)or it is never selectedinto thesample.

Anotherissueis that for anelemente = (v; w; t; id), the lengthof thede�ned ranger �
e is wf (� � t),

which canbevery large. Separatelysamplingeachof the integersin r �
e would requireevaluatingthehash

functionwf (� � t) timesfor eachsample,which canbevery expensive time-wise,andexponentialin the
sizeof the input. So,we make useof the time-ef�cient Range-Samplingtechnique,introducedin [26] to
samplethe whole ranger �

e quickly in time O(log jr �
e j), throughtaking advantageof the structurepresent

in the pairwiseindependenthashfunction h. Further, all integersin r �
e that have beensampledinto Ti

arestoredtogether(implicitly) by simply storinganelemente in Ti whenever at leastoneinteger in r �
e is

selectedinto Ti .
Evenwith theabove RangeSamplingtechniqueit is impossiblefor thealgorithmto computeandstore

thesamplesTi in exactly themannerdescribedabove. First of all, thequerytime � , andhencetheweight
of anobservation,wf (� � t), is unknown at thetime theelementarrivesin thestream.To overcomethis
problem,we notethattheweightat time c is wf (c � t), which is a strictly non-increasingfunctionof c. It
is possibleto identify an“expiry time” for e at level i , expiry(e;i ) suchthataslongasc < expiry(e;i ) the
ranger c

e hasat leastoneintegerselectedinto Ti , andfor c � expiry(e;i ), r c
e hasno integersselectedinto

Ti . Thisway, wecantage with its expiry timewhenit arrives,andretainit in Ti only aslongasthecurrent
time < expiry(e;i ). For any futurequeryarriving at time � � expiry(e;i ), anestimatefor thesumusing
Ti will never usee.

Next, for smallervaluesof i , Ti maybetoo large,andhencetake too muchspace.Herethealgorithm
storesonly thesubsetSi of at most� elementsof Ti with thelargestexpiry times,anddiscardstherest(�
is a parameterthatdependson thedesiredaccuracy). Notethatthe� largestelementsof any streamcanbe
easilymaintainedincrementallyin onepassthroughthestreamwith O(� ) space.Let thesamplesactually
maintainedby thealgorithmbedenotedS0; S1; : : : ; SM .

Now we show an exampleof computingthe time decayedsumin Figure1. Sincethe “value” �eld v
is not used,we simplify the elementas(w; t; id). The input streame1; e2; : : : ; e8 is shown at the top of
the �gure. We assumea time decayfunctionwherethedecayedweightof element(w i ; t i ; id i ) at time t is
! t

i = b w
t� t i

c. Theexpiry timeof ei , denotedby expi , is theearliesttime t atwhich ! t
i equalszero.Suppose

thecurrenttimec = 15.
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Figure1: An examplestreamwith 6 elements,andits sketchf S0; S1; S2; S3g for the decayedsum. The
currenttime is 15. Thedecayedweightof ei at time t is denotedby ! t

i , theexpiry time of ei is denotedby
expi . Theelemente4 in thedashedbox indicatesthatit wasdiscardedfrom S0 dueto anover�ow.

Thecurrentstateof thesketchis shown in the�gure. At thecurrenttime,e1 ande3 haveexpired.e7 and
e8 do not appearin thesketch,becausethey areduplicatesof e4 ande5 respectively. Amongtheremaining
elementse2; e4; e5; e6, only the � = 3 elementswith the largestexpiry timesareretainedin S0; thuse4 is
discardedfrom S0. Fromthesetf e2; e4; e5; e6g, a subsetf e4; e5; e6g is (randomly)selectedinto S1 based
on thehashvaluesof integersin r 15

ei
, andsincethereis enoughroom,all thesearestoredin S1. Only e5 is

selectedinto S2 andnoelementis selectedinto level 3.
Whena queryis posedfor thesumat time 15, thealgorithm�nds thesmallestnumber̀ suchthat the

sampleS` hasnot discardedany elementwhoseexpiry time is greaterthan15. For example,in Figure1,
` = 1. Note thatat this level, S` = T` , andsoS` canbeusedto answerthequeryfor V . Theintuition of
choosingsucha smallest̀ is that the expectedsamplesizeat level ` is the largestamongall thesamples
thatcanbeusedto answerthequery, andthe larger thesamplesizeis, themoreaccuratetheestimatewill
be.Further, it canbeshown with high probability, theestimatefor V usingS` is within thedesiredrelative
error.

3.2 Formal Description

We now describehow to maintainthedifferentsamplesS0; S1; : : : ; SM . Let h bea pairwiseindependent
hashfunction chosenfrom a 2-universalfamily of hashfunctionsasfollows (following CarterandWeg-
man[9]). Let � = wmax (idmax + 1). Thedomainof h is [1: : : �] . Choosea primenumberp suchthat
10� < p < 20� , andtwo numbersa andbuniformly at randomfrom f 0; : : : ; p � 1g. Thenhashfunction
h : f 1; : : : ; � g ! f 0; : : : ; p� 1g is de�nedash(x) = (a � x + b) mod p. ThefunctionRangeSample(r; i ),
de�ned preciselyin [26], takesasits inputa ranger � [1; �] andasamplinglevel i 2 [0; M ], and(quickly)
returnsthenumberof pointsx 2 r suchthath(x) 2 f 0; : : : ; b2� i pc � 1g.

Computation of expiry(e;i ) For any elemente = (v; w; t; id) and level 0 � i � M , the function
expiry(e;i ) returnsthetime�t suchthatfor c < �t, RangeSample(r c

e; i ) > 0, andfor c � �t, RangeSample(r c
e; i ) =

0. Notethat
r c

e = [wmax � id; wmax � id + w � f (c � t) � 1]:

Sincef (c � t) is a non-increasingfunctionof c, the ranger c
e shrinksmonotonicallyasc increases.Since

RangeSample(r c
e; i ) is exactly thenumberof pointsfrom r c

e thatareselectedinto Ti by thehashfunction,
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Initialization:

1. Randomlychooseahashfunctionh asdescribedin Section3.2
2. For 0 � i � M , Si  ; , t i  � 1.

// t i is themaximumexpiry timeamongall theelementsdiscardedsofar at level i

When a new item e = (v; w; t; id) arri ves:
For 0 � i � M

1. If (e 2 Si ), thenreturn;// e is a duplicate.
2. If (expiry (e;i ) > maxf c;t i g)

(a) Si  Si [ f eg

(b) If jSi j > � then// over�ow

i. t i  mine2 Si expiry(e;i )
ii. Si  Si nf ej expiry(e;i ) = t i g

To mergetwo sketchesS, S0:
For 0 � i � M

1. Si  Si [ S0
i

2. t i  maxf t i ; t0
i g

3. While jSi j > � do

(a) t i  mine2 Si expiry(e;i )

(b) Si  Si nf ej expiry(e;i ) = t i g

Figure2: GeneralSketchAlgorithm overanIntegral DecayFunction

it is alsoa non-increasingfunctionof c. If lim t !1 f (t) = f min > 0, andRangeSample(r 1
e ; i ) > 0, then

we de�ne expiry(e;i ) = 1 , i.e. e never expiresfrom level i . Similarly, if RangeSample(r 0
e; i ) = 0, then

expiry(e;i ) is de�ned to be0, ande never belongsto level i . Else,we cancompute�t usinga binarysearch
on therangeof possibletimes[t; t + tmax ] wheretmax is thesmallestt0suchthatf (t0) = f min .

If e never expires,we determinethis with a singlecall to the function RangeSample, elsewe make
O(log �t) = O(log tmax ) evaluationsof RangeSample. Thetimecomplexity of thecomputationof expiry(e;i )
is thereforeO(log tmax logwmax ), sinceO(log wmax ) boundsthetimecostof RangeSample.ThesketchS
for an integral decayfunction is thesetof pairs(Si ; t i ), for i = 0: : : M , whereSi is thesample,andt i is
thelargestexpiry timeof any elementdiscardedfrom Si sofar.

Lemma 3.1. ThesampleSi is order insensitive;it is unaffectedby permutingthe order of arrival of the
streamelements.Thesampleis alsoduplicateinsensitive;if thesameelemente is observedmultipletimes,
theresultingsampleis thesameasif it hadbeenobservedonlyonce.

Proof. Order insensitivity is easyto seesinceSi is the set of � elementsin Ti with the largestexpiry
times,andthis is independentof the orderin which elementsarrive. To prove duplicateinsensitivity, we
observe thatif thesameelemente = (v; w; t; id) is observedtwice,thefunctionexpiry(e;i ) yieldsthesame
outcome,andhenceTi is unchanged,from whichSi is correctlyderived.

Lemma 3.2. Supposetwo samplesSi and S0
i were constructedusing the samehashfunction h on two
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differentstreamsR andR0respectively. ThenSi andS0
i canbemergedto givea sampleof R [ R0.

Sketch. To mergesamplesSi andS0
i from two (potentiallyoverlapping)streamsR andR0, weobserve that

therequiredi th level sampleof R [ R0 is asubsetof the� elementswith thelargestexpiry timesin Ti [ T0
i ,

afterdiscardingduplicates.This caneasilybecomputedfrom Si andS0
i . Theformal algorithmis givenin

Figure2.

Sinceit is easyto mergetogetherthesketchesfrom distributedobservers,for simplicity thesubsequent
discussionis framedfrom theperspective of asinglestream.Wenotethatthesketchresultingfrom merging
S andS0givesthesamecorrectnessandaccuracy with respectto R [ R0asdid S andS0with respectto R
andR0respectively.

Lemma 3.3 (Spaceand Time Complexity). The spacecomplexity of the sketch for integral decayis
O(M � ) units, where each unit is an input observation(v; w; t; id). The expectedtime for each update
is O(log w(log � + logtmax logwmax )) . Merging twosketchestakestimeO(M � ).

Sketch. The spacecomplexity follows from the fact that the sketchconsistsof M + 1 samples,andeach
samplecontainsat most � streamelements.For the time complexity, the sampleSi can be storedin a
priority queueorderedby expiry times. To inserta new elemente into Si , it is necessaryto computethe
expiry time of e asexpiry(e;i ) once.This takestime O(log wmax log tmax ). Notethatfor eachelemente,
wecancomputeits expiry time at level i exactlyonceandstoretheresultfor lateruse.An insertioninto Si

maycauseanover�ow, which will necessitatethediscardingof elementswith thesmallestexpiry times.In
theworstcase,all elementsin Si mayhave thesameexpiry time,andmayneedto bediscarded,leadingto
acostof O(� + logwmax log tmax ) for Si , andaworstcasetimeof O(M (� + logwmax log tmax )) in total.
But theamortizedcostof aninsertionis muchsmallerandis O(M (log � + logwmax log tmax )) , sincethe
total numberof elementsdiscardeddueto over�ow is no morethanthetotal numberof insertions,andthe
costof discardinganelementdueto over�ow canbechargedto thecostof a correspondinginsertion.The
expectednumberof levelsinto which theelemente = (v; w; t; id) is insertedis not M , but only O(log w),
sincethe expectedvalueof RangeSample(r c

e; i ) = pi jr c
ej � w=2i . Thusthe expectedamortizedtime of

insertionis O(log w(log � + logtmax logwmax )) .
Two sketchescanbemergedin time O(M � ) sincetwo priority queues(implementedasmax-heaps)of

O(� ) elementseachcanbemergedandthesmallestelementsdiscardedin O(� ) time.

3.3 Computing DecayedAggregatesUsing the Sketch

We now describehow to computea varietyof decayedaggregatesusingthesketchS. For i = 0: : : M , let
pi = bp2� i c

p denotethesamplingprobabilityat level i .

Decayed Sum Webegin with thedecayedsum:

V =
X

(v;w;t;id )2 D

wf (c � t):

For computingthedecayedsum,let themaximumsizeof asamplebe� = 60=� 2, andthemaximumnumber
of levelsbeM = dlogwmax + log idmax e.

10



When queried for the decayed sum at time c:

1. ` = minf i j0 � i � M ; t i � cg
2. If ` doesnotexist, thenthealgorithmfails, return.
3. If ` exists,thenreturn 1

p`

P
e2 S`

RangeSample(r c
e; `)

Figure3: DuplicateInsensitive Sumover aSlidingWindow

Theorem3.1. Thealgorithmin Figure3 yieldsanestimatorV̂ of V such thatPr[jV̂ � V j < �V ] > 2
3 . The

timetakento answera queryfor thesumis O(log M + 1
� 2 logwmax ). Theexpectedtimefor each updateis

O(log w(log 1
� + logtmax logwmax )) . Thespacecomplexity is

O( 1
� 2 (log wmax + log idmax )) :

Proof. We show the correctnessof our algorithmfor the sum througha reductionto the range-ef�cient
algorithmfor countingdistinctelementsfrom [26] (we refer to this algorithmasthePT algorithm,for the
initials of the authorsof [26]). Supposea query for the sumwasposedat time c. Considerthe stream
I = f r c

eje 2 Rg, which is de�ned on theweightsof thedifferentstreamelementswhenthequeryis posed.
FromObservation3.1,wehave j [ r 2I r j = V .

Considerthe processingof the streamI by the PT algorithm. The algorithmsamplesthe rangesin
I into different levels usinghashfunction h. Whenasked for an estimateof the sizeof [ r 2I r , the PT
algorithm usesthe smallestlevel, say `0, suchthat the jf e 2 D jRangeSample(r c

e; `0) > 0gj � � , and
returnsanestimateY = 1

p` 0

P
e2 D RangeSample(r c

e; `0). FromTheorem1 in [26], Y satis�esthecondition

Pr[jY � V j < �V ] > 2=3 if we choosethe samplesize� = 60=�2, andnumberof levels M suchthat
M > logVmax whereVmax is an upperboundon V . Sincewmax idmax is an upperboundon V (each
distinctid cancontributeat mostwmax to thedecayedsum),ourchoiceof M satis�estheabove condition.

Considerthe sampleS` usedby the algorithm in Figure3 to answera query for the sum. Suppose
` exists, then ` is the smallestinteger suchthat t ` � c. For every i < `, we have t i > c, implying
that Si hasdiscardedat leastone elemente suchthat RangeSample(r c

e; i ) > 0. Thus for level i < `,
it must be true that jf ejRangeSample(r c

e; i ) > 0gj > � , and similarly for level `, it must be true that
jf ejRangeSample(r c

e; `) > 0gj � � . Thus,if level ` exists, then` = ` 0, andtheestimatereturnedby our
algorithmis exactly Y , andthe theoremis proved. If ` doesnot exist, thenit mustbe true that for every
level i; 0 � i � M , jf e 2 D jRangeSample(r c

e; i ) > 0gj > � , andthusthePTalgorithmalsofails to �nd an
estimate.

For thetime complexity of a query, observe that�nding theright level ` canbedonein O(log M ) time
by organizingthe t i s in a searchstructure,andonce` hasbeenfound,the functionRangeSample() hasto
becalledon theO(� ) elementsin S` , which takesa furtherO(log wmax ) time percall to RangeSample() .

Theexpectedtime for eachupdateandthespacecomplexity directly follows from Lemma3.3.

We note that typically one wantsa guaranteethat the failure probability is � � 1
3 . To give sucha

guarantee,we cankeep�(log 1=� ) independentcopiesof the sketch(basedon differenthashfunctions),
andtake themedianof theestimates.A standardChernoff boundsargumentshows thatthemedianestimate
is accuratewithin �V with probabilityat least1 � � .

Selectivity Estimation Recallthe de�nition of selectivity estimationfrom the Introduction. In orderto
estimateselectivity, we useour sketchto �nd a sampleS` suchthatS` is thelowestnumberedsamplethat
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hasnotdiscardedany elementwhoseexpiry timeexceedsc, andevaluatetheselectivity of P overelements
in S` . We arguethat this accuratelyestimatestheselectivity over thewholestream.Theformal algorithm
is given in Figure4. Next we show that for selectivity estimation,setting� = 492=� 2 andthemaximum
numberof levelsbeM = dlogwmax + log idmax e, wecangetTheorem3.2.

The following processonly helpsvisualizethe proof, and is not executedby the algorithm. Since
the sketch is duplicateinsensitive (Lemma3.1), we simply considerstreamD, which is the set of dis-
tinct elementsin streamR. At query time c, streamD is converted to be a streamof intervals D 0 =
f r c(d)j(v; w; t; id) 2 Dg, wherer c(d) = [wmax � id; wmax � id + w � f (c � t) � 1]. StreamD 0 is ex-
pandedto form streamI of the constituentintegers. For eachinterval [x; y] 2 D 0, streamI consistsof
x; x + 1; : : : ; y. Clearlyall theitemsin I aredistinctandV = jI j. Giventheselectivity predicatep(v; w),
let Î = f x 2 r c(d)jd = (v; w; t; id) 2 D ; p(v; w) = 1g andV 0 = jI 0j. Note that I 0 � I andtheselec-
tivity with predicatep(v; w) is Q = V 0

V , of which we computeanestimateQ0. Recallthat thesamplesize
� = C=�2, whereC is aconstantto bedeterminedthroughtheanalysis.

Fact 3.1. For anyi 2 [0: : : M ], 1
2i +1 � pi � 1

2i (Fact1 in [26])

Lemma 3.4. If jD 0j � � , thenQ = Q0

Proof. If jD 0j � � , all the r c(d) 2 D 0 canbe implicitely storedin S0, i.e., all unexpiredstreamelements
canbestoredin S0, whichcanreturntheexactQ.

Thus,in thefollowing partof theproof,we assumejD 0j > � .

De�nition 3.1. For each e 2 I , for each level i = 0; 1; : : : ; M , randomvariablex i (e) is de�nedasfollows:
if h(e) 2 [0; bp2� i c], thenx i (e) = 1; elsex i (e) = 0.

De�nition 3.2. For i = 0; 1; : : : ; M , Ti is thesetconstructedby thefollowing probabilisticprocess.Start
with Ti  � . If there existsat leastoneinteger y 2 r c(d), where d 2 D, such that x i (y) = 1, insertd into
Ti .

NotethatTi is de�ned for thepurposeof theproofonly, but theTi sarenotstoredby thealgorithm.For
eachlevel i , thealgorithmonly storesatmost� elementswith largestexpiry time.

De�nition 3.3. For i = 0; 1; : : : ; M , X i =
P

y2 r c (d) x i (y), X 0
i =

P
y2 r c (d);p(v;w)=1 x i (y), where d =

(v; w; t; id) 2 D .

Lemma 3.5. For anye 2 r c(d); d 2 D , E[x i (e)] = pi , � 2
x i (e) = pi (1 � pi ), 0 � i � M .

Proof. E [x i (e)] = Pr [x i (e) = 1] = Pr[0 � h(e) � bp2� i c] = bp2� i c = pi .
� 2

x i (e) = E[x2
i (e)] � E [x i (e)]2 = Pr[x2

i (e) = 1] � Pr[x i (e) = 1]2 = pi � p2
i = pi (1 � pi )

Lemma 3.6. For i = 0; 1; : : : ; M , E [X i ] = pi V, � 2
X i

= pi (1 � pi )V , E [X 0
i ] = pi V 0, � 2

X 0
i

= pi (1 � pi )V 0

Proof. E [X i ] = E[
P

y2 r c (d) x i (y)] = jf y 2 r c(d)jd 2 Dgj � E [x i (y)] = pi V. Sincex i (y)'s arepairwise
independentrandomevariables,we have: � 2

X i
= jf y 2 r c(d)jd 2 Dgj � � 2

x i (y) = pi (1 � pi )V . Similary,

E [X 0
i ] = pi V 0, � 2

X 0
i

= pi (1 � pi )V 0aretrue.

De�nition 3.4. For i = 0; 1; : : : ; M , de�ne eventB i to betrue if Q0 62[Q � �; Q + � ], andfalseotherwise;
de�ne eventGi to betrue if (1 � �=2)pi V � X i � (1 + �=2)pi V, falseotherwise.
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De�nition 3.5. Let ` � � 0 bean integer such thatE [X ` � ] � � =2 andE[X ` � ] > � =4.

Lemma 3.7. Level ` � is uniquelyde�nedandexistsfor everyinput streamD.

Proof. SincejD 0j > � , E [X 0] > � . By thede�nition of M = logwmax idmax , it mustbetruethatV < 2M

for any input streamD, sothatE [X M ] � 1. Sincefor every incrementin i , E [X i ] decreasesby a factorof
2, theremustbea uniquelevel 0 < ` � < M suchthatE [X ` � ] � �= 2 andE[X ` � ] � �= 4.

Fromnow on we considerthecasewith 0 < Q � 1=2. By thesymmetry, similar proof exists for the
casewith 1=2 � Q < 1. Obviously thealgorithmcanreturnQ0 = Q, if Q 2 f 0; 1g.

Thefollowing lemmashows thatfor levelsthatarelessthanor equalto ` � , Q0 is very likely to beclose
to Q.

Lemma 3.8. For 0 � ` � ` � ,

Pr[B ` ] <
5

C � 2` � � ` � 4

Proof.

Pr[B ` ] = Pr[G` ^ B ` ] + Pr[ �G` ^ B ` ]

� Pr[B ` jG` ] � Pr[G` ] + Pr[ �G` ] � Pr[B ` jG` ] + Pr[ �G` ] (1)

UsingLemmas3.9and3.10in Equation1, weget:

Pr[B ` ] <
5

C � 2` � � ` � 4

Lemma 3.9. For 0 � ` � ` � ,

Pr[ �G` ] <
1

C � 2` � � ` � 4

Proof. By Lemma3.6,� X ` = p`V; � 2
X `

= p` (1 � p` )V , by Chebyshev's inequality, wehave

Pr[ �G` ] = Pr[X ` < (1 � (�=2))� X ` _ X ` > (1 + (�=2))� X ` ]

= Pr[jX ` � � X ` j > (�=2) � � X ` ]

�
� 2

X `

(�=2)2� 2
X `

= (1 � p` )=
�
(�=2)2 � � X `

�

�
1

(�=2)2 � � X `

�
1

C � 2` � � ` � 4

Thelastinequalityduesto thefact: � X ` � 2` � � ` �� X �
`

> 2` � � ` �� =4 = 2` � � ` � 2�C=�2, usingFact3.1

Lemma 3.10. For 0 � ` � ` � ,

Pr[B ` jG` ] <
1

C � 2` � � ` � 6
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Proof.
Pr[B ` jG` ] = Pr[Q < Q0 � � jG` ] + Pr [Q > Q0+ � jG` ]

Theproofwill consistof two parts,Equations2 and3.

Pr[Q + � < Q0jG` ] <
1

C � 2` � � ` � 5 (2)

Pr[Q � � > Q0jG` ] <
1

C � 2` � � ` � 5 (3)

Proof of Equation 2: Let Y =
P

y2 I 0 x` (y) = Q0X ` > (Q + � )X ` . By Lemma3.6,we have � Y =
p`VQ, � 2

Y = p` (1 � p` )VQ. UsingChebyshev's inequalityandthefactX ` � (1 � �=2)p` V, we have the
following,

Pr[Q + � < Q0jG` ] � Pr[Y > (Q + � )X ` jG` ]

=
Pr[(Y > (Q + � )X ` ) ^ G` ]

Pr[G` ]

�
Pr[Y > (Q + � )(1 � �=2)p` V]

Pr[G` ]

=
Pr[Y � � Y > (Q + � )(1 � �=2)p` V � � Y ]

Pr[G` ]

�
�

� 2
Y

[(Q + � )(1 � �=2)p` V � � Y ]2

�
=Pr[G` ]

=
�

p` (1 � p` )V Q
[(Q + � )(1 � �=2)p` V � p`V Q]2

�
=Pr[G` ]

�
�

4
� 2p`V

�
=Pr[G` ] <

�
1

C � 2` � � ` � 4

�
=

�
1 �

1
C � 2` � � ` � 4

�

<
1

C � 2` � � ` � 5

TheLastthreeinequalitiesusethefacts:(1 � p` )Q < 1, (Q + � )(1 � �=2) � Q + �=2 dueto 0 < � <
Q � 1=2, p`V > 2` � � ` � =4 andchoosingC � 32.

Proof of Equation 3: By symmetry, theproof is similarastheonefor Equation2.

Therefore,

Pr[B ` jG` ] <
1

C � 2` � � ` � 6

Lemma 3.11.
`= ` �X

`=0

Pr[B ` ] <
160
C
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Proof. Theproofdirectly follows from Lemma3.8.

`= ` �X

`=0

Pr[B ` ] =
`= ` �X

`=0

5
C � 2` � � ` � 4 =

80
C

` �X

i =0

1
2i <

160
C

Lemma 3.12.
Pr[` > ` � ] <

4
C

Proof. If ` > `?, it follows thatX `? > jT`? j > � , elsethealgorithmwouldhave stoppedata level lessthan
or equalto `?. Thus,Pr[` > `?] � Pr[X `? > � ]. Let Y = X `? . By Lemma3.6,Chebyshev's inequalityand
thefact� Y < � =2, we have

Pr[` > `?] � Pr[Y > � ] � Pr[Y > 2� Y ] = Pr[Y � � Y > � Y ] =
� 2

Y

� 2
Y

=
p` (1 � p` )V

p2
` V 2 =

1 � p`

p`V

Since� Y = p`V > � =4, we have

Pr[` > `?] �
1 � p`

� =4
< 4=� =

4
C

� 2 <
4
C

Theorem 3.2. TheAlgorithmin Figure 4 yieldsan estimateQ̂ of Q such thatPr[jQ̂ � Qj < � ] > 2=3. The
timetakento answera queryfor theselectivityof P is O(log M + 1

� 2 logwmax ). Theexpectedtimefor each
updateis O(log w(log 1

� + log tmax logwmax )) . Thespacecomplexity is O( 1
� 2 (log wmax + log idmax )) :

Proof. Let f denotetheprobabilitythatthealgorithmfails to returnan� -approximateselectivity estimation
of D . UsingLemmas3.11and3.12,we get:

f = Pr[` > M ] + Pr[
M[

i =0

(` = i ) ^ B i ]

� Pr[` > `?] +
`?X

i =0

Pr[B i ] <
164
C

=
1
3

; by choosingC = 492

Thequerytimecomplexity analysisis similar to theonefor thesumin Theorem3.1. Theexpectedtime for
eachupdateandthespacecomplexity directly follows from Lemma3.3.

As in the sum case,we can amplify the probability of successto (1 � � ) by taking the medianof
�(log 1=� ) repetitionsof thedatastructure(basedon differenthashfunctions).

Theorem 3.3. We cananswerthe � -approximate� -quantilesand frequentitemsproblemsusingthesame
sketch datastructure, in timeO(log M + 1

� 2 log( wmax
� 2 )) . Theexpectedtimefor each updateisO(log w(log 1

� +
log tmax logwmax )) . Thespacecomplexity is O( 1

� 2 (log wmax + log idmax )) :

Sketch. Theexpectedtimefor eachupdateandthespacecomplexity directlyfollowsfrom Lemma3.3.Now
weshow how to reduceasequenceof problemsto instancesof selectivity estimation.
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When queried for the selectivity of P at time c:

1. ` = minf i j0 � i � M ; t i � cg
2. If ` doesnotexist, thenthealgorithmfails, return.
3. If ` exists,thenreturn

P
e=( v ;w ;t;id ) 2 S`

RangeSample(r c
e ;` )�P (v;w)

P
e2 S`

RangeSample(r c
e ;` )

Figure4: Selectivity Estimationover anIntegral DecayFunction

� A rankestimationqueryfor avalue� asksto estimatethe(weighted)fractionof elementswhosevalue
v is at most� . This is encodedby a predicateP� suchthatP� � (v; w) = 1 if v � � , else0. Clearly,
thiscanbesolvedusingtheabove analysiswith additive erroratmost� .

� Themedianis theitem whoserankis 0.5. To �nd themedian,we canbinarysearchfor thesmallest
� suchthat therankof � is 0.5 or higher, usingtheselectivity of theP� predicate.We poseat most
logvmax queriesin our binary search,andby theunion bound,they all succeedwith probabilityat
least(1 � � ) logvmax .

� Quantilesgeneralizethemedianto �nd itemswhoseranksaremultiplesof � , e.g.thequantiles,which
areelementsat ranks0.2,0.4, 0.6 and0.8. Again, by binarysearchingfor eachonein turn, we can
�nd themwith additive error� .

� Thefrequentitemsproblemcanalsobesolvedusingselectivity queries.Value� is a frequentitemiff
theselectivity of thepredicate“P= � (v; w) = 1 if v = � ” is � or more. Thealgorithmfor frequent
elementscancheckthe selectivity of every valueoccurringwithin sampleS` , andcheckif any of
themhasaselectivity above thedesiredthreshold.

We notethata fasterway to computethemedianandquantilesis to computetherequiredquantilesof
anappropriateweightedsampleS` where` is de�ned (asbefore)asthesmallestintegersuchthat t ` � c.
Theresultof thiscomputationis thesameasthatfoundby themethodabove,but is fasterto compute.Thus,
aftercomputingthesamplelevel andRangeSamplevalues,wecansortthesampleby valueandsocompute
frequentitemsandquantiles,incurringanadditionalO(� log � ) costover thetimecomplexity of selectivity
estimation.

4 GeneralDecayFunctions
via Sliding Window

4.1 Sliding Window Decay

Recallthata sliding window decayfunction,givena window sizeW , is de�ned asf W (x) = 1 if x < W ,
andf W (x) = 0 otherwise.As alreadyobserved, thesliding window decayfunction is a perfectexample
of an integral decayfunction, andhencewe canusethe algorithmfrom Section3. It alsosimpli�es the
applicationof thealgorithmsomewhat:wecaneasilycomputetheexpiry timeof any elementei ast i + W .
We canprove a strongerresult though: If we set f (x) = 1 alwayswheninsertingthe element. i.e., the
elementnever expires,anddiscardtheelementwith theoldesttimestampwhenthesampleis full, we can
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(a) (b) (c)

Figure5: Reductionof generaldecayfunctionsto slidingwindow: (a)asampledecayfunction(b) breaking
the decayfunction into sliding windows every timestep(c) computingsliding windows only for stored
timestamps.

keepasingledatastructurethatis goodfor anyslidingwindow sizeW < 1 , whereany W canbespeci�ed
afterthedatastructurehasbeencreated,to returnagoodestimateof theaggregates.

Theorem4.1. Our datastructure cananswerslidingwindowsumandselectivityquerieswhere theparam-
eterW is providedat querytime. Precisely, for � = O( 1

� 2 ) andM = O(log wmax + log idmax ), wecan
provide an estimateV̂ of thedecayedsumV such that Pr[jV̂ � V j < �V ] > 2

3 andan estimateQ̂ of the
selectivity, Q, such thatPr[jQ̂ � Qj < � ] > 2

3 . Thetimeto answerbothqueriesis O(log M + � ).

Proof. Observe thatfor all parametersW , theexpiry order is thesame:ej expiresbeforeek if andonly if
t j < tk . Sowe keepthedatastructureasusual,but insteadof aggressively expiring items,we keepthe �
mostrecentitemsateachlevel i asSi . Let t i denotethelargesttimestampof thediscardeditemsfrom level
i . Weonly have to updateSi whenanew itemarrivesin thelevel. If therearefewerthan� itemsat thelevel,
we retainit. Else,weeitherrejectthenew item if t � t i , or elseretainit, ejecttheoldestitem in theSi , and
updatet i accordingly. For bothsumandselectivity estimation,we �nd thelowestlevel whereno elements
whichfall within thewindow haveexpired—thisis equivalentto thelevel ` from before.Fromthis level, we
canextractthesampleof itemswhichfall within thewindow, whichareexactly thesetwewouldhave if we
hadenforcedtheexpiry times.Hence,weobtaintheguaranteesthatfollow from Theorems3.1and??. The
runningtime is slightly fasternow: sincewe computetheexpiry time t + W onceandfor all, at insertion
timewecanalsocomputeandstorethevalueof theRangeSamplepredicaterunon theinsertedrange,and
sodonotneedto recomputethisat querytime.

Similarly, wecanamplify theprobabilityof successto 1� � by takingthemedianof �(1 =� ) repetitions
of thedatastructures,eachof which is basedon differenthashfunctions.

4.2 Reduction fr om GeneralDecayFunction to Sliding Window Decay

We now give a reductionfrom the problemof computingthe decayedsum using a generaltime decay
functionto theproblemof computingthesumoveraslidingwindow. Therandomizedreductiongeneralizes
a (deterministic)ideafrom CohenandStrauss[11]: rewrite thedecayedcomputationasthecombinationof
many sliding window queries(over differentsizedwindows). We furthershow how this reductioncanbe
donein a time-ef�cient manner.

Selectivity Estimation

Lemma 4.1. Arbitrary decayfunctionselectivitiesestimationcan be rewritten as the combinationsof at
most2c slidingwindowqueries,where c is thecurrenttimevalue.
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Sketch. Let the set of distinct observations in the stream(now sortedby timestamps)be D = he1 =
(v1; w1; t1; id1); e2 = (v2; w2; t2; id2); : : : ; en = (vn ; wn ; tn ; idn )i . Thedecayedselectivity of P at time c
usingadecayfunctionf is de�ned as

Q =
X

(v;w;t;id )2 D

w � P(v; w) � f (c � t)=
X

(v;w;t;id )2 D

w � f (c � t); (4)

andcanberewrittenasQ = A=B, where:

A = f (c � t1)
nX

i =1

wi P(vi ; wi ) +
tnX

t= t1+1

0

@[f (c � t) � f (c � t + 1)] �
X

f i j t i � tg

P(vi ; wi )wi

1

A

B = f (c � t1)
nX

i =1

wi +
tnX

t= t1 +1

0

@[f (c � t) � f (c � t + 1)] �
X

f i j t i � tg

wi

1

A

WecomputeA andB separately;�rst, considerB , which is equivalentto V , thedecayedsumunderthe
functionf . Write V W for thedecayedsumundertheslidingwindow of sizeW . Wecancompute
V̂ =

P tn
t= t1+1

�
[f (c � t) � f (c � t + 1)] � V c� t

�
, usingthesliding window algorithmfor thesumto esti-

mateeachV c� t , from t = t1 + 1 till tn . Wealsoadd(
P

i wi )f (c� t1), by tracking
P

i wi exactly. Applying
our algorithm,eachsliding window queryV W is accurateup to a (1 � � ) relative errorwith probabilityat
least1 � � , sotakingthesumof (tn � t1) � c suchqueriesyieldsananswerthatis accuratewith a (1 � � )
factorwith probability at least1 � c� , by the union bound. Similarly, A canalsobe computedby using
thesliding window algorithmfor thesum.Further, Theorem4.1 implieseachsliding window queryin A is
accurateup to a (� �V ) additive errorwith probabilityat least1 � � , which furtheryieldsanestimatefor A
with theaccuracy up to (� �V ) additive errorwith probabilityat least1 � c� . Combiningtheestimatesfor
A andB andusing� = O(1=�2), we getjQ0 � Qj � � with probabilityat least(1 � 2c� ), whereQ0 is the
estimateof A=B . To givetherequiredoverallprobabilityguarantee,wecanadjust� by afactorof 2c. Since
thetotal spaceandtime takendependonly logarithmicallyon 1=� , scaling� by a factorof 2c increasesthe
spaceandtimecostsby a factorof O(log c).

Theorem 4.2. Wecananswerselectivityquerieswith arbitrary decayfunctionsin time
O(M � log( M �

� ) log(M � log M �
� )) to �nd Q̂ sothatPr[jQ � Q̂j > � ] < � .

Proof. Implementingthe above reductiondirectly would be too slow, dependinglinearly on the rangeof
timestamps.However, wecanimprove thisby makingsomeobservationson thespeci�csof our implemen-
tationof thesliding window sum.Observe thatsinceour algorithmstoresat most� timestampsat eachof
M levels. So if we probeit with two timestampst j < tk suchthat, over all timestampsstoredin the Si

samples,thereis no timestampt suchthat t j < t � tk , thenwe will get thesameanswerfor bothqueries.
Let t j

i denotethe j th timestampin ascendingorder in Si . We cancomputethe exact samevaluefor our
estimateof (4) by only probingat thesetimestamps,as:

MX

i =0

jSi jX

j =1
t j
i <t min

i � 1

(f (c � t j
i ) � f (c � t j +1

i ))V c� t j
i (5)
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wherefor 0 � i � M , tmin
i denotesthesmallest(oldest)timestampof the itemsin Si , andtmin

� 1 = c + 1,
wherec is thecurrenttime(thisavoidssomedoublecountingissues).Thisprocessis illustratedin Figure5:
we show the original decayfunction, and estimationat all timestampsand only a subset. The shaded
boxes denotewindow queries: the length is the size,W of the query, and the height gives the valueof
f (c � t j

i ) � f (c � t j +1
i ).

Weneedto keepb = log M �
� independentcopiesof thedatastructure(basedondifferenthashfunctions)

to give the requiredaccuracy guarantees.We answera queryby taking the medianof the estimatesfrom
eachcopy. Thus,we cangeneratetheanswerby collectingthesetof timestampsfrom all b structures,and
working throughthemin sortedorderof recency. In eachstructurewe can incrementallywork through
level by level: for eachsubsequenttimestamp,wemodify theanswerfrom thestructurethatthis timestamp
originally camefrom (all otheranswersstaythe same).We cantrack the medianof the answersin time
O(log b): we keeptheb answersin sortedorder, andonechangeseachstep,which canbe maintainedby
standarddictionarydatastructuresin time O(log b). If weexhausta level in any structure,thenwemove to
thenext level and�nd theappropriateplacebasedon thecurrenttimestamp.In this way, we work through
eachdatastructurein a singlelinear pass,andspendtime O(log b) for every time stepwe pass.Overall,
wehave to collectandsortO(M � b) timestamps,andperformO(M � b) probes,sothetotal timerequiredis
boundedby O(M � blog(M � b)) . Thisyieldstheboundsstatedabove.

Onceselectivity canbe estimated,we canusethe samereductionsas in the sliding window caseto
computetimedecayedranks,quantiles,andfrequentitems,yielding thesameboundsfor thoseproblems.

Decayed Sum Computation We observe that the maintenanceof the decayedsumover generaldecay
functionshasalreadybeenhandledasasubproblemwithin selectivity estimation.

Lemma 4.2. Arbitrary decayfunctionsumcanberewrittenasthecombinationsof at mostc slidingwindow
queries,where c is thecurrenttime.

Theorem4.3. Wecananswerarbitrary decayfunctionsumestimationin timeO(M � log( M �
� ) log(M � log( M �

� )))
to �nd V̂ such thatPr[jV̂ � V j > �V ] < � ].

5 Concluding Remarks

We observe that this is a very powerful result: not only doesthereexist a datastructureallowing the
duplicate-insensitive, distributedcomputationof aggregatesover asynchronousdatastreams,but also,via
thereductionto slidingwindow computations,thereexistsasingledatastructurewhichcananswerdecayed
aggregatequerieswithoutknowledgeof thedesireddecayfunctionuntil thequeryis posed.

Given an integral decayfunction,we have a choice: eithercomputeit directly via themethodin Sec-
tion 3, or computeit via a reductionto sliding windows,usingthemethodin Section4. Thereareprosand
consto eachapproach:themethodof Section3 is fasterto evaluatequerieson, sincewe canimmediately
calculatetheresultfrom theappropriatelevel, whereasthesliding window reductionrequiresa lineartime
passthroughthe datastructure. The spaceusedis slightly smallerwith the former method,aswe need
slightly fewer repetitionsto give thenecessaryprobabilityguarantees.Meanwhile,themethodof Section4
is muchmoregeneral,allowing usto specifythedecayfunctionafterthesketchhasbeenmade.

An openquestionis thereforeif thereis morepower in �xing adecayfunctiona priori: canwecreatea
smallersketch(andhencereducecommunicationwhensendingit) for certain�x edfunctions?For certain
classes,suchasexponentialdecayfunctions,whichseemto beeasierto handlefor otheraggregates,it seems
possible,but no resultsareknown thatarebetterthanthegeneralcase.
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