Time-DecayingSketchedor SensoiDataAggregation

GrahamCormode SrikantaTirthapura Bojian Xu?*

Abstract

We presenta new sketchfor summarizingnetwork data. The sketch hasthe following properties
whichmake it usefulin communication-e€ient aggreyationin distributedstreamingscenariossuchas
sensometworks: the sketchis duplicate-insensitie, i.e. re-insertionsof the samedatawill not affect
the sketch, and hencethe estimatesf aggreates. Unlike previous duplicate-insensitie sketchesfor
sensodataaggreyation[25, 12], it is alsotime-decayingsothatthe weightof a dataitem in the sketch
candecreasevith time accordingto a userspeci ed decayfunction. The sketchcangive provably ap-
proximateguaranteefor variousaggreyatesof data,includingthe sum,median,quantilesandfrequent
elements.Thesizeof the sketchandthetime takento updateit areboth polylogarithmicin the size of
therelevantdata. Further multiple sketchescomputedover distributed datacanbe combinedwithout
losing the accurag guaranteesTo our knowledge,this is the rst sketchthatcombinesall the above
properties.

1 Intr oduction

The growing interestin sensometworks hasled to a variety of novel problemsin distributed computing.
Although sensorareincreasingin computingability andnumbey they remainconstrainedy the costof

communication:with limited batteriescommunicatioris the primary drain on power and so the working

life of asensometwork canbe extendedby algorithmswhich limit communicatiorf22]. In particular this
meanghatalthoughsensorsnayobsenre large quantitiesof informationover time, they shouldreturnonly

smallsummarie®f their obserations. Ideally, we shouldbe ableto usea singlecompactsummarythatis

e xible enoughto provide estimatedor a variety of aggrgates,ratherthanusingdifferentsummariegor

estimatingdifferentaggregates.

Thesensonetwork settingleadsto seseralotherdesiderataBecausef theradionetwork topology it is
commonto take advantageof the “local broadcastbehaior, wherea singletransmissiortanbereceved by
all the neighboringnodes.Here,in communicatingoackto the basestation,eachsensoropportunistically
listensfor informationfrom othersensorsmemgesrecevedinformationtogethemith its own datato make a
singlesummaryandannouncesheresult. This multi-pathroutinghasmary desirablgoropertiesappropri-
atemeging ensuregachsensosendghe sameamountasinglesummaryandtheimpactsof lossaremuch
reducedsinceinformationis duplicatedmary times(without ary additionalcommunicatiorcost)[25, 12].
However, this duplicationof datarequiresthatthe quality of our summariegsemainsguaranteed)o matter
whetheraparticularobserationis containedvithin asinglesummaryor is capturedy mary differentsum-
maries.In the bestcasethe summaryis duplicate-insensiteyandasyn@ironous meaningthatthe resulting
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summaryis identical,irrespectre of how mary times,or in whatorder the datais seenandthe summaries
aremeged.

Lastly, we obsenre thatin ary evolving setting,recentdatais morereliablethanolderdata. We should
thereforeweight newer obsenationsmoreheaily thanolderones. This canbe formalizedin a variety of
ways:we mayonly considemobserationsthatfall within aslidingwindowof recentiime (say thelasthour),
andignore (assignzeroweightto) ary thatareolder; or, more generally usesomearbitraryfunctionf ()
thatassignsa weightto eachobsenration asa function of its age[14, 11]. A datasummaryshouldallow
suchdecayfunctionsto be applied,andgive usguaranteeselative to the exactanswer

Puttingall theseconsiderationsogethereadsto quite an extensve requirementdist. We seeka com-
pact geneal purposesummarywhich canapplyarbitrarytime decayfunctions while remainingduplicate
insensitiveandhandleasynfironousarrivals. Further it shouldbe easyto updatewith newv obserations,
meige togethermultiple summariesandquerythe summaryto give guaranteedjuality answergo a variety
of analysis. Prior work hasconsideredrarioussummariesvhich satisfy certainsubsetsf theserequire-
ments,but no single summaryhasbeenableto satisfyall of them. Here,we shawv thatit is possibleto
fulll all theabove requirementsketchbasedn aahash-basedamplingprocedurghatallows asampling
procedurghatallows avariety of aggrgatesto be computecef ciently underarbitrarydecayfunctionsin a
duplicateinsensitve fashionover asynchronouarrivals. In thenext sectionwe describanorepreciselythe
settingandrequirementgor our datastructures.

1.1 Problem Formulation

1 i nisatuple(vi;wi;t;;id;i), wheretheentriesarede ned asfollows:

Vi is apositive integervalue,perhapsatemperatur@bsenation by thesensar
w; is aweightassociateavith theobseration, perhapsnumberre ecting thecon dencein it.
t; is theintegertimestamptaggedat thetime e; wascreated.

id; is auniqueobsenrationid for g;.

This abstractioncapturesa wide variety of caseghat canbe encodedn this form. It is deliberately
general;userscanchooseto assignvaluesto these elds to suit their needs. For example,if the desired
aggregateis themediantemperatureeadingacrossall (distinct)obserations,thiscanbeachievedby setting
all weightsto w; = 1 andthevaluesv; to be actualtemperaturesbsered. The uniqueobserationid id;
canbeformedasthe concatenatiowf the uniquesensoiid andtime of obseration (assuminghereis only
onereadingperinstant).We shallgive otherexamplesin the next section.

It is possiblethatthe sameobseration appearsmultiple timesin the stream,with the sameid, value
andtimestamppreseredacrossnultiple appearances- suchrepeatedccurrencemustnotbeconsidered
while evaluatingaggregatesover the stream. Note that our modelallows differentelementsof the stream
to have differentids, but the samevaluesand/ortimestamps— in sucha case,they will be considered
separatelyn computingthe aggreates.

We considerasyn@ironousstreamswheretheelementslo notnecessarilyarrive in orderof timestamps.
Handlingasynchrow is especiallyimportantbecausesf multi-pathrouting, aswell asthe needto handle
theunion of sketches.Notethate;,; is recevedaftere;, ande, is the mostrecentlyreceveditem. In the
asynchronousase,it is possiblethati > j, sothate; is receved laterthane;, butt; < t;. Most prior



researcton summarizingdatastreamscontainingtimestampgwith the exceptionof [27, 8]) hasfocused
on the caseof syntironousstreamswherethe elementf the streamareassumedo arrive in the orderof
timestamps.

De nition 1.1. A functionf (x) is a decayfunctionif: (1) for everyx, f (x) 0 and(2) f (x) is non-
increasingwith x, i.e. X3 Xz =) f(Xx1) f(x2).

Theresultof the decayfunctionis appliedon the weightof a dataitem. More precisely the “decayed
weight” of item (v; w; t; id) attimec tisw f(c t). An exampledecayfunctionis theslidingwindow
model[14, 17, 27], wheref (x) is de ned asfollows. For somewindow sizeW, if x W, thenf (x) = 1,
otherwise f (x) = 0. Otherpopulardecayfunctionsinclude exponentialdecayf (x) = exp( ax) for a
constang, andpolynomialdecayf (x) = x 2. Anintegral decayfunctionis onewherethedecayedveight
w f(c t)isalwaysaninteger Notethatslidingwindow is trivially suchafunction;otherfunctionscan
be madeintegral by appropriateoundingor scaling.

1.2 Aggregates

Letf () denotea decayfunction, andc denotethe time at which a queryis posed.Let the setof distinct
obserationsin R bedenotedby D. We now describehe aggrgatefunctionsconsidered:

1. Thedecayedsumattime cis de ned as
X
V = wf (¢ t);
(v;w;t;id )2D

i.e. thesumof thedecayedveightsof all distinctelementsn the stream.For example,supposevery
sensopublishedonetemperatur@eadingevery minute,andwe areinterestedn estimatinghemean
temperaturever all readingspublishedin the last 90 minutes. This canbe estimatedasthe ratio of
the sumof obseredtemperaturem thelast90 minutesto the numberof obserationsin thelast90
minutes. For estimatingthe sumof temperaturesye considera datastreamwherethe weightw; is
equalto the obsened temperatureandthe sumis estimatedusinga sliding window decayfunction
of 90 minutesduration. For the numberof obserations,we considera datastreamwherefor each
temperaturebseration, thereis an elementwherethe weight equalsto 1, andthe decayedsumis
estimatedver a sliding window of 90 minutesduration.

2. Informally, the decayed -quantileat time c is a value suchthatthe total decayedweight of all
elementsn D whosevalueis lessthanor equalto isa fractionof thetotal decayedwveight. For
example,in thesettingwheresensorpublishtemperaturessachobserationmayhave a“con dence
level” associatedvith it, whichis assignedy the sensar The usermaybeinterestedn theweighted
medianof thetemperatur@bsenrations,wherethe weightis initially the “con dence level” andde-
cayswith time. This canbe achieed by settingthe valuev equalto the obsered temperaturethe
initial weightw equalto thecon dencelevel, = 0.5, andusinganappropriatdime decayfunction.

Sincecomputatiorof exactquantiles(evenin the unweightedcase)in onepassprovably takesspace
linearin the size of the set[23], we considerapproximategquantiles.Our de nition belaw is suited
for the casewhenthe valuesareintegers,andwheretherecould be multiple elementswith the same

. . . . - ; wf (c t)
valuein D. Let therelative rankof avalueu in D attime c bede ned as f"":“"d );)D” V‘\‘I?(C I
VW i 2D

Forauserde ned0< < ,the -approximatalecayed -quantileis avalue suchthattherelative
rankof isatleast andtherelative rank of lislessthan +




3. Frequenﬁtems.Letthe(weighted)relalgi\/e frequeng of occurrenceof valueu attime c bede ned as

tgvwitid)2Djv=ug WF (€ ©)
(v;w;t;id )2D wf (C t)

Thefrequentitemsarethosevalues suchthat ( ) > for somethreshold , say = 2%. The
exact versionof the frequentelementsproblemsrequiresthe frequeng of all itemsto be tracked
preciselywhichis provably expensve to do in smallspacd4]. Thuswe considerthe -approximate
frequentelementgproblem,which requiresusto returnall values suchthat ( ) > andnovalue
Osuchthat ( 9 <

(u) =

4. A selectivityestimationqueryis, givena predicateP (v; w) which returnseitherQ or 1, to evaluateQ
de ned as: P

Q:

(vaytid )2D wP(v;w)f (¢ t) _
(v;w;tid )2D wf(c 1)
Informally, theselectvity of apredicateP (v; w) is theratio of thetotal (decayedyveightof all stream

elementghatsatisfypredicateP to thetotal decayedwveightof all elements.Notethat0 Q 1.
The -approximateselectity estimationproblemis to returnavalue® suchthatj® Qj

An exactcomputatiorof theduplicateinsensitve decayedsumover a generaintegral decayfunctionis
impossiblein smallspacegvenin anon-distrilutedsetting.If we canexactly computea duplicatesensitve
sum,we caninsertanelemente, andtestwhetherthe sumchanges.The answerdeterminesvhethere has
beenobsered already Sinceit is possibleto reconstructll the (distinct) elementobsered in the stream
sofar, sucha sketchneedsspacdinearin the sizeof theinput, in the worstcase. This linear spacdower
boundholdseven for a sketchwhich cangive exactanswerswith a error probability for < 1=2 [3],
andfor a sketchthat cangive a deterministicapproximation3, 20]; suchlower boundsfor deterministic
approximationslsohold for quantilesandfrequentelementsn the duplicateinsensitve model. Thuswe
look for randomizedapproximation®f all theseaggr@ates;asaresult,all of ourguaranteeareof theform
“With probabilityatleastl , theestimatds an -approximatiorto thedesiredaggregate”.

The main contribution of this paperis a generl purposesketc that can estimateall the above ag-
gregatesin a geneal modelof sensordata aggregation—withduplicates,asyntironousarrivals, geneal
decayfunctions anddistributedcomputation.The spacdakenby our sketchis logarithmicin thesizeof the
input data,logarithmicin 1= where is the errorprobability andquadraticin 1=, where is therelative
error Therearelower boundq18] shaving thatthis quadraticdependencen 1= is necessarjor duplicate
insensitve computationsshaving thatour upperboundsarecloseto optimal.

Outline of the Paper After describingelatedwork in Section2, we considetthe constructiorof a sketch
for the caseof integral decayfunctionsin Section3. Althoughsuchfunctionsseeminitially limiting, they

turn outto bethekey to solvingall possibledecayfunctionsef ciently. We obsere thatthesliding window

casecan be solved by our algorithm,and more strongly that the samedatastructurecananswerqueries
over ary sliding window with ary window size over the stream. In Section4, we shav a reductionfrom

an arbitrary decayfunction to the combinationof multiple sliding window queries,anddemonstratdnow

this reductioncan be performedef ciently; combiningthesepiecesshavs the main resultof our paper

thatarbitrarydecayfunctionscanbe appliedto asynchronouslatastreamgo computeaggrgatessuchas
decayedsums,quantilesfrequentelementgor “heavy hitters”), andotherrelatedaggrgates.A singledata
structuresufces, andit turnsout thateventhe decayfunctiondoesnot have to be x ed,but canbechosen
atevaluationtime. We make someconcludingobserationsin Sectionb.
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2 RelatedWork

Thereis alarge bodyof work on dataaggreationalgorithmsin theareasf datastreanprocessing24] and
sensometworks[19, 2, 10]. In this sectionwe suney algorithmsthatachieze someof our goals:duplicate
insensitvity, time-decayingcomputationsandasynchronouarrivalsin adistributedcontext — we know of
no prior work which achieresall of thesesimultaneously

The Flajolet-Martin(FM) sketch[15] is a simpletechniqueto approximatelycountthe numberof dis-
tinctitemsobsered,andhencds duplicateinsensitve. Building onthis, Nath,Gibbons SeshamndAnder
son[25] proposeda setof rulesto verify whetherthe sketchis duplicate-insensite, andgave examplesof
suchsketches.They shavedtwo techniquesFM sketchego computethe COUNT of distinctobserations
in the sensometwork, anda variationof min-wisehashing[7] to drav a uniform, unweightedsampleof
obsered items. Also leveragingon the FM sketch[15], Considine,Li, Kollios andByers[12] proposed
atechniqueto acceleratenultiple updatesandhenceyield a duplicateinsensitve sketchfor the COUNT
and SUM aggrgates. However, thesesketchesdo not provide a way for the weight of datato decaywith
time. Oncean elements insertedinto the sketch, it will staythereforever, with the sameweightaswhen
it wasinsertedinto the sketch; it is not possibleto usethesesketchesto computeaggrgateson recent
obsenrations. Further their sketchesare basedon the assumptiorof hashfunctionsreturningvaluesthat
arecompletelyindependentwhile our algorithmswork with the pairwiseindependenhashfunctions. The
resultsof Cormodeand Muthukrishnan[13] shav duplicateinsensitve computationof quantiles,heary
hitters,andfrequeng moments.They do not considetthetime dimensioreither

Datar Gionis,Indyk andMotwani[14] consideredhow to approximatehe countover aslidingwindowv
of elementsn a datastreamundera synchronousarrival model. They presentedan algorithmbasedon
a novel datastructurecalledexponentialhistagram for basiccounting,andalsothe reductionsrom other
aggrgates,suchassumand ", norms,to usethis datastructure. Gibbonsand Tirthapura[17] gave an
algorithmfor basiccountingbasedbon a datastructurecalledwavewith improved worst-casgerformance.
Thesealgorithmsrely explicitly on synchronousarrivals: they partition the input into buckets of precise
sizes(typically, powersof two). Soit is not clearhow to extendto asynchronousirrivals, which would
fall into an already“full” bucket. ArasuandManku [4] presentedalgorithmsto approximatefrequeny
countsand quantilesover a sliding windowv. The boundsfor frequeng countswererecentlyimproved by
LeeandTing [21]. Babcock,Datar Motwani and O'Callaghan[6] presentedalgorithmsfor maintaining
the varianceandk-mediansof elementswithin a sliding window. All of thesealgorithmsrely critically on
structuralpropertiesof the aggrgate beingapproximatedand usesimilar “bucketing” approacheso the
abore methodsfor counts,meaningthat asynchronousirrivals cannotbe accommodatedEqually in all
theseworks,the questionof duplicate-insensitity is notconsidered.

Going beyond the questionof sliding windows, Cohenand Strauss[11] formalizedthe problem of
maintainingtime-decayingaggreates,and gave strongmotivating exampleswhereotherdecayfunctions
are needed. They demonstratedhat ary generaltime-decayfunction basedSUM can be reducedto the
sliding window decaybasedSUM. In this papey we extend this reductionand shaw howv our datastruc-
ture supportsit ef ciently; we also extendthe reductionto generalaggrgatessuchasfrequeng counts
and quantiles,while guaranteeingluplicate-insensitity andhandlingasynchronousirrivals. This arises
sincewe studyduplicate-insensite computationgnotaconsideratiorin [11]): performinganapproximate
duplicate-insensite count(evenwithout time decay)requiresrandomizatiorin orderto achiee sublinear
spacd3].

Babcock,Datarand Motwani [5] gave simplealgorithmsfor draving a uniform samplefrom a sliding
window. To drawv a sampleof expectedsize s they keepa datastructureof size O(slogn), wheren is



the numberof itemswhich fall in thewindow. Recently Aggarwal [1] proposedanalgorithmto maintain
a setof sampledelementsso that the probability of the rth mostrecentelementbeingincludedin the set
is (approximately)proportionalto exp( ar) for a chosenparametemm. An openproblemfrom [1] is to

be ableto drav sampleswith an arbitrarydecayfunction, in particular oneswherethetimestamps<anbe
arbitrary ratherthanimplicit from the orderof arrival. We patrtially resohe this question:for anintegral

decayfunction, our algorithm maintainsa samplesuchthat the probability of retainingary item in the
sampleis proportionalto its currentdecayedveightand,with high probability this sampleis large enough
to accuratelyestimatausefulstatistics.

GibbonsandTirthapura[16] introduceda modelof distributed computatiorover datastreamsEachof
mary distributed partiesonly obseres a local streamand maintainsa space-e€ient sketchlocally. The
sketchescanbe meged by a centralsite to estimatean aggregate over the union of the streams:in [16],
they consideredheestimationof the sizeof theunionof distributedstreamsor equivalently the numberof
distinctelementsn the streams.This algorithmwasgeneralizedy PavanandTirthapura[26] to compute
theduplicate-insensve sumaswell asotheraggrgatessuchasmax-dominanceorm. Tirthapura Xu and
Busch[27] proposedheconcepbf asynchronoustreamsandgave arandomizedalgorithmto approximate
the sumandmedianover a sliding window. Here,we extendthis line of work to handlebothgeneraldecay
andduplicatearrivals.

3 Aggregatesover an
Integral DecayFunction

In thissectionwe considerasketchfor duplicateinsensitve decayedggregationover atime decayfunction
f (), suchthatthe decayedwveightw f (c t) is alwaysaninteger We rst describethe intuition behind
our sketch.

3.1 High-level description

Recallthat R denoteghe obsered streamandD denoteghe setof distinctelementsn R. Thoughour
sketchcanprovide estimate®f mary aggrgatesfor theintuition, we supposdhatthetaskwasto answera
gueryfor thedecayedsumof elementsn D attime , i.e.
X
V = wif ( t):
(v;w;t;id )2D

Let wmax denotef (0) timesthe maximumweight of ary elementandid nax the maximumvalue of id.
Considetthefollowing hypotheticaprocesswhich happenstquerytime . This processiescriptionis for
intuition only, andis not executedby the algorithm. For eachdistinct streamelemente = (v;w;t; id), a
rangeof integersis de ned as

re = [Wmax 1d; Wmay id + wf ( t) 1]

Note thatthe size of the rangeis exactly wf ( t). Further if the sameelemente appearsagainin the
stream,an identical rangeis de ned, andfor elementswith distinct valuesof id, the de ned rangesare
disjoint. Thuswe have the following obsenration.



Obsewation 3.1.

X [
wi ( t) = le
e=(v;w;t;id)2D e2R
Theintegersin r, areplacedin randomsampleslo; T1;:::; Ty asfollows,whereM is of theorderof

l0g(Wmax  i1dmax ), which will be preciselyde ned later Eachintegerin r is placedin sampleTg. For
i = 0:::M 1, eachintegerin T; is placedin Tj+; with probability approximatelyl=2 (the probability
is not exactly 1=2 dueto the natureof the samplingfunctions,which will be madepreciselater). The
probabilitythatanintegeris placedin T; ispi  1=2'. ThenthedecayedsumV canbeestimatedisingT;
asthe numberof integersselectednto T;, multiplied by 1=p. Notethatthe expectedvalueof anestimate
usingT; is V for everyi, andby choosinga “small enough”i, we cangetanestimatefor V thatis closeto
its expectatiornwith high probability

We now discusshow our algorithm simulatesthe behaior of the above processunderserere space
constraintandunderonlinearrival of streamelementsOvercountingdueto duplicateds avoidedthrough
samplingbasedon a hashfunction h, which will be preciselyde ned later If anelemente appearsagain
in the streamthenthe samesetof integersr , is de ned (asdescribedabore), andthe hashfunctionleads
to exactly the samedecisionasbeforeaboutwhetheror not to placeeachintegerin T;. Thus,if anelement
appearsnultiple timesit is eitherselectednto the sampleavery time (in which caseduplicatesaredetected
anddiscardedbr it is never selectednto the sample.

Anotherissueis thatfor anelemente = (v;w;t; id), thelengthof the de ned ranger . is wf ( t),
which canbe very large. Separatelysamplingeachof the integersin r . would requireevaluatingthe hash
functionwf ( t) timesfor eachsample which canbe very expensve time-wise,andexponentialin the
sizeof theinput. So,we malke useof thetime-efcient Rang-Samplingechniquejntroducedin [26] to
samplethe wholeranger, quickly in time O(logjr.j), throughtaking adwantageof the structurepresent
in the pairwiseindependenhashfunction h. Further all integersin r, that have beensampledinto T;
arestoredtogether(implicitly) by simply storinganelemente in T; wheneer atleastoneintegerin r is
selectednto T;.

Evenwith the abore RangeSamplingtechniquat is impossiblefor the algorithmto computeandstore
the samplesT; in exactly themannerdescribedabove. First of all, the querytime , andhencethe weight
of anobseration, wf ( t), is unknavn at the time the elementarrivesin the stream.To overcomethis
problem,we notethattheweightattime ciswf (c t), whichis a strictly non-increasindunctionof c. It
is possibleto identify an“expiry time” for e atlevel i, expiry(e;i) suchthataslongasc < expiry(e;i) the
ranger ¢ hasat leastoneinteger selectednto T;, andfor ¢ expiry(e;i), rg hasno integersselectednto
Ti. Thisway, we cantage with its expiry time whenit arrives,andretainit in T; only aslong asthe current
time < expiry(e;i). For ary future queryarriving attime expiry(e;i), anestimatefor the sumusing
Ti will neverusee.

Next, for smallervaluesof i, T; maybetoo large, andhencetake too muchspace.Herethe algorithm
storesonly the subsetS; of atmost elementsf T; with the largestexpiry times,anddiscardshe rest(
is a parametethatdepend®n the desiredaccurag). Notethatthe largestelementf ary streamcanbe
easilymaintainedncrementallyin onepassthroughthe streamwith O( ) space.Let the samplesactually

the gure. We assumea time decayfunctionwherethe decayedveightof element(w;;t;;id;) attimet is

e be*-c. Theexpiry time of &, denotecby exp;, is theearliestime t atwhich! ! equalszero.Suppose

thecurrenttimec = 15.
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Figurel: An examplestreamwith 6 elementsandits sketchf Sg; S1; S,; Szg for the decayedsum. The
currenttimeis 15. Thedecayedveightof e attimet is denotedby ! !, the expiry time of & is denotedby
exp;. Theelemente, in thedashedox indicateshatit wasdiscardedrom Sy dueto anover ow.

Thecurrentstateof thesketchis shavnin the gure. At thecurrenttime, e; andes have expired.e; and
eg do notappealin thesketch,becausehey areduplicatesof e4 andes respectiely. Amongtheremaining
elementse,; e4; €5; €5, Only the = 3 elementswith the largestexpiry timesareretainedin Sp; thuse, is
discardedrom Sy. Fromthe setf e; €4; €5; €50, asubsef e4; e5; e5g is (randomly)selectednto S; based
on the hashvaluesof integersin réf’, andsincethereis enoughroom, all thesearestoredin S;. Only es is
selectednto S, andno elements selectednto level 3.

Whena queryis posedfor the sumat time 15, the algorithm nds the smallesinumber  suchthatthe
sampleS- hasnot discardedary elementwhoseexpiry time is greaterthan15. For example,in Figurel,
" = 1. Notethatatthislevel, S = T-, andsoS- canbeusedto answerthe queryfor V. Theintuition of
choosingsucha smallest is thatthe expectedsamplesizeat level * is the largestamongall the samples
thatcanbe usedto answerthe query andthelargerthe samplesizeis, the moreaccuratehe estimatewill
be. Further it canbe shavn with high probability the estimatefor V usingS- is within the desiredrelative
error

3.2 Formal Description

hashfunction chosenfrom a 2-uniersalfamily of hashfunctionsasfollows (following Carterand Weg-
man[9]). Let = Wmax(idmax + 1). Thedomainof his[1::: ] . Choosea prime numberp suchthat

Computation of expiry(e;i) For ary elemente = (v;w;t;id) andlevel O i M, the function
expiry(e;i) returnghetimet suchthatfor c < t, RangeSampleg;i) > 0,andforc  t, RangeSampleg;i) =
0. Notethat

ré= Wmax id;Wmax id+w f(c t) 1]

Sincef (¢ t) is anon-increasindunction of ¢, theranger ¢ shrinksmonotonicallyasc increasesSince
RangeSamples; i) is exactly the numberof pointsfrom r$ thatareselectednto T; by the hashfunction,



Initialization:
1. Randomlychoosea hashfunctionh asdescribedn Section3.2
2.ForO i M,S ot 1.
I t; is themaximumexpiry timeamongall theelementsliscadedsofar at level i

When a newitem e = (v;w;t; id) arrives:
ForO i M
1. If (e2 §;), thenreturn;// eis aduplicate
2. If (expiry(e;i) > maxfc;tig)
@sS SIfeg
(b) If jSijj > then// over ow
I. ti  mings; expiry(e;i)
i. S Sinfeexpiry(e;i) = tig
To mergetwo sketchesS, S&
ForO i M
1.5 S[SP
2.t maxft;;t%
3. WhilejS;j > do
(@) ti  mings, expiry(e;i)
(b) Si  Sinfejexpiry(e;i) = tig

Figure2: GeneralSketchAlgorithm over anIntegral DecayFunction

it is alsoa non-increasingunctionof c. If limy;  f (t) = fin > 0, andRangeSamplel ;i) > 0, then
we de ne expiry(e;i) = 1 ,i.e. e never expiresfrom level i. Similarly, if RangeSample?;i) = 0, then
expiry(e;i) is de nedto be0, ande never belongsto level i. Else,we cancomputet usinga binarysearch
ontherangeof possibleimes]t; t + tmax ] Wheretmax is thesmallest®suchthatf (t = f min .

If e never expires, we determinethis with a single call to the function RangeSampleeclsewe male
O(logt) = O(log tmax ) evaluationsof RangeSamplel hetime compleity of thecomputatiorof expiry(e;i)
is thereforeO(log tmax 100 Wmax ), sinceO(log Wmax ) boundsthetime costof RangeSamplelhesketchS
for anintegral decayfunctionis the setof pairs(S;;tj), fori = 0::: M, whereS; is thesampleandt; is
thelargestexpiry time of ary elementdiscardedrom S; sofar.

Lemma 3.1. ThesampleS; is order insensitive;it is unafectedby permutingthe order of arrival of the
streamelementsThesamples alsoduplicateinsensitivejf the sameelement is observednultipletimes,
theresultingsampleis the sameasif it hadbeenobservednly once

Proof. Orderinsensitvity is easyto seesinceS; is the setof elementsin T; with the largest expiry
times, andthis is independentf the orderin which elementsarrive. To prove duplicateinsensitvity, we
obserethatif thesameelemene = (v;w;t; id) is obseredtwice,thefunctionexpiry(e;i) yieldsthesame
outcome andhenceT; is unchangedirom which S; is correctlyderived. O

Lemma 3.2. Supposdéwo samplesS; and SP were constructedusing the samehashfunctionh on two
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differentstreamsR andR°respectivelyThenS; and Si0 canbememgedto givea sampleof R [ R®

Sletch. To meigesamplesS; andSPfrom two (potentiallyoverlapping)streamsR andR° we obsere that
therequiredith level sampleof R[ RCis asubsebfthe elementsith thelargestexpiry timesin T; [ TY,
after discardingduplicates.This caneasilybe computedrom S; andSP. The formal algorithmis givenin
Figure2. O

Sinceit is easyto meigetogetherthe sketchedrom distributed obserers, for simplicity the subsequent
discussions framedfrom the perspectie of asinglestream.\We notethatthe sketchresultingfrom meging
S andSPgivesthe samecorrectnesandaccurag with respecto R [ R%asdid S andS°with respecto R
andRCrespectiely.

Lemma 3.3 (Spaceand Time Complexity). The spacecompleity of the sketch for integral decayis
O(M ) units, wher ead unit is an input observation(v; w; t; id). The expectedtime for eat update
isO(logw(log + logtmax l0gWmax)). Merging two sketchestakestime O(M ).

Sletch. The spacecompleity follows from the factthat the sketchconsistsof M + 1 samplesandeach
samplecontainsat most streamelements. For the time complity, the sampleS; can be storedin a
priority queueorderedby expiry times. To inserta newv elemente into S;, it is necessaryo computethe
expiry time of e asexpiry(e;i) once.Thistakestime O(log Wmax 10gtmax ). Notethatfor eachelementg,
we cancomputeits expiry time atlevel i exactly onceandstoretheresultfor lateruse.An insertioninto S;
may causeanover ow, which will necessitatéhediscardingof elementsvith the smallesiexpiry times.In
theworstcaseall elementsn S; may have the sameexpiry time, andmay needto be discardedleadingto
acostof O( + logWmax l0gtmax) for Sj, andaworstcasetime of O(M ( + logWmax l0gtmax)) in total.
But theamortizedcostof aninsertionis muchsmallerandis O(M (log + l0gWmax 10gtmax )), sincethe
total numberof elementgdiscardeddueto over ow is no morethanthetotal numberof insertionsandthe
costof discardingan elementdueto over ow canbe chagedto the costof a correspondingnsertion. The
expectednumberof levelsinto whichtheelemente = (v;w;t; id) isinserteds notM , but only O(log w),
sincethe expectedvalue of RangeSampleg;i) = pijrdj w=2. Thusthe expectedamortizedtime of
insertionis O(logw(log + logtmax 10gWmax)).

Two sketchescanbemeigedin time O(M ) sincetwo priority queuegimplementecasmax-heapspf
O( ) elementsachcanbe megedandthe smallesielementsliscardedn O( ) time. O

3.3 Computing Decayed AggregatesUsing the Sketch

We now describehow to computea variety of decayedaggr@atesusingthe sketchS. Fori = 0::: M, let
p = bpzT'C denotethesamplingprobabilityatleveli.

Decayed Sum We bggin with thedecayedsum:

X
V = wf (¢ t):
(v;w;t;id)2D

For computingthedecayedum,let themaximumsizeof asamplebe = 60= 2, andthemaximumnumber
of levelsbeM = dogwmax + l0gidmax €.

10



When queried for the decayed sum at time c:
1. "= minfij0 i M;tj cg
2. 1f° doesnot@dst,thentlBaalgorithmfaiIs,return.
3.1f° exists,thenreturnp% o s. RangeSampleg;”

Figure3: Duplicatelnsensitve Sumover a Sliding Window

Theorem 3.1. Thealgorithmin Figure 3 yieldsanestimator{ of V sucthatPr[j¥ Vj< V]> % The
timetakento answera queryfor thesumis O(logM + 3 logwmax ). Theexpectedimefor eac updateis
O(logw(log 2 + 10gtmax 10gWmax )). Thespacecompleity is

O(_:LZ(IOQ Wmax + l0gidmax)):

Proof. We shawv the correctnes®f our algorithmfor the sumthrougha reductionto the range-etient
algorithmfor countingdistinctelementdrom [26] (we referto this algorithmasthe PT algorithm,for the
initials of the authorsof [26]). Supposea queryfor the sumwasposedat time ¢c. Considerthe stream
I = frgje 2 Rg, whichis de ned ontheweightsof the differentstreamelementsvhenthe queryis posed.
FromObsenration3.1,wehave|[ ;o rj= V.

Considerthe processingf the streaml by the PT algorithm. The algorithm samplesthe rangesin
| into differentlevels using hashfunction h. Whenasled for an estimateof the sizeof [ ;5 r, the PT
algorithm usesthe smallesgevel, say 0 suchthatthe jfe 2 DjRangeSample¢; 9 > 0Ogj , and
returnsanestimatey = ﬁ 2D RangeSample¢; 9. FromTheoreml in [26], Y satis esthe condition
PrjY Vj < V] > 2=3if we choosethe samplesize = 60= 2, andnumberof levels M suchthat
M > l0gVmax WhereVmax is anupperboundonV. SinceWmaxidmax IS anupperboundonV (each
distinctid cancontrilute at mostwmax to thedecayedsum),our choiceof M satis estheabove condition.

Considerthe sampleS- usedby the algorithmin Figure 3 to answera query for the sum. Suppose
* exists, then ™ is the smallestinteger suchthat t- c. Foreveryi < 7, wehaet; > c, implying
that S; hasdiscardedat leastone elemente suchthat RangeSampleg;i) > 0. Thusfor level i < °,
it mustbe true that jf §RangeSampleg;i) > Ogj > , andsimilarly for level °, it mustbe true that
jf §RangeSamples; ) > 0gj . Thus,if level > exists,then” = ° andthe estimatereturnedby our
algorithmis exactly Y, andthe theoremis proved. If © doesnot exist, thenit mustbe true that for every
leveli;0 i M,jfe2 DjRangeSampleg;i) > Ogj > , andthusthePT algorithmalsofailsto nd an
estimate.

For thetime complity of aquery obsere that nding therightlevel * canbedonein O(log M) time
by organizingthet;sin a searchstructureandonce” hasbeenfound,the function RangeSampl(g hasto
becalledontheO( ) elementsn S-, whichtakesafurtherO(log wmax ) time percall to RangeSamplg.

Theexpectedime for eachupdateandthe spacecompleity directly follows from Lemma3.3. O

We note that typically one wantsa guarantedhat the failure probability is % To give sucha

guaranteewe cankeep (log 1= ) independentopiesof the sketch (basedon differenthashfunctions),
andtake themedianof theestimatesA standardChernof boundsagumentshavs thatthe medianestimate
is accuratavithin V with probabilityatleastl

Selectvity Estimation Recallthe de nition of selectvity estimationfrom the Introduction. In orderto
estimateselectvity, we useour sketchto nd asampleS- suchthatS: is thelowestnumberedgsamplethat
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hasnotdiscardedary elementvhoseexpiry time exceeds, andevaluatethe selectvity of P over elements
in S-. We amguethatthis accuratelyestimateshe selectvity over thewhole stream.Theformal algorithm
is givenin Figure4. Next we shav thatfor selectvity estimationsetting = 492= 2 andthe maximum
numberof levelsbeM = dogwmax + l0gidmax € we cangetTheorem3.2.

The following processonly helpsvisualizethe proof, and is not executedby the algorithm. Since
the sketchis duplicateinsensitve (Lemma3.1), we simply considerstreamD, which is the setof dis-
tinct elementsin streamR. At querytime ¢, streamD is convertedto be a streamof intenals D © =
fre(d)j(v;w;t;id) 2 Dg, whererg(d) = [Wmax id; Wmax id+ w f(c t) 1]. StreamD?is ex-
pandedto form streaml of the constituentintegers. For eachintenal [x;y] 2 D° streaml consistsof

letl" = fx 2 re(d)jd = (v;w;t;id) 2 D;p(v;w) = 1gandV®= jlI 9. Notethat!®© | andtheselec-
tivity with predicatep(v;w) isQ = Vvo of which we computean estimateQ®. Recallthatthe samplesize
= C= 2, whereC is aconstanto bedeterminedhroughthe analysis.

Fact3.1. Foranyi 2 [0:::M], 53 pi # (Fact1in[26])
Lemma3.4.1fjDY ,thenQ = QO

Proof. If jDY , all therc(d) 2 D%canbeimplicitely storedin S, i.e., all unexpired streamelements
canbestoredin Sp, which canreturnthe exactQ. O

Thus,in thefollowing partof the proof, we assumgD § >

De nition 3.1. Foreahe?2 |, foreadleveli = 0;1;:::; M, randomvariablex;(e) is de nedasfollows:
if h(e) 2 [0;bp2 '], thenx(e) = 1; elsex;(e) = 0.

De nition 3.2. Fori = 0;1;:::; M, T; is the setconstructedy the following probabilistic process.Start
with T; . If there existsat leastoneintegery 2 r¢(d), whered 2 D, sud thatx;(y) = 1, insertd into
Ti.

NotethatT; is de ned for the purposeof the proof only, but the T; s arenot storedby the algorithm. For
eachlevel i, thealgorithmonly storesatmost elementswith largestexpiry time.

- , P P
Denition 3.3. Fori = 0;1;:::5;M, Xi = 5 g Xi(Y), X0 = y2re(d)pvw)=1 Xi(y), wheed =

(v;w;t;id) 2 D.

Lemma3.5. Foranye 2 r¢(d);d 2 D, E[xi(e)] = pi, fi(e) =p(l p),0 i M.
Proof E[xi(e)] = Pr[xj(e) = 1]= Pr[0 h(e) bp2 ‘c]= bp2 ic= p.
S = EXF(®] E[xi(e)]*= Prix¥(e) = 1] Prxi(e)=1F=p p’=p(l p) O

Lemma3.6. Fori = 0;1;::::M,E[Xi]= pV, )2<i =p@ p)V,EXI=pVe )2(i0: pil p)VO

P
Proof. E[Xi]= E[ y2re(d) XiY)] = jfy 2 re(d)jd 2 Dgj E[xi(y)] = piV. Sincex;(y)'s arepairwise
independentandomevariables,we have: >2<i = jfy 2 re(d)jd 2 Dgj )%i()/) = pi(l p)V. Similary
EXJ=pVS Zo=p@ p)VOaretrue. 0

De nition 3.4. Fori = 0;1;:::;M, de neeventB; to betrueif Q°62[Q ; Q + ], andfalseotherwise;
de neeventG; to betrueif (1 =2)pivV  X; (1+ =2)p;V, falseotherwise
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De nition 3.5. Let” 0 beaninteger sud thatE[X- ] =2andE[X: ]> =4
Lemma3.7. Level” isuniquelyde nedandexistsfor everyinputstreamD .

Proof. SincejDY > ,E[Xo]> . By thede nition of M = 10gWmax idmax , it mustbetruethatV < 2M
for ary inputstreamD, sothatE[X ] 1. Sincefor everyincrementn i, E[X] decreaseby afactorof
2,theremustbeauniquelevel 0< ° < M suchthatE[X-] =2andE[X-] =4 O

Fromnow onwe considerthe casewith 0 < Q  1=2. By the symmetry similar proof exists for the
casewith 1=2 Q < 1. ObviouslythealgorithmcanreturnQ®= Q, if Q 2 f0; 1g.

Thefollowing lemmashaws thatfor levelsthatarelessthanor equalto * , Q@is verylikely to beclose
to Q.
Lemma3.8. ForO0 =~ |

‘<%
Pr[B-] c 2 7}

Proof.

Pr(B:] = Pr[G " B:]+ Pr[G " B']
Pr[B-jG] Pr[G:]+ Pr[G:] Pr[B:jG:]+ Pr[G-] (1)

UsingLemmas3.9and3.10in Equationl, we get:

5

PrB-]< — >
Bl<e7 =

Lemma3.9. ForO0 = 1

e 5 3
Proof. By Lemma3.6, x. = pV, >2< =p( p)V,byChebyshesinequality we have

Pr[G-] <

Pr[G-] PrIX-< (1 (=2) x._X->(1+(=2) x-]
= PrixX-  xj>(=2) «x]
2
ﬁﬂl p)= (=2> «x.
1 1
(=22 x. C 2 4

Thelastinequalityduestothefact: x. 2  x. >2  =4=2  2C=2 usingFact3.1 O
Lemma3.10.For0 -~

PI’[B‘]G‘] < m
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Proof.
PrB-jG-]= PriQ < Q° jG:]+ Pr[Q > Q%+ jG]

Theproofwill consistof two parts,Equation2 and3.

P+ < QIGT< x5 @)
PIQ > QIGT< x5 @

P
Proof of Equation 2: LetY = y2Iox\(y) = Q%- > (Q+ )X-. By Lemma3.6,wehae y =
pVQ, $ = p(1 p)VQ. UsingChebyshe'sinequalityandthefactX- (1 =2)p-V, wehavethe
following,

PriQ+ < QJG] PrlY > (Q+ )X:G']
Prity > (Q+ )X )" G']

PriG-]
PrlYy > (Q+ )1 =2)pV]
PriG]
_ Prly  v>(Q+ )1 =2)pV  v]
B Pr[G]
$ =Pr[G-]
[(Q+ )1 =2pV 2
p(l p)VQ _ i
@+ ) =2pv pvQe el
4 1 1
2DV =Pr[G-] < c o =1 c o
< 1
C 2 5

Thelastthreeinequalitiesusethefacts:(1 p)Q< 1, (Q+ )1 =2) Q+ =2dueto0< <
Q 1=22,pV>2 =4 andchoosingC 32
Proof of Equation 3: By symmetrytheproofis similarastheonefor Equation2.

Therefore, 1
‘- N < T ———
Pr[B-jG-] c 2 5

Lemma3.11. o
X 160
Pr[B-]< —
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Proof. Theproofdirectlyfollows from Lemma3.8.

X X 5 80X
=0 =0 C i=0

Lemma 3.12.
Pr[ > ]< <

Proof. If > 7, it followsthatX-» > jT-»j > , elsethealgorithmwould have stoppedatalevel lessthan
orequalto*?. Thus,Pr[' > *?] Pr[X-» > ]. LetY = X-». By Lemma3.6,Chebyshe's inequalityand
thefact v < =2, wehave

2
C o7 _ _y_p@ p)V_1p
P[> Priy> ] Pr[Y>2y]=PIlY v> y]= —:2:_ VRNV

Since v = pV > =4, wehave

Pl > 7] < 4= =

1 p
=4

O

Theorem 3.2. TheAlgorithmin Figure 4 yieldsan estimated of Q suh thatPr[jO Qj < ]> 2=3. The
timetakento answera queryfor theselectivityof P is O(logM + 3 logWmax ). Theexpectedimefor eadh
updateis O(logw(log % + 10gtmax 10gWmax )). Thespacecompleity is O( 3 (109 Wimax + 10gidmax)):

Proof. Letf denotetheprobabilitythatthealgorithmfailsto returnan -approximateselectvity estimation
of D. UsingLemmas3.11and3.12,we get:

4
f = Pr[[>M]+Pr[ ( =1i)"Bj]
i=0
o, X 164 1 _
Pr[> > "]+ Pr[Bi] < < = 5; by choosingC = 492

i=0

Thequerytime compleity analysiss similarto the onefor thesumin Theoren3.1. The expectedime for
eachupdateandthe spacecomplity directly follows from Lemma3.3.
O

As in the sum case,we canamplify the probability of succesgo (1 ) by taking the medianof
(log 1=) repetitionsof the datastructure(basedn differenthashfunctions).

Theorem 3.3. We cananswerthe -apploximate -quantilesand frequentitemsproblemsusingthe same
sketch datastructue, in timeO(log M + 3 log(“mex)). Theexpectedimefor eac updateis O(log w(log 1+
l0g tmax 10gWmax )). Thespacecompleity is O(= (109 Wmax + 10gidmax)):

Sletch. Theexpectedime for eachupdateandthespacecompleity directlyfollowsfrom Lemma3.3. Now
we shav how to reducea sequencef problemsto instance®f selectvity estimation.
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When queried for the selectvity of P at time c:
1. "= minfij0 i M;tj cg
2. If * doesnotexist, thenthealgorithmfails, return.
3. If * exists,thenreturn
¥ (v )25, RANGESAMPlES;) P (viw)
" e2s. RANgESamples:)

Figure4: Selectvity Estimationover anlntegral DecayFunction

A rankestimatiomueryfor avalue asksto estimatehe (weighted)fractionof elementsvhosevalue
v isatmost . Thisis encodeddy apredicateP suchthatP (v;w) = 1if v , else0. Clearly
this canbe solved usingthe above analysiswith additive erroratmost .

The medianis theitem whoserankis 0.5. To nd the median,we canbinary searchor the smallest

suchthattherankof is 0.5or higher usingthe selectvity of theP predicate.We poseat most
logVvmax queriesin our binary searchandby the union bound,they all succeedvith probability at
least(l )logVmax-

Quantilesgeneralizeghemedianto nd itemswhoseranksaremultiplesof , e.g.thequantileswhich
areelementsat ranks0.2,0.4,0.6 and0.8. Again, by binary searchingor eachonein turn, we can
nd themwith additive error .

Thefrequenitemsproblemcanalsobesolved usingselectvity queries.Value is afrequentitem iff

the selectvity of the predicate'P- (v;w) = 1if v= "is ormore. Thealgorithmfor frequent
elementscan checkthe selectvity of every value occurringwithin sampleS-, andcheckif ary of

themhasa selectvity above thedesiredthreshold.

We notethata fasterway to computethe medianandquantilesis to computethe requiredquantilesof
an appropriateveightedsampleS: where’ is de ned (asbefore)asthe smallestinteger suchthatt-  c.
Theresultof this computatioris the sameasthatfoundby themethodabore, but is fasterto compute.Thus,
aftercomputingthesampldevel andRangeSamplesalueswe cansortthesampleby valueandsocompute
frequentitemsandquantilesjncurringanadditionalO( log ) costoverthetime compleity of selectvity
estimation. O

4 General DecayFunctions
via Sliding Window

4.1 Sliding Window Decay

Recallthata sliding window decayfunction,givenawindow sizeW, isde nedasf w(x) = 1if x < W,
andfw (x) = 0 otherwise.As alreadyobsered, the sliding window decayfunctionis a perfectexample
of anintegral decayfunction, and hencewe canusethe algorithmfrom Section3. It alsosimpli es the
applicationof thealgorithmsomavhat: we caneasilycomputetheexpiry time of ary element; ast; + W.
We can prove a strongerresultthough: If we setf (x) = 1 alwayswheninsertingthe element.i.e., the
elementnever expires,anddiscardthe elementwith the oldesttimestampw~zhenthe sampleis full, we can
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Figureb5: Reductiorof generaldecayfunctionsto slidingwindow: (a) asampledecayfunction(b) breaking
the decayfunction into sliding windows every timestep(c) computingsliding windows only for stored
timestamps.

keepasingledatastructurethatis goodfor anyslidingwindow sizeW < 1 , whereary W canbespeci ed
afterthedatastructurehasbeencreatedio returna goodestimateof the aggreates.

Theorem4.1. Our datastructue cananswersliding windowsumandselectivityquerieswhee the param-
eterW is providedat querytime Preciselyfor = O(3) andM = O(log Wmax + 0gidmax), wecan
provide an estimateV of the decayedsumV sud thatPr[j¥  Vj < V1> 2 andanestimateQ of the
selectivityQ, sudh thatPr[j@ Qj< ]> % Thetimeto answerbothqueriesis O(logM + ).

Proof. Obsere thatfor all parameter$V, the expiry order is thesame:e; expiresbeforeey if andonly if
tj < tx. Sowe keepthe datastructureasusual,but insteadof aggressiely expiring items,we keepthe
mostrecentitemsateachlevel i asS;. Lett; denotethelargesttimestampof the discardedtemsfrom level
i. Weonly have to updateS; whenanew itemarrivesin thelevel. If therearefewerthan itemsatthelevel,
weretainit. Else,we eitherrejectthenew itemif t  t;, or elseretainit, ejecttheoldestitemin theS;, and
updatet; accordingly For bothsumandselectiity estimationwe nd thelowestlevel whereno elements
whichfall within thewindow have expired—thisis equivalentto thelevel * from before.Fromthislevel, we
canextractthesampleof itemswhichfall within thewindow, which areexactly the setwe would have if we
hadenforcedthe expiry times.Hence we obtaintheguaranteethatfollow from Theorems3.1and??. The
runningtime is slightly fasternow: sincewe computethe expiry timet + W onceandfor all, atinsertion
time we canalsocomputeandstorethevalueof the RangeSampleredicataun on theinsertedrange ,and
sodo notneedto recomputehis at querytime. O

Similarly, we canamplify the probability of successo 1 by takingthemedianof (1 =) repetitions
of thedatastructureseachof whichis basedn differenthashfunctions.

4.2 Reductionfrom General DecayFunction to Sliding Window Decay

We now give a reductionfrom the problemof computingthe decayedsum using a generaltime decay
functionto the problemof computingthesumover aslidingwindow. Therandomizedeductiongeneralizes
a(deterministicideafrom CohenandStrausg11]: rewrite thedecayedcomputatiorasthe combinationof
mary sliding window queries(over differentsizedwindows). We further shawv how this reductioncanbe
donein atime-efcient manner

Selectvity Estimation

Lemma 4.1. Arbitrary decayfunctionselectivitiesestimationcan be rewritten as the combinationsof at
most2c sliding windowqueries whetee c is the currenttimevalue
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Sletth. Let the setof distinct obserationsin the stream(now sortedby timestampshe D = he; =
(Vi;wq;ty;id); € = (Vo; Wo;to;ido); i en = (Vn;Wn;th;idyp)i. Thedecayedselectvity of P attimec
usingadecayfunctionf is de nedas

X X
Q= w P(v;w) f(c t)= w f(c t); (4)
(v;w;t;id)2D (v;w;t;id)2D
andcanberewrittenasQ = A=B, where:
0 1
X0 n X
A=f(c t1) wP(vi;w)+ @f(c t) f(c t+ 1) P (vi; wi)wi A
i=1 t=t1+1 fijti tg
0 1
xn Xn X
B=f(c t1) w+ @f(c t) f(c t+ 1) wiA
i=1 t=t;+1 fijti tg

We computeA andB separately;rst, consideiB, whichis equivalentto V, thedecayedumunderthe
functilgnf . Write VW for thedecayedumunderthe slidingwindow of sizeW . We cancompute
V="1un [f(c t) f(c t+1)] Ve, usingtheslidingwindow algogfhmfor the sumto esti-
mateeachV® !, fromt = t;+ 1till t,. Wealsoadd( ; w;)f (c t1), bytracking ;w; exactly. Applying
our algorithm,eachsliding window queryV Y is accurateupto a(l ) relative errorwith probability at
leastl ,sotakingthesumof (t, t1) csuchqueriesyieldsananswerthatis accuratevitha(l )
factorwith probabilityatleastl ¢ , by the unionbound. Similarly, A canalsobe computedby using
thesliding window algorithmfor the sum. Further Theoremd.limplieseachsliding window queryin A is
accuratauptoa( V) additve errorwith probabilityatleastl , whichfurtheryieldsanestimatefor A
with theaccurag upto (V) additive errorwith probabilityatleastl ¢ . Combiningthe estimategor
A andB andusing = O(1= ?), we getjQ® Qj with probabilityatleast(l 2c ), whereQCis the
estimateof A=B . To givetherequiredoverall probabilityguaranteeye canadjust by afactorof 2c. Since
thetotal spaceandtime taken dependonly logarithmicallyon 1=, scaling by afactorof 2c increaseshe
spaceandtime costshy afactorof O(log ). O

Theorem4.2. We cananswerselectivityquerieswith arbitrary decayfunctionsin time
OM log(M)log(M log¥-))to nd & sothatPr[jQ &j> ]<

Proof. Implementingthe abore reductiondirectly would be too slow, dependindinearly on the rangeof

timestampsHowever, we canimprove this by makingsomeobsenrationson thespeci csof ourimplemen-
tation of the sliding window sum. Obsenre thatsinceour algorithmstoresat most timestampsat eachof

M levels. Soif we probeit with two timestampd; < ty suchthat, over all timestampsstoredin the S;

samplesthereis notimestampt suchthatt; < t  ti, thenwe will getthe sameanswerfor both queries.
Let t‘i denotethe j th timestampin ascendingrderin S;. We cancomputethe exact samevalue for our
estimateof (4) by only probingat thesetimestampsas:

X | | |
(f(c th) fc t*yved (5)
i=0  j=1

e
<t
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wherefor0 i M, tM" denoteshe smallest(oldest)timestampof theitemsin S;, andt™ = c+ 1,
wherec is the currenttime (this avoids somedoublecountingissues).This processs illustratedin Figure5:
we shaw the original decayfunction, and estimationat all timestampsand only a subset. The shaded
boxes denotewindow queries:the lengthis the size, W of the query andthe heightgivesthe value of
fic th) f(c t*.

We needto keepb = log M— independentopiesof thedatastructurg(basedndifferenthashfunctions)
to give the requiredaccurag guaranteesWe answera query by taking the medianof the estimategrom
eachcopy. Thus,we cangeneratdhe answelby collectingthe setof timestampgrom all b structuresand
working throughthemin sortedorderof receng. In eachstructurewe canincrementallywork through
level by level: for eachsubsequenimestampwe modify theansweifrom the structurethatthis timestamp
originally camefrom (all otheranswersstaythe same). We cantrack the medianof the answersn time
O(log b): we keepthe b answersn sortedorder andonechangesachstep,which canbe maintainedby
standardlictionarydatastructuresn time O(log b). If we exhaustalevel in ary structurethenwe move to
thenext level and nd theappropriategplacebasedon the currenttimestamp.in this way, we work through
eachdatastructurein a singlelinear pass,andspendtime O(log b) for every time stepwe pass. Overall,
we haveto collectandsortO(M b) timestampsandperformO(M b) probessothetotaltime requiredis
boundedby O(M blog(M b)). Thisyieldstheboundsstatedabove. O

Onceselectvity canbe estimatedwe canusethe samereductionsasin the sliding window caseto
computetime decayedanks,quantiles andfrequentitems,yielding the sameboundsfor thoseproblems.

Decayed Sum Computation We obsere that the maintenancef the decayedsumover generaldecay
functionshasalreadybeenhandledasa subproblenwithin selectvity estimation.

Lemma4.2. Arbitrary decayfunctionsumcanberewritten asthecombination®f at mostc slidingwindow
guerieswheee c is thecurrenttime

Theorem4.3. We cananswerarbitrary decayfunctionsumestimatiorin timeO(M  log(M—)log(M log(™-)))

to nd ¥ sudthatPr[j¥¥ Vj> V]< ]

5 Concluding Remarks

We obsere that this is a very powerful result: not only doesthere exist a datastructureallowing the
duplicate-insensite, distributed computationof aggregatesover asynchronousatastreamsput also,via
thereductionto slidingwindow computationsthereexistsa singledatastructurewhich cananswemdecayed
aggrgatequerieswithout knovledgeof the desireddecayfunctionuntil the queryis posed.

Givenanintegral decayfunction, we have a choice: eithercomputeit directly via the methodin Sec-
tion 3, or computeit via areductionto sliding windows, usingthe methodin Section4. Thereareprosand
consto eachapproachithe methodof Section3 is fasterto evaluatequerieson, sincewe canimmediately
calculatethe resultfrom the appropriatdevel, whereaghe sliding window reductionrequiresalineartime
passthroughthe datastructure. The spaceusedis slightly smallerwith the former method,aswe need
slightly fewer repetitiongto give the necessarprobability guaranteesveanwhile the methodof Section4
is muchmoregeneralallowing usto specifythe decayfunctionafterthe sketchhasbeenmade.

An openquestionis thereforeif thereis morepowerin xing adecayfunctiona priori: canwe createa
smallersketch (andhencereducecommunicationwhensendingit) for certain x edfunctions?For certain
classessuchasexponentiadecayfunctions which seento beeasietto handlefor otheraggrgatesijt seems
possible put noresultsareknown thatarebetterthanthe generakase.
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