Hidden Markov Models (HMMs)

(Discrete-time Discrete Observation Space Case)

[1] is a classical reference on this topic, available on WEBCT
and [EEE XPLORE,

For a bioinformatics-related exposition, see Ch. 12 of

W.J. Ewens and G.R. Grant, Statistical Methods in
Bioinformatics: An Introduction, 2nd ed. New York: Springer-
Verlag, 2005.

For an overview of HMM applications, see Ch. 1 of

O. Cappé, E. Moulines, and T. Ryden, Inference in Hidden
Markov Models. New York: Springer-Verlag, 2005.

For Viterbi algorithm and communications applications of
HMMs, see Ch. 19 in Moon & Stirling.

For a general exposition on state space and hidden Markov
models, see

H.R. Kunsch, “State space and hidden Markov models,” in
Complex Stochastic Systems, O.E. Barndorff-Nielsen, D.R. Cox,
and C. Klupelberg, Eds., London UK: Chapman & Hall, 2001,
ch. 3, pp. 109-173.
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A Review of Chain Rule

Consider ) )
X1
X2
€Tr —
L
Then,

fx(@) = f(x1) f(x2|21) f(23]|21,22) - f(2r | T1:0—1). (1)

Proof. Apply induction. The chain rule clearly holds for
N = 2. Now, suppose that it is true for T — 1:

f(331:(T—1)) = f(x1) f(z2|z1) f(x3 | T1:2) - - f(Tr—1 | T1i7—2). (2)

To show that the chain rule holds for N, write

fx(x) = f(wlz(T—1)> f(z[T] |5L'1:(T—1)) (3)

and substitute (2) into (3). O
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HMM Ingredients

e State space: S = {si1,89,...,sn} containing N discrete
values. The state at time t is g[t] € S and the vector of
states from time 1 until time T is

q[1]
q|2
qi.7 = [ ]
| q[TT]
e Observation space: YT = {vi,v,...,v\y} containing M

discrete values and the vector of observations from time 1
until time 1" is

Yi.7 —

where
ylt] € T.

e Transition matrix A, whose (i, j)th element
a; ; =Pr{Qt+ 1] =s;|Q[t] = s;} i,7€{1,2,...,N}

describes a Markov chain; the transition probabilities a; ;
are stationary (independent of ).
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e Likelihood is stationary (independent of ¢):

Li(m) =Pr{Y[t| =vn |Qt] =s;} j=1,....N,m=1,...

Define an N x M matrix

L={li(vm)} j=1....N,m=1..0M.

e Initial distribution:
T, =Pr{Ql]=s} t=1,....N.

Define

e O is the set of model parameters:

0={AL =}

Reminder:

e NN, number of possible hidden states,
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e VM, number of possible values that observations v,, can
take,

e ' number of collected observations.

Notation: We use y and y,.., Y and Y 1.1, ¢ and q;.;, Q
and Q. interchangeably.
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Complete-data Likelihood

reIevanEior q[1]
p(y,q|0) =7, p(y1] | d[1]) agpiy.em
-p(Y12] | q(2]) aq21.q3] * - qiT—1],9177 Lo (Y[T])

releva nt f for g[2

|
= Tq(1) P(y[1] ’q[l])aq[ll,qﬂ p(y|2 ] | q[2]) agpa,
aqir—1],9[7] Lo (Y[T1)

etc. For example, for T' = 2,

,q|O)= a [
P(Y,a|0) = Ty aqpu)e2) Loy

Dynamic programming is just a clever way of putting brackets
and segmenting the above joint probability mass function

(pmf).
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Note the special conditional-independence structure

{Yl:t7 Ql:(t—l)} AL {Y(t—}—l):T7 Q(t—l—l):T} | Q[t]

depicted by the following graph:

QUt-2) Qft-

O YOO
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Computing the Marginal Likelihood py (Y | 0)

Ar(0)=p( y_ 10)=> ply,qlb).

Y1 qeST
Example: Consider the simple case with
e N = 2 states, s; and so, and hence ¢[t] € {s1,s2}.
e 7T'=2 time points: t =1, 2, and
e M = 2 possible observations vy and vs: y[t] € {v1,v2}.

We wish to compute the observed-data likelihood p(y | 8). Give
names to [;(vy,):

) Pr{v; “observed” and s; the true state } = p;

) = Pr{vs “observed” and s; the true state } =1 — p;
v1) = Pr{v; “observed” and ss the true state } =1 — ps

)

= Pr{v, “observed” and s, the true state } = po

J D1 1 —p1
I | IT—=p2 D2

have observed vy’ = [Ul ] Define Q = [Q[l] ] and

implying £ =
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q = [ a1] ] Then, the observed-data likelihood function
of 0 is

py|@(y/|9) = Z pY,Q|G)(y/7q’0)
q€{s1,52}?

S
:pY,Q|®(y/7 [ : ] ‘0)+pY,Q|®(y/7[ ! ] ‘9)

592

‘I_pY,Q|®(y/7 [ 52 ] ‘9) +pY,Q|@(y/7 [ >2 ] ‘9>

S1

(o) _lv2)
= mia1,1 “pr (1 —p1)+71a1,2p1 D2
(1

+maaz,1 (1 —p2) (1 —p1) +m2az22 (1 — p2) D2
where py (Y, q10) = 7y e Lim ) Lo (y(2)
] plal2)all] ]) p<qu[ 1) p(y[ﬁq[ 2])

which follows from the HMM graph:

Qo}@j‘

Yl O Y{zo
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Forward-summation Recursion

p(y|6)= > ply,ql0)

gesST

= Z Ta1] Lg(11(YW[L]) agi],q121lqr21 (WI2]) - - - agir—11,qi7] Lqir) (W[T])

TZ[Z 1pP>
3

T—1]eS q[3]€S q[2]eS

)W) g glzplopz (v12))]

Aq(2],q(3] lq[31(9[3])} Aq[3],q[4] lq[4](y[4])}

' ']aq[T—l],q[T] lq[T](y[T])} -

Define the joint likelihood contribution of y[1], y[2], ..., y[t] and
the event {Q|t] = s;}, averaged over Q[1],Q[2], ..., Q[t — 1]:

>

Oét(’i)
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Then, a1(i) = p(y[1],s;|0) = m l;(y[1]). We wish to derive
a recursion for computing «;(7) using induction. In particular,

we now assume that ay(j), 7 = 1,2,..., N are available and
utilize this information to obtain a;,1(7), ¢ =1,2,..., N:
a11(2) = p(Yrp ylt + 1], ¢[t + 1] = s;(0)

P(Y1.ylt + 1], 4lt] = 55,4t + 1] = 54| 0)

<
I
[

|
.MZ

2

p(Yy.,qlt] = s;10)
at(J)

(y[t P glt+1) = 5| Yo lt] = 5,,0)

7

Q.
I\

(S

p(y[t+1], [t+1] si | q[t]=s;,0)

[
)=

ozt(j)-p(yt +1] | qlt + 1] =S¢,Q[t]=8j,9)

1 \ 7

<.
I

p(ylt+1] | alt+1]=s;,0) =i (y[t+1])
pglt +1] = si‘qt = Sj,@)J

\ -

[Zat §aga] - Lylt + 1)

fort=1,2,...., T —1and2=1,2,...,N, see the two HMM
graphs below, where we observe
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wy T

implying
VIE+11.Ql+ 1] AL Yo | QI ©)

and, therefore,

{+7)

implying
Vie+1] 1 Qe | {Q[t+1],©}
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and, therefore,

p(ylt +1] | q[t + 1], q[t], 0) = p(y[t + 1] | ¢[t + 1], 0).

We summarize the above forward-summation recursion:

a1(z) = py[l],q[1] = s:10) = m; l:(y[1]) (5)

-

ara(i) = | D aili) ag] - Llylt+1)) (6)

1

J

fort=1,2,.... T—1landi=1,2,...,N.

We can implement the above recursion efficiently using matrix
computations, e.g.

aiy = (af A) O (y[t +1])

where “®" denotes the Hadamard (elementwise) product.

Note that
N " N
p(y 10) = ) pyqTl=s10)" =" > ari). (7)
Yi:17 1=1 1=1
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The forward-summation recursion (5)—(6) may be unstable
because it calculates the likelihood rather than the log
likelihood, i.e. the scale differences between ay(i)s may be
huge. We can solve this problem simply by normalizing a4 (%)
at every step so that ) . a(i) = 1. Here is an alternative
normalization that has a nice probabilistic interpretation.

Normalized forward recursion. Define

At(H) :{ p(ylit7|9)’ iig . (8)

Then, the marginal log likelihood In A1(6) can be computed
via the chain rule in (1):

InA(0) =) Inwi(0) =Inwr(6) + InAr_1(6)

fort=0,1,2,..., 7T —1

where

1>

p(y[1]10)
p(y[t] | Yi:t—1) 9) t=2,3,...,T.

>
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We compute w;(0) as follows: For t =1, we have

N

wi(8) = Y pyll] q1] = s:]6) = Yl

=1 1,(y[1]6) p1(i | 6)

where A
p1(i]10) = p(q[l] = s;) = m; (9)
and, fort =2,3,...,1, we have
N
wt(6) = p(y|t] |y1:(t—1)7 0) = Zp(y[t], qlt] = si| Yi:(t—1)» 0)
i=1
N
= Z = Siyy1;(t—1)>92 ?(Q[t] = 54| y1:(t—1)>92
=1 p(ylt] | dlt]=s) s

= (i 0)

= > LIt 0) (i |6) (10

where the following graph:

QIt-2) Qft-

O OO T
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implies
VIit] LY 11| Q[

and, therefore,

Pt Y11y, alt], 0) = p(ylt] | alt], ).

Here,

oi(i10) £ plqlt] = Si|Y1.(t-1),0)
is the posterior-predictive pmf (and, hence, always taking values
between zero and one) of the hidden state at time ¢ (g[t]) given
the past measurements y,.;_1y. Observe that

Oétt&(i)

p(ylt+1], q[t+1] = si | y1.4,0) =

and use it to compute ¢;11(i|0):

p(ylt +1],qlt + 1] = si|y;4,0)
plylt + 1] | q[t +1] = 54,914, 0)
p(ylt-+1] | at+1)=5;,0)=1;(y[t-+1] | 6)
p(ylt +1],q[t + 1] = s;]yy.4,0)
Li(ylt +1]6)
ar1(i]0)

= Lwk-uoie 0

P(Q[t + 1] = 5S¢ | Y1t 9)1
pt+1(7]0)
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fort =1,2,...,T — 1. Now, (11) implies

: o Oét(j ‘ 9)
P10 = 10y A1 (0) 12)
and, therefore,
(011 0)¢:(316) = 0 3 (13)

We now present a recursion for computing (7 | @). Start with
(9) and continue as follows:

) see_(ll) ()ét+1(’i | 9)
1O = T+ 1110) A0)

i) |0 n(i10)aG,)] - Llylt +1]]6)
Li(ylt + 111 6) we () A—1(0)

Li(y[t] | 0) 0:(516)a(d, i)
w(0)

see (13)

M-

S
I
—

[
™=

z(718) a(y,7) (14)

.
I

where have used the chain rule

Ai(0) = w(0) Ay _1(0)
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and

1o & LOH0)@18) L0 ¢(i]6)
“i(0) il Li(ylt]0) il |6)
(15)
which is identical to the normalized forward recursion in [2,
egs. (5.15) and (5.14)] (obtained by substituting (5.14) into
(5.15) into [2]).

We can stack z:(j | @) into a vector z,(0), say. Then, we can
implement (14) as

‘P;ﬁrﬂ(e) = Z?—I—l(H)A

and (15) as
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Backward-summation Recursion

[1]es [2]eS
Z aqi7—2],q/T—1)lgrr—1)(Y[T — 1))
[T—1]eS
D Ggfr—1) q[T]lq[T}(y[T])H }
q[T]eS
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Define

Bi(i) = p(y(t—l—l):T [ q[t] = 54, 0). (16)

Set Gr(i) = 1 and compute 87 _1(7),i=1,2,..., N as

Br-1(i) = pW[T]|q[T —1] = 5;,0)
= Zp(ym,qm =5, | q[T — 1] = 5;,0)
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implies

Yt 1L Q[t — 1] [{Qlt] = qlt], © = 6}

and, therefore,

p(ylt] | qlt], qlt —1],0) = p(y[t] | q[t], 0).

Assume that G;11(j), 7 = 1,2,..., N are available and utilize
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this information to compute 5:(¢), 1 =1,2,..., N:

Bi(i) =§:Mwﬁgmﬂﬁ+ﬂ=wﬂqM=4u®

j=1 Bi11(5)

-plalt + 1] = s; | qlt] = s;,0)

G
~~

CL@]

Z 1]) Be+1(4)

fort=T—-1,1T—-2,....,1and2=1,2,..., N, see the HMM
graphs below where we observe:
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{+7)

implying
Yit+1] 1L Y 4p0y.7, Q[t] ’ {Q[t + 1], ©}
and, therefore,

Pyt + 1] | Ypyo).rs alt] alt +1],0) = p(y[t + 1] | [t + 1], 0)

and

implying

Yo AL Q] | 1Q[E + 1], ©}
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and, therefore,

p(y(t—l—Q):T [qlt], qt +1],0) = p(y(t—|—2):T [qlt +1],0).

We summarize the above backward recursion:

Br(z) = 1
Be(i) = Zaw ylt +1]) Be41(J)

fort=T—-1,T—2,....,1andi=1,2,..., N.

We should stabilize this recursion as well, using similar ideas
as before. For example we can simply normalize 3;(7) at every

step so that Z _, Bed) =

Implementation:

By = All(ylt + 1)) © B4

and then normalize so that the elements of 3, sum to one.
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Note that

p(y|0) = Zpym | =si]6)

= Zp y2T7 ]:Sile)

= 7@ = 5;|0) - p(Ya.r | y[1], q(1] = 5,0)
7Tzl (y[ 1) p(ya2.7 | q[1]=5;,0)

— Zm Li(y[1]) P(’yQ:T [ q[1] = s, 02

B1 (i), see (16)

= Zw Li(y[1]) 61 (9)

see the HMM graph below, where we observe:
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implying

Yoo 1L Y[1] [{Q[1] = ¢[1],© = 6}
and, therefore,

p(Ya.r |y[1], q[1],0) = p(Ya.r | q[1], 0).

Assume that the model parameters @ are known — we will
discuss their estimation later in this handout (pp. 39-44).

Marginal posterior pdf of the hidden state g[t] given all
measurements y:

%(7;) = Pr@[t] |Y,G){Q[t] — S | \%L/) 9}

Y1.T
x plqlt] = s:,y|0)
o< P(Yy.4 Yi+1):m qit] = s:|0)
X P(yl:ta qlt] = s Hl'?(y(t+1):T | Y14, q[t] = 5i,0)

-~ 7

oy (i), see (4) p(yyy1.r | altl=si,8)=5; (i) see (16)
o (1) Be(i) (17)
see (12) . .
o< (i]0)1;(y[t]| ) B:(7) (18)

see the HMM graph below where we observe:
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Qe

Y[&-@ YmQ Y&@ Lk

implying
Y(t+1):T uil Yl:t ‘ {Q[t]7@}

and, therefore,

p(y(t—l—l):T | Yy1.4,4[t],0) = p(y(t+1):T } q(t], 0).

Normalize (17) and (18) to obtain the exact expression for the
marginal posterior pmf ~:(¢):

i) = @B LGIH16) ¢i(i]0) Bili)
I e A0) T Ll 10) i 0) A)
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fort =1,2,...,T. Furthermore,

A

ft(iaj) — PrQ[t],Q[t—l—l] |Y,@{Q[t] — S, Q[t + 1] — 5j | Y, 9}

X

p(q[t] = si,q(t +1] = 55,9 6)
P(ylzta Q[ﬂ: Si | 92
at (1)

-plglt +1] = Si>Y(t+1):T | Y14 q[t] = si,Hz

\ .

p(alt-+1]=s;,y (1.7 | alt]=si,0)
(1) (y(t—|—1):T7 qlt +1] = s; | q[t] = s;,0)
(1) p(y(t+1):T [qlt + 1] = 55, q[t] = s, 92

\ .

~~

p(y(t+1):T | Q[t+1]:8370)

plalt + 1) = s | qlt] = i, 0)

NG

ai,j
ar(i) a; jp(ylt + 1], ..., y[T] | qlt + 1] = s, 0)
(i) ai g li(ylt + 1) p(Yeqayr llt +1] = s5,0)
Be+1()

= Ozt(i) ;. j lj(y[t =+ 1]) ﬁt—i—l(j)

see the HMM graph below where we observe:
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iy oy e

Q[t+ 1]7Y(t+1):T 1L Y4 | Q[t]a(-)

implying

and, therefore,

plalt +1],ylt + 1], ylt + 2], .. .,y[T] | y[1],y(2], . .-, y[t], q[t], 6)

and

implying

ylt + 1 ylt +2],... 1L q[t] | q[t +1],6
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and, therefore,

p(y[t—i— 1]7 e 7y[T] | [t_i_ 1] — S]?Q[t] — 3179)
=plylt +1],...,y[T]qlt + 1] = s;,0).

Hence, the posterior probability &:(i,j) that the HMM system
was in state ¢ at time ¢ and transitioned to state j at time t+1
IS

(i) a; ;i (yt + 1)) B ()
Z /=1 Zg’_l O‘t( )a’Z/j/l] ( [t + 1]) Bry1(7’)

ft(ivj) —

fort =1,2,...,T — 1. Observe that, due to total probability,
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Optimal State-path
and Individual-state Estimation

We assume that the model parameters @ are known and focus
on estimation of q.

e For squared-error loss, the minimum mean-square error
(MMSE) estimate of @ is optimal and given by

EQ|Y,®(Q | y70)

where the expectation is with respect to the marginal
posterior pdf:

’Yt(i) — DPqJt] | Y,@{Si ’ Y, 9} — PrQ[t] |Y,®{Q[t] — 54 ‘ Y, 9}-
But, the obtained state path will be impossible in general.

e If we use the 0-1 loss, the maximum a posteriori (MAP)
estimate is optimal. It is obtained by maximizing

p(qly,0) xp(y,ql0).

Note: We can also decide to make inference on individual
states (rather than the entire path); this inference should be
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based on the posterior marginal pmf

’Yt(i) — PI'Q | Y,@{Q[t] — 55 ‘ Y, 9} — DqQlt] |Y,®(Si ’ Y, 9)°

Then, we can obtain an estimate of Q[t| as the mode of
Pyiv.elqlt] = si|y,0} [i.e. the marginal posterior mode

(MPM)]:
qMPM [t] — Sarg max; v¢(7)

known as the BCJR algorithm in digital communications [4];
the name BCJR comes from the first letters of the last names

of the authors of [4]: L. Bahl, J. Cocke, F. Jelinek, and J.
Raviv.

Comments:

e |deally, we should utilize the marginal posterior pmf ~;(i) for
inference on an individual symbol ¢[t], because it fully takes
into account all sources of uncertainty in the system if 0 is
known, due to both

— the measurement-error model and

— the fact that the other states q[1],¢|2],...,q[t — 1], q[t +
1],...,q|T] (i.e. other than q[t] about which we wish to
make a decision) are unknown.

e The entire marginal pmf ~;(¢) provides information about
reliability of our inference for each hidden state Q[t].
Utilizing this reliability information has been a popular
research topic in digital communications.

EE 527, Detection and Estimation Theory, Hidden Markov Models 33



Viterbi Algorithm

Let us go back to estimating the optimal state path, i.e.
maximizing

p(y.q|0).
with respect to gq.

We apply dynamic programming again, now known as the
Viterbi algorithm. Note that

mgxp(y, q|0)
— max  Tg1] lq[1](y[1]) aq[l],q[Q]lq[Q] (y[Q])

‘Aq[2],q[3] " " aq[T—ll,Q[T]lq[T](y[T])

= Inax |: max --- |: 1ImMax |: 1Max
qT—1]€S q[3]€S Lq[2]es

{qﬁg (1] g1} (y[1]) aqm,q[ﬂlq[z](y?b}

Aq[2],913]tq[3] (y[3])} aq(3),q4)la(4) (Y 4])
- |agr-yamlyn W) |

This scheme is very similar to the forward summation: simply
replace > with max. As before, it is just a clever way
of putting brackets to segment the likelihood expression (for
complete data, in this case).
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Define

575(7’) max p(y1:t7 qi:(t—1)> Q[t] = 5i ‘ 0)

d1:(t—1)

the maximum probability of all ways to end in state s; at time
t, having observed y.,.

Then, by analogy with the forward summation, we obtain
Orp1(i) = maxid(y) aji} li(ylt +1]) (19)

fort=1,2,...,T—1andi=1,2,...,N. Compare (19) with
(6): it follows by replacing > with max and « with §. Now,

the same as «j(¢). To summarize, here is our recursion,
analogous to (5)—(6):
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(i) = mliy[)) (20)
(i) = max{8(j) a;} LGt +1) ()

fort=1,2,....,T—1landi:=1,2,...,N.

Applying the above recursion gives us an N x 1" matrix of
delta values {d&:(i),s = 1,2,...,N,t = 1,2,...,T}. This

matrix should be utilized to obtain the path ¢ = ¢°"* =
T

[qopt[l],qopt[z],...,qopt[T]} that maximizes p(y, q | ). For
this purpose, we apply the following strategy:

e Calculate 0;(i), s = 1,2,...,N, t = 1,2,...,T using the
above recursion;

e Then, backtrack and recover the optimal sequence g°P* that
gives maXxgq p(y,q|0) = max;=1,2,...,N o7 (2).

Define

A :
Yr = arg _max  or(i)

and set
C]Opt [T] = Sypp-
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Clearly, ¢°P*[T1] is the final state in the optimal sequence and

maxp(y,q|0) = or(¢r)

q
= max{67-1(7) @00} Lo (Wt + 1)

which implies that we can obtain ¢°P*[T" — 1] as
¢°P'T —1] = Sr_q

where

Yr_ 1 = arg _max N{5T 1(7) @jpp }-

To facilitate this insight and define the general recursion (for
all times t), let us introduce the following notation:

’wt—fwg] max {0¢(J) @5}

fort=T—1,T—2,...,1. Then,
Pt =8y, t=T—-1,T—2,...,1.

If the arg max operation in the above scheme is not unique
and if our goal is to find one optimal path, then arbitrarily take
one value of j giving the maximum. (Otherwise, if we wish to
find all optimal sequences, we need to explore all values of j
giving the maximum.)
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Comments: Viterbi algorithm

e requires only a forward-type recursion and is therefore simpler
than the forward-backward approach;

but it

e does not provide marginal (state-level) posterior probability
distributions — this requires the full forward-backward
recursion;

e is inferior to the MPM (BCJR) approach if the signal-to-
noise ratio (SNR) is low.
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Estimating the Model Parameters 0

We obtain the (marginal) ML estimates of 8 by maximizing

p(0|y)

with respect to @ via the EM algorithm. This type of an
algorithm for HMM model-parameter estimation was first
developed by Baum and Welch in the late 1960s but never
published. (It was apparently classified; at that time, this type
of work was funded by NSA).

For an application of the EM algorithm (known as Baum-Welch
algorithm in the HMM context) to channel estimation in digital
communications, see [5].
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E Step

In the E step, we compute

Q0| Hp) =k, | y[lnp(q, y|0); Hp]
= Eqyy{ g Loy (W11) gy giailarzy (v12]) agpaygra

e aq[T—l],q[T]lq[T] (y[T])] ; Hp}
T

= Eg y{ In [’/Tqm Ly (W) | ] aqre—1.qmlate (y[t])} 5 Hp}

t=2

= Eg|y{lnmgpy; p}‘|‘ZEq|y{lna t—1],qt]; Op}

+ ) Eq y{lnlgyuli); 6,}.
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We now explicitly compute the terms in the above summation:

Egytlnmgqy; 0,1 = Zlnm p —sz\y, 2
’Yl’p(l)
qu{lna [t 1], 3 p}
—ZZlnaw plalt = 1] = si.alt] = 5,1y 6y)
i=17y=1 & 1p(w’)

E gy {In iy . 0,) = Zlnl pqlt] = si|y; 6,).

'Yt,p(i)
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Maximize
N
Q016,) = | > ()]
i=1
T N
DD ) nli(ylt)) |
t=1 i=1
T N N
+ P P P €t,p(’i,j) In ai,j
t=2 i=1 j=1
subject to
N
S o= 1
i=1
N
Qg 5 = 1, 221,2, .,N
j=1
M
> li(vm) = 1, i=1,2,...,N.
m=1
Using Lagrange multipliers, we obtain the
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unconstrained optimization problem: maximize

{Zvlp lnm}—l—[ZZ%p ) In 1;( ])}

t=1 1=1
T N N
+[Sj$j > &l g) lnai,j} — A\ (Z T — 1)
t=2 1=1 5=1 i=1
N N N
I i (P —1) | = { D A llalvm) - 11}
i=1 j=1 i=1
which leads to
(Ti)pr1 = 71,p(2)
Y b1,(i)) 23—11 St,p(’i 7)
(aij)pr1 = N Z ’y (0
. t,
Z?:Qth—l,p(@aL) =
=1
'Vt—fp(i)
D i—1s.t.ylt :UTm Ve,p(%)
[li(vm)]p-H _ y[t]

Zi\il thlst ylt :T Ve,p(2)
{ Z %p }/[Z%p ]

t=1
y[t]:'Um
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To summarize, in the (p 4 1)st step, we first compute ; ()
and & ,(¢,7) for 4,5 = 1,2,...,N and t = 1,2...,T using
the model parameters 8 = 0,, (which are the latest parameter
estimates updated in the pth step). Then, we update the model
parameters as follows:

(mi)pr1 = 71,p(7)
(@ij)pr1 = iy ft’p(i J)
| Zt 1 %,p( )
livm)] = [ z_: Ve,p( }/[Z%,p }
y[t] = vm
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