Outline:

e P values,

e Multiple testing.
Reading:

e Chapter 10 in Wasserman.
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A Reminder: Size of a Hypothesis Test

Recall the definition of the size of a hypothesis test, introduced
in handout # 5c.

Definition 1. The size of a hypothesis test described by
Rule ¢: Xog={x:¢(x)=0}, X1 ={x:¢(x)=1}
is defined as follows:

@ = e, Prxjels € 116} 6€3p0 (0) P (9(X),6)

7

max po;gib/e Pra
(1)
A hypothesis test is said to have level v if its size is less than
or equal to o.. Therefore, a level-a test is guaranteed to have

a false-alarm probability less than or equal to «.
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P Values

Our general approach in handout # 5c has been to set « in
advance and to make a hard binary decision (“accept Hy" or
“accept H1") depending on «. Such hard decisions do not
convey information about how close we were to the opposite
decision.

Generally, if Hy is accepted for a certain specified «, it will be
accepted for o’ > a. Therefore, there exists a smallest « at
which H; is accepted. This motivates the introduction of the
p-value.

Definition 2. Suppose that, for every «, we have a size-c
rule ¢u:

rule oo Xoo={x:0¢(x) =0}, Xio={x:¢(x)=1}
(2)

meaning that,

a = max Pr r € X140},
0cspg(0) X|@{ L ‘ }

Then, the p-value for this test is the smallest size o for which
we can declare 'H1:

p-value = inf{a : x € &} ,}.
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Informally, the p-value is a measure of evidence for supporting
H1. For example, p-values less than 0.01 are considered very
strong evidence supporting H;.

There are many misconceptions and warnings regarding p-
values. Here are the most important ones.

Warning: A large p-value is not strong evidence in favor of
Ho; a large p-value can occur for two reasons:

(i) Ho is true or

(i) Ho is false but the test has low detection probability
(power).

Warning: Do not confuse the p-value with
PI‘@|X{9 € O ‘ SC}

used in Bayesian inference. The p-value is not the probability
that H, is true.

Theorem 1. Suppose that the size-a test is of the form:
declare H; if and only if T(x) > c,.
Then, the p-value for this test is

p-value= max Pry o{T(X)>T(x)|0} (3)
0€spg(0)
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where x is the observed value of X. For ©g = {0y}:

p-value = Pry | o{T'(X) > T(x) | 00}.

In words, Theorem 1 states that

The p-value is the probability that, under Hy, a random
measurement realization X is observed yielding a value of
the test statistic T'(X) that is greater than or equal to
what has actually been observed, which is T'(x).

Note: This interpretation requires that we allow the experiment
to be repeated many times. This is what Bayesians criticize by
saying that “data that have never been observed are used for
inference.”

Theorem 2. [f the test statistic has a continuous distribution,
then, under the simple null hypothesis Hy : 0 = 0y (spe(0) =
{60}), the p-value has the uniform U(0,1) distribution.
Therefore, if we reject Hy when the p-value is less than or
equal to «, the probability of false alarm is .

In other words, if Hg is true and if the conditions of Theorem 2
hold, the p-value is like a random draw from the uniform U(0, 1)
distribution. If H; is true and if we repeat the experiment many
times, the random p-values will concentrate closer to zero.
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Example 1: Detecting a DC Level

Consider the following composite hypothesis-testing problem:

Ho : 0 =10y ie 6¢cspy(0)={6y} versus

H; : 6 >0y ie. 0¢€spg(l)=(6y,+00)
where the measurements X|[0], X[1],..., X[N — 1] are
conditionally independent, identically distributed (i.i.d.) given
© = 0, modeled as

{X[n]|©=0}=0+W|n] n=0,1,...,N—1

with Wn] a zero-mean white Gaussian noise with known
2

variance o, 1.e.
Win] ~ N(0,0%)
implying
1 1 —
2
fx|@<w|e>=V(WQ)N-exp[—ﬁ;(x[n}—m} (4)
where © = [z[0],z[1],...,z[N — 1]]Y. A uniformly most

powerful (UMP) test can be easily derived:
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where

15

Under Hy, T(X)|{© = 6y} is a standard normal random
variable.

Under Hy, the probability of T'(X) being more extreme than
T(x) is

p-value =

1
T(a)

Since the conditions of Theorem 2 hold, we also know that the
p-values are uniform U(0, 1) under Hy.

If we wish a hard decision for size o, we can make it based on
the p-value instead of T'(x):
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Example 1’: Detecting a DC Level

Consider now the following hypothesis-testing problem under
the same measurement model as in Example 1:

Ho : 0 =0y ie. 0¢€spg(0)={60y} versus
H; : 00y ie 0¢€spg(l)=(—00,+00)\{0p}

The generalized likelihood ratio (GLR) test for this problem
can be easily derived:

f—@o T

o/vVN <7

Under Hy, T(X)|{© = 6y} is a standard normal random
variable, but now extreme has a new meaning:

f\/@ﬁ) q;)_*valu_a

1 1 |
l i {

Tl T

dan(@): [T(@)| = |
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Under Hy, the probability of |T'(X)| being more extreme than
T(x)| is

p-value =

Since the conditions of Theorem 2 hold, we also know that,
under Hg, the p-values are uniform U(0, 1).
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Example 2: Detecting a Positive DC Level in
AWGN (versus nonnegative DC level)

Consider the following composite hypothesis-testing problem:

Ho : 0 <0 ie. 0¢€spg(0)=(—00,0] versus
H; : >0 ie 0¢€spg(l)=(0,+00)

where the measurements X|[0], X[1],..., X|N — 1] are
conditionally i.i.d. given ©® = 6, modeled as

{X[n]|©=0}=0+W|n] n=0,1,...,N —1

with Wn] a zero-mean white Gaussian noise with known
2

variance o<, i.e.
Win] ~ N(0,0%)
implying
N—1
1 1
fxe(x]0) = exp | —5— Y (z[n] -0)*| (5)
\/(27T0-2)N |: 20 n=0 }
where & = [x[0], z[1],...,2[IN — 1]]T. A sufficient statistic for
6 is
|
n=1
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and

fx16(T|0) =N (T|0,0°/N). (6)
We start by writing the classical Neyman-Pearson test for the
simple hypotheses with spii™°(0) = {fy} and spi™°(1) =
{61}, where 6y € (—o0,0] and 67 € (0, +00), implying

fx|o(®|01) (2710 /N)TV2 expl—5 s (T — 61) 2
fx1e(@|60) (27 02/N)~/2 - exp[—5 75 (T —60)7]

and
0y < 0.
Taking log etc. leads to

H1
(01 —06o)T 2 7

and, since 0y < 64, to

oz): T27

Hence, we transformed our likelihood ratio in such a way that

0y and 6, disappear from the test statistic, i.e. we accomplished
(1) above.

The power function of this test is

PI’X|@{Y>T‘6’}:PI‘X|@{§\;% UT/?/*| } (0/\/i)
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which is an increasing function of §. Recall the definition (1)
of test size:

P X),0) = P X>T1|6
o 02X ra(0(X), 0) pondX Iy |of 7|0}

T—0 T
- Her(riao}é,O]Q(g/\/N) B Q(g/\/N)

The most powerful test is achieved if the test size « is reached

by equality:
o

—1
Q).
Q)
Hence, we have accomplished (2), since this 7 yields exactly
the size a for our test ¢(X).

T =

What is the p-value for the observed x and test statistic z7
Recall (3):

— T
-value = max Pr X>z|0} = ( )
p despel0) X | G){ | } Q (7/ N

In this case, the conditions of Theorem 2 do not hold and the
p-values are not necessarily uniform U(0, 1) under Hy.
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Multiple Testing

We conduct many hypothesis tests in some applications, e.g.

e bioinformatics and

e sensor networks.

Here, we perform many typically binary tests, say one test
per node in a sensor network. This is different from testing
multiple hypotheses that we considered in handout # 5b, where
we performed a single test of multiple hypotheses.
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An Example

Suppose that we wish to decide whether a certain coin is fair:

=1 Qe 0€spe(0)={bp} versus
> e 0 €spg(l) =spe(l) = (—o0, +00)\ {3}

where the parameters 6 is the probability of heads. You flip the
coin . times and observe the number 2 of heads. A natural
test is

yx_;zT.

¢ ]
H??T?;T] \ T.??y,_#,
L g1 -Vl-\v g+t h
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To ensure size «, choose the threshold 7 such that

2 > (o =a

k=[5+n]

Now, suppose that you have M different coins that you wish
to test.

If you perform that test that we just discussed, you will
'discover’ about M - « unfair coins even if all the coins are
fair.

Question: If the number of coins is M = 1000, o = 0.05, and
we discovered 50 unfair coins, would you really believe these
coins were unfair?

Clearly, we need an alternative notion of 'size.” A common
choice is family-wise error rate (FWER):

FWER = Pr{ > 1 H; accepted |all Hj true}.
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Sidak Correction

Assume

e simple null hypotheses:

H(),Z'I@i:@o,i i:1,2,...,M

e ecach member i (of the 'family’) conducts a test with size «
based on its measurement X,

e the measurements X;, ¢ = 1,2,..., M are conditionally
independent given 6;.

Denote by A the event that there is at least one false alarm
and by A; the event that the ith member is falsely alarmed.
Then

A=U" A
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and A; are independent given 6;, implying

FWER = Pr{A|all Hg true}
= 1 — Pr{A°|all Hg true}
= 1 —Pr{nM, A% all Hy true}
cond. indep.

M
L0 T Pras o, AT 0.}

=1
1—(1—a)™

Thus, to achieve FWER = o/, set
a=1—(1-ao)/M

In each individual test.

Note: If o is small and M not too large,

1-(1-a)~Ma.
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Bonferroni Correction

Assume

e simple null hypotheses:

Ho,iltgq;:@(),i iIl,Q,...,M

e each member ¢ (of the 'family’) conducts a test with size «
based on its measurement X.

If A; are not conditionally independent given 6;, then the
union-bound inequality implies
FWER = Pr{A]|all Hg true}
= Pr{uM, A;|all Hy true}

M
= ZFer‘ | 90,1'{14’&' | 90;& = M «.

y — TV
1=1 o

Therefore,

a/
a=—
M
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leads to
FWER < /.

Thids adjustment is more conservative than the Sidac
correction, but is also more general, since it does not require
conditionally independent hypotheses.
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False Discovery Rate (FDR)

Assume

e simple null hypotheses:

HO,z‘ZQZ‘IQO,Z’ i:1,2,...,M

e cach member i (of the 'family’) conducts a test with size «
based on its measurement X.

FWER is too conservative in some applications. Perhaps we can
allow a few false alarms if, by doing that, we can significantly
increase the number of correct decisions.

This led Benjamini and Hochberg to introduce false discovery
rate (FDR):

FDR = E [FDP]
where FDP is false discovery proportion, defined as as
B FD/D, D >0,
FDP = { 0. D—0
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where D is the number of 'discoveries’ (i.e. cases where H; ;
is accepted) and FD is the number of 'false discoveries’ (i.e.
cases where H; ; is icorrectly accepted).

Benjamini and Hochberg showed how to ensure

FDR < o”.

The Benjamini-Hochberg (BH) Method

(i) Denote the ordered p-values by p(1) < p2) < -+ P(m)-

(ii) Define

and D =max{i : py <}

where (), is defined to be 1 if the p-values p; are
conditionally independent given 0; and C,,, = > " (1/4)
otherwise.

(iii) Define the BH rejection threshold T = pp).

(iv) Accept all H; ; for which p; < 7.
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Theorem 3. (formulated and proved by Benjamini and
Hochberg) If the above BH method is applied, then, regardless
of how many null hypotheses are true and regardless of the
distribution of the p-values when the null hypothesis is false,

FDR = E[FDP| < o".
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Hence, for conditionally independent p-values given 6;, we have

e
f:'ne wa\

g 5[0 e _ff‘j

e =
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