Testing multiple hypotheses: a Bayesian
decision-theoretic approach

Reading:

e Ch. 3 in Kay-Il.
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Testing Multiple Hypotheses

Choose a parameter-space partitioning:

3Pe(0)Uspe(1)U- - -Uspg(M —1) = spg,  SPe,Mspe, = 0 Vi # j.

We wish to distinguish among M > 2 hypotheses, i.e. identify
which hypothesis is true:

Ho : O €spg(0) versus
Hi : O €spg(l) versus
Versus

Hy—1 @ O €spg(M —1)

and, consequently, our action space consists of M choices. We
design a decision rule ¢(x) : X — (0,1,..., M —1):

(0, decide Hj

1, decide 'H

olx)=q | :
X M — 1, decide HM—l

where ¢(x) partitions the data space X’ [i.e. the support of
fxe(x|0)] into M regions:

Xo=A{x:¢(x)=0},..., Xy_1={{x:¢(x)=M —1}.
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We use a piecewise-constant loss function specified via L(z | j),
where L(i|j) is the loss of deciding the ith hypothesis when
hypothesis j is true. Now, our posterior expected loss takes M
values:

pm(T) = /@L(@,decide Hm) fox(0]x)do

p(decide Hy, | @)

L(60, decide Hyy,) is

piecewise constant in 6 M-l
- Z/ m]i) fo) x(60| ) db
i—0 /spel(?)

| M-
L(m | 14) const. over spg (i) L(m|4) / fo|x(0|x)do
0 spe (%)

1=

form =0,1,..., M — 1. Then, the Bayes’ decision rule ¢*(x)
is defined by the following data-space partitioning:

Xy ={w:pn(@) = min p(@)} m=01, M-

or, equivalently, upon applying the Bayes' rule,

X*:{w:m:ar ' hm/w}
g 5 oty ()

where

M—1
é

L(m 1ol | 0)m(0) do.
/Sp@@f (| 0)7(0)

1=0

EE 527, Detection and Estimation Theory, # 5b 3



Multi-hypothesis Bayes’ Decision Rule
for 0-1 Loss

0-1 loss: L(i|i) =0 and L(m|i) =1 for i #m, i.e.
L(m ’ Z) =1—- 5m,i

where d,, ; is the Kronecker delta symbol. Hence, p,,(x) can
be written as

Z /S fox(0|x)do

1=0,i#£m pe(?)

= 1= [ Jox(6] @)
spg(m)

yielding the following Bayes’ decision rule, called the maximum
a posteriori (MAP) rule:

pm(T)

0<m/<M—1

X,,fl:{a::m:arg max /()f@|X(6’|w)d9}
spe(m/

— {m :m = arg O<nrlr/1§J}\(4_1PI’@|X{9 < Sp@(m’) |{13} } (1)
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Preposterior (Bayes) Risk

The preposterior (Bayes) risk for a rule ¢(x) is

E x o[L(O, decide H,(x))]
piecewise c?);stant in ©

M—-1M-1
m

Z/ L(m\z’)/ <')fX|@(a:|9)7r(9)d0dw

—0

z_:/x z—:L(m“)/ (.>fx|@($‘9)ﬂ(9)d6’da:

m =0 )
2 hn(@)
M—1
= Z/ ho(x) do
m=0 7 ¥m

and the Bayes’ decision rule ¢*(x) is as before:

X = {az :m = arg min hm/(a:)}.
0<m/<M—1
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Then, for an arbitrary rule ¢(x),

M—-1

{]:z::/mhm(x) d:c} - [ /)% hom () d:p} > ()

which verifies that the Bayes' decision rule ¢* () minimizes the
preposterior (Bayes) risk.

m=0
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Preposterior (Bayes) Risk for 0-1 Loss is the
Average Error Probability

For the 0-1 loss, the preposterior (Bayes) risk for a rule ¢(x) is

EX @[ (@ decide H¢(X))] Prerror

piecewise e constant

_TnE:O’/XmiOz#m
—1—2/ /@(m)fxmwlﬁ) r(0)dodz  (2)

7

/ . fxe(x|0)m(0)dode

Prcorrect decision

which is the average error probability, with averaging performed

over the joint probability density or mass function (pdf or pmf)
of the data « and parameter ©.

Union bound: Suppose we wish to bound from above the
minimum average error probability achieved by the Bayes' rule.
If we had a binary hypothesis problem, say testing H; versus
H,;, then the minimum average pairwise error probability for
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this binary problem was obtained in handout # b5:

P = [

data space
min { / fxe(x|0)m(0)do, / fx|e(z|0)m(0) dé’} dx.
spe () spe (J)
Now,
—17—-1
min Preyyoy < Z Z P(i,j)
min. pr. error achie?e?i by the Bayes’ rule j=1 =

which follows by applying the union-bound inequality:
M—1, G=1 q/: -
error event = szll Uy A(2, )

where A(i,j) is the event of mistakingly deciding H,; instead

of H; or vice versa. For union bound, see handout # 2 in EE
420x notes.

If we cannot easily compute P(¢,j), we can try to find an upper
bound for it using the Chernoff bound, see handout # 5.
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Bayesian Decision-theoretic Detection for
Multiple Simple Hypotheses and 0-1 Loss

We specialize (1) to simple hypotheses (spg(m) = {0}, m =
0,1,...,M —1):

X*:{ = }
=% m=arg max pox(f|)

or, equivalently,

Xr = {w :m = arg max [Wm/fx|@(w|9m/)]}
0<m'<M-1

form=20,1,...,M — 1, where

mo=m(0p), ...,mp—1=m(0n_1)

define the prior pmf of the M-ary discrete random variable
©; recall that © takes values from {6y,01,...,0_1}. |If
m,t=0,1,...,M — 1 are all equal, i.e.

1
M

o =71 =" """ =TM-1=
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the resulting test

1
oS T:m argogmrpgx » fo|@(m|0 )

— {:13 M = arg  max fX|@(CB 1 6,.) } (3)

0<m/<M—1" ~

Ve

likelihood

is called the maximum-likelihood test; this name is easy to
justify after inspecting (3) and noting that the computation of

the optimal decision region X% requires maximization of the
likelihood function

Ix | o(x|0)
with respect to the discrete parameter

0 c {90, 04, ... 79M—1}-

Hence, X7 is the region of x that will yield a maximum-
likelihood estimate of © that is equal to 6,,.
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0-1 Loss & Simple Hypotheses

In the familiar 0-1 loss case where L(1]0) = L(0|1) = 1, we
know that the preposterior (Bayes) risk of a decision rule ¢(x)
is equal to the average error probability. This average error
probability simplifies in simple hypothesis testing [see (2)]

M-—-1

Prerror =1 Prcorrect decision — 1 — Z Tm fX | @(213 | em) de.

m=0 Xm
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Example: Simple Hypotheses, 0-1 Loss,
Mean Testing for Multivariate Gaussian
Measurements

The measurement vector X = x follows a multivariate
Gaussian model:

fx|pl®|lpn) =N(z|pC)

where C' is the known covariance matrix. Hence,

In fx|u(®|p) =—5m270| —5(x—p)" O (z—p).

We wish to test

Ho : p=pg versus
Hi : p=p, versus

VErsus

Hy—1 @ =y

Define the prior pmf for the hypotheses:

mo = m(to)s --er Tt = T(hps_1):
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Now, the MAP rule is

Xo={z:m=arg max  mw fxje(@|m)]}

~{a s arg_mwx 0~ 3 (@ )T O @ - )

|f

1
T‘-O:T‘-l:'..:ﬂ-M—l:M
we obtain the maximume-likelihood rule:

XX = {w carg min (x—p,) Oz — um/)}.
0<m/<M—1

Finally, if C = 02 I (where the noise variance 0 may or may

not be known), we obtain the common minimum-distance rule:

* . . . 2
Xo={earg _min llz —pl}
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Example: Simple Hypotheses, Multiple DC
Levels in WGN

The measurements X |0], X[1],..., X[N — 1] are conditionally
I.i.d. given © = 6, modeled as

Xn|=0a+W[n] n=0,1,...,N —1
where

e ¢ is a known constant,

e O takes three values:

b= —1, 0, =0, 6 =1,

e W{n| is zero-mean white Gaussian noise with known variance

o2 i.e.

Wn] ~ N(0,0%)

and

1

7T0:7T1:7T2=§.
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Define = = [z[0], z[1],...,2[N — 1]]1. Then,

Fralel0) = e [~ 1 ECRDY
N-1
) V(zigzw xp { — 503 15%(@) + (7~ 00)"]}
where
; _2_1N—1 N __1N—1
s“(x) =s —anzo(:r;[n]—x) : x—ﬁnzox[n].

Note that ¥ is a suffecient statistic for 0.
The three hypotheses can be written as:
Ho : ® =0y =—1 \versus

Hq : ©® =60; =0 versus
HQZ @:(92:1.

Our Bayes' rule (which is also the maximum-likelihood rule in
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this case) is

X* — . — em/
{x:m argm/g%g,}b}fxm(ﬂ )}

— {x:m:arg max ff|@(f|9m’)}

m’€{0,1,2}
— {f M = arg m/g{%%,z}(f — O a)2}
l.e.
decide Hj if T < —%a

decide H; if —%a<§<%a
decide Hj if T >
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