CRB and MVU Estimation

Outline:

e Cramér-Rao bound (CRB).

e Constructing minimum-variance unbiased (MVU) estimators.

Reading: Kay-I, Chapter 3.

EE 527, Detection and Estimation Theory, # 2 1



CRB

How accurately we can estimate a parameter 6 depends on the
pdf or pmf of the observation X given 6 (i.e. on the likelihood
function of ).

Example (Kay-I, Chapter 3):
X=04+W
where 6 is the unknown parameter and

W ~ N(0,0%).

PDF of x ~ Nf#£ sig), x = 3
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Intuitively, sharpness of the pdf (pmf) fx o(z|0) (px|o(x|0))
determines how accurately we can estimate 6.
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Cramér-Rao Bound: Regularity Conditions

We make two assumptions on fyg(x |0):
(i) The support set of fyg(z]|0):

A={z| fx|o(x]0) > 0}

does not depend on 6. For all x € A and 0 in the parameter
space ©, 9/00(In fx |g(x | 0)] exists and is finite.

(ii) If T'(x) is any statistic satisfying E x| ¢(|T(X)|]0) < o0
for all 6§ € ©, then integration over x and differentiation by
0 can be interchanged in [ T(x) p(x;0)dz, i.e.

5 || T@ fxinte10)dz| = [ 1) g ol |0) o
(1)

whenever the right-hand side is finite. In particular, (1)
should hold for T'(x) =1: we will use this special case in

Lemma 1.

Note: Checking assumption (ii) is not very practical. We need
simple sufficient conditions on fxg(x|6) so that (ii) holds.
The assumption (ii) is coupled with (i): if (i) does not hold,
it does not make sense to talk about changing the order of
integration and differentiation with respect to 6. The following
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proposition describes a family of distributions that satisfy (i)
and (ii).

Proposition 1. (One-parameter exponential family of
distributions) /f

fx1o(x|0) = h(z) exp[n(0) T'(x) — B(0)] (2)

and n(0) has a nonvanishing continuous derivative on the
parameter space O, then (i) and (ii) hold.

If (i) holds, it is possible to define an important characteristic
of fxe(x|0), the Fisher information Z(0):

20) = Exjo{ [gpinsainx10)][o}

= /[;elﬂfxe(ﬂ@)rfxe(%e)dx- (3)

Note that 0 < Z(6) < 0.

Terminology:

0
aelﬂfxw(fﬂ 0)

is known as the score function for the parameter 6 and data «

Lemma 1. Suppose that (i) and (ii) hold and that

o0
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Then

0
EX|9(891an|9 X0 ‘9)
and, thus,
0
Z(6) = varx o (5510 fx 1o(X 6)]0). (4)
Proof.

Ex|9(a In fxo(X|0) ’9)

:/{[—fw(a:|e>]/fx|e<xw>}fx|e<xWw

= [ 2 ferolelt)d /fxwa:\

Here, we have utilized the chain rule of differentiation:

df (p(z)) _ 0f (w)‘ dp(2)
dz ow w=p(z) dz

with f(:) =In(:). O

Comments:

e We have just shown that the score function has mean zero
and variance equal to the Fisher information Z(6).
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e The score function is zero when we equate 6 in it to the ML
estimator of 6.

Example. Suppose X|[0], X[1],..., X[N — 1] are i.i.d.
measurements from Poisson(\) distribution:

Px | A(z[n] | X) = ol e
see the distribution table. Then
N—1
Pt A2n Z[n]
px (x| A) = e ) = e N2
x L Grne™) = e
where & = [z[0], z[1],...,z[N — 1]]? and
0 S o @[n)
a[lnpxu(w\)\)} — g\ — N (5)
N—1
see_(4) n—0 X[n]
I()\) — VaI’X|>\( )\ ‘)\)
| N—1
= pVaI‘Xp\(n:OX[nH)‘)
X[n]iid. 1 N
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Here, we have used the fact that, for { X [n]| A} ~ Poisson(}\),
vary A(X[n]|A) = A (7)
see the distribution table.

Theorem 1. (Information Inequality) Consider statistics
T(X) that satisfy

vary g/ 1(X) | 0] < oo

for all 0. Suppose that (i) and (ii) hold and 0 < Z(0) < oo,
where Z(0) is the Fisher information for 6, defined in (3).
Define

By o[T(X) | 6] = ¥(6).
Then, for all 0,

vary | o[T(X) | 0] > W;gg;‘ (5)
where
w'(6) = 200
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Proof. Using (i) and (ii) leads to

00 = 5 [ 1@ I oel0)ds
_ /T(x)afxlgéxw)dx
_ /T(a;)alana'g(xW) Fx10(x]6) da
_ Ex|e(T(X)-alanég(X|9))
and, therefore,
¢'(8) = covy e(mn fxég(X ‘ 0),T(X)).

(Recall that

covpo(P,Q) 2 Epgl(P —E»[P]) (Q - Eq[Q))

if Ep[P] =0or E[Q] =0
T B rolP Q)
Apply the Cauchy-Schwartz inequality

[covp (P, Q)]? < varp(P) - varg(Q)
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P Q

7\

to the random variables 91n fx | 4(X |0)/06 and T(X):

Oln fx9(X|0) ‘9)

[/ (0)]* < vary | o[T'(X) ] 6] -varxw( 50

Theorem 1 follows by using Lemma 1. O
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Digression

It is instructive to derive the Cauchy-Schwartz inequality. First,
remember that any covariance matrix needs to be positive
semidefinite. Therefore,

owe (o) )]

—~— d , —~—
determinant covariance matrix determinant
varp(P) covp o(P, Q)

COVP,Q(Pa Q) VarQ(Q)

E

and the Cauchy-Schwartz inequality follows.

P i
0 need to be positive

semidefinite? Because the following holds for arbitrary a and b:

But, why does a covariance matrix of

varp g(a P +b@Q) >0

which can be rewritten as

a, b covP,Q([ g ]) [ . ] >0 Va,b

which, by the definition of positive semidefiniteness, implies

that covp,Q( [ 0 ] ) Is a positive semidefinite matrix.
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(Back to the Main Track) Comments

e If we view T'(X) as a (generally biased) estimator of , then

E x6[T(X) 0] =4(0) = 0+ 000)
bias

and (8) is a lower bound on the variance of T'(X):

1+ 0'(0)°

varx o[T(X) | 0] > = (9)

We can bound the MSE of T'(X) as follows:

MSE{T(X)} = varyo[T(X)|6]+b*(6)

1+06'(6))°

> S PO, (10)

In practice, this result may not be very useful, since it is
typically hard to analytically compute bias.

e Since N

ExolT(X) 0] =v¢(0) = ¢

we can view T'(X) as an unbiased estimator of v; then (8)
gives a lower bound on the variance of T'(X), expressed in
terms of the Fisher information Z(6) for 6.
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The lower bound depends on T'(X) through its expectation
Y(0). If we consider only the class of unbiased estimators
T(X) of 0, i.e.

h(0) =0
we obtain a wniversal lower bound on variance of such
estimators, given by the following.

Corollary 1. Suppose the conditions of Theorem 1 hold and
that T'(X) is an unbiased estimator of 0, i.e.

Exo[T(X)]6] =6.

Then !
vary |o[T'(X)] = 70)
Here,
CRB(0) = ﬁ (11)

is often referred to as the Cramér-Rao bound (CRB) on the
variance of an unbiased estimator of 0.

For one-to-one mappings 1) = 1(0) and 8 = 6(1)), the general
result in (8) can be interpreted as a change-of-variables formula:

CRB(y) = [¢'(9)]" CRB (12)

()] 9—o )

Proposition 2. Suppose that fy|g(x | 0) satisfies, in addition
to (i) and (ii), the following condition:
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(iii) fx|o(x|0) is twice differentiable and it is permitted
to interchange integration (with respect to x) and
differentiation (with respect to 0).

Then
82
Z(0) = ~F x |0 |5 0 Fx0(X 16). (13)
Proof.
0? 1 0?
902 In fyo(z]0) = Frio(@]0) 002 fxy6(z]0)
0

[aelﬂfxw(ﬂ?wn

and apply expectation with respect to X given 6 to both sides,
i.e. multiply by fy|¢(x|6) and integrate. O

The above results provides another way of computing the
Fisher information, which may be more convenient that taking
the expectation of the squares score function. The exponential
family of distributions satisfies (iii).

Example. Back to the Poisson example and apply Proposition
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82
IO = Expa[ =gy fxa(XIN[A

dift. 5) 1 — N
— EEXM(?;)X[?@H)\) -

which is easier than the derivation on p. 6. Here, we have used
the fact that, for { X [n]| A} ~ Poisson()),

EX|)\<X[nH)\):)\

see the distribution table.

In this example,

N-1
- 1
X = N ZO X[n| (sample mean)

is the ML estimator of A\ and it is unbiased. In the Poisson
case, we have

vary [\(X[n]|A) = A
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see also (7). Then,

W n (510 = vare A(zfX;Ol X[n] y

and, by Corollary 1, X is minimum-variance unbiased (MVU)
estimator of \.

Example: Continue with the same Poisson example, but
consider unbiased estimators T'(X) of 1) = A\%. Here,

Y(A) = A?  and, therefore, '(A\) =2\

and

=) [V _ 4N _ 4N’

=  I(\) N/A» N

AN3 4432
- N N

varx | x[T(X) [ Al

see (12)

CRB(y) =" [¢'(\)?CRB())
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One-parameter Canonical Exponential Family

On p. 34 of handout # 1, we introduced the one-parameter
canonical exponential family:

fxn(x|n) = h(z) exp [nT(z) — A(n)] (14)

and stated its property:

dA d2A
EX|77[T(X) |n] = #, VarX|,,7[T(X) e dn(;?)
(15)
see (14) in handout # 1. Now

Oln fx n(2[n) dA(n)

o = @)=

_anfXIn(w‘??) B d*A(n)
on? T dn?

and apply Proposition 2, which we can do since the exponential
family (14) satisfies (i)—(iii):

7) = (16)
see (13). Apply (15) and combine with (16):
wary 100 1) = S0 =2 )
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We now apply the change-of-variables formula (12) with ¢ and
n in place of ¥ and 6, where

and, therefore,

CRB(v) = v/(n)* CRB(r) = "7
and
Exlw[T(X) |¢] —
Now,
CRB(¢) = d%4 \/Z
d2A d2A A
- 1= -

see (17) vary | 77[T(X) 1] = vary | [T(X) | ]

implying that 7'(X') is an efficient estimator of its expectation

Ex p[T(X) Y] = ¢ =Ex,[T(X)[n] = ——
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and
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Fisher Information for 1.1.D. Measurements

Corollary 2. Suppose that the elements of X =
(X[0], X[1],..., X[N —1]}* are iid. with density fy o(x]|0)
and that the conditions (i) and (ii) hold. Define the contribution
of a single measurement (X|0], say) to the Fisher information:

0

7,6) = of [0 £ o(X[0] )]

(Here, we arbitrarily pick X|[0] as our single measurement, its
contribution to the Fisher information is equal to that of X|[1]
etc.) Then, the Fisher information Z(6) for 6 based on all
observations x is easy to compute using Z,(0):

T(0) = NT,(6) and varX|9[T(X)]2]|:ZD/Z(19();).
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Proof.

I0) = varej|osinfxjo(X |0)
= VarX|0{z—:%lan|9(X[nH9)}
LS vare o[ o o fjolX 0] 16)] = N (6).

n=0

Example: Suppose that X[0], X[1],..., X[N — 1] are i.i.d.
observations from N (u,0?), conditional on u. Here, p is the
unknown parameter and o2 is a known constant. Note that
the conditions (i) and (ii) hold, since N'(u, 0?) with parameter
{1t is a member of the exponential family of distributions. Then

I faelo] 1) = —3n@m0?) — -5 (alo] - ?
Ol f al0] 1) _ alo]—
o o2
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and

Since the exponential family of distributions satisfies (iii) as
well, we could differentiate the score function with respect to
[
O In fy,@l0)| ) 1
ou? o2
and apply (13) in Proposition 2:

0” 1
Ii(p) = —Ex|pu a—/ﬂlanm(X[O] )| = 2

o

By Corollary 2, the Fisher information for p based on
X[0], X[1],..., X[N — 1] is

T(w) = NTu(w) = oy (18)

Is the sample mean

X =~ ™ X[l

n=0
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an MVU estimator of 7 Observe that

E x | ,LL(Y 1) — H
| N-1
vary | ,(X | i) = N3 Varxm( Z X|[n] \,u)
n=0
X[n]iid 1 o’
L N vary (Xl | ) = %
see (18) 1
= —— = CRB(u
T(w) B0

and, therefore, 7 is an MVU estimator of . Since X does
not depend on o2, it is MVU for any o?. Hence, X is an MVU
estimator of 1 even if o2 is unknown.
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Efficiency

Definition. An unbiased estimator of @ that attains CRB for
O for all 8 in the parameter space ® is said to be efficient.

Note: Efficiency implies MVU. However, MVU does not imply
efficiency, because CRB is not always attainable by MVU
estimators (at least not for finite samples, i.e. finite N).

Under certain regularity conditions, maximum-likelihood (ML)
estimators attain CRB asymptotically (for large IV); hence they
are asymptotically efficient, which is one of the main reasons
for their popularity, see handout # 3.

Proof that efficiency implies MVU. Recall Corollary 1: for
any unbiased estimator, its variance must be greater than or
equal to the CRB. If there exists an unbiased estimator whose
variance is equal to CRB for all @ in the parameter space O,
then this estimator must be MVU.

In the following theorem, we give necessary and sufficient
conditions for CRB to be attainable. This theorem formalizes
the results on pp. 16—18.

Theorem 2. Suppose that assumptions (i) and (ii) hold and
there exists an unbiased estimate T of 1)(0) that achieves the
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lower bound of the information inequality theorem (Theorem 1)
for every 0. Then fx o(x|0) is a one-parameter exponential
family with pdf/pmf of the form

fx0(x|0) = h(z) exp[n(0) T(x) — B(0)] (19)

see also (2). Conversely, if fx|o(x|0) belongs to the one-
parameter exponential family of the above form and n(6) has

a continuous nonvanishing derivative on the parameter space
©, then T(X) achieves the CRB and is the MVU estimator
of E x 9[T(X)|0]. Hence, T'(X) is an efficient estimator of

E x o[T(X) |6] = ().

Proof. See Bickel & Doksum, Theorem 3.4.2. Sufficiency (i.e.
that having exp. family implies that the natural suff. stat is
efficient) was proved on pp. 16-18. O

For further reading, see also Property 4 in Section 4.4.4 of
Hero's notes.

Theorem 2 gives both the necessary and sufficient conditions
for an efficient estimator.

Comments:

e (19) can be used to show efficiency of S(X) if there is an
affine relationship between S(X) and the natural sufficient
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statistic T'(X):

S(X)=_a_ T(X)+b (20)

where T(X) is the natural sufficient statistic of the
exponential family in (19).

Note: if T(X) is an efficient estimator of its expectation
E x9[T(X)|0], this does not imply that a non-affine
function of T'(X) is an efficient estimator of its expectation.
For example, suppose that T'(X) is an efficient estimator
of its expectation; then S(X) = 1/7T(X) will not be an
efficient estimator of E x| 4[1/7'(X)] in general.

Example. X[0], X[1],..., X[N — 1] are i.i.d. Poisson(\):

) Ao @(n] NN
D €T = — exp(—
1 Hfj 0133[”]!
| N—1
= 7 eXp(Zx ,ln)\,—,N)\,) (21)
ano z[n]! n=0 n A(n)
———

T(x)

where X = [X|[0], X[1],...,X|N — 1]]T and = =

[«[0], z[1],...,z[N — 1]]'.  Note that px|r(x|\) in (21)
belongs to the exponential family of distributions, with
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A = exp(n), and
A(n) = N A= N exp(n).

Now, apply Theorem 2: the natural sufficient statistic

N—1
T(X) =) X[n]
n=0
Is an efficient estimator of
dA(n
Ex T |1 = 5 = N exp(n) = N
and
_ d*A(n)

vary | [1'(X)] = N exp(n) = N .

dn?

We apply the affine transform (20) with a = 1/N and b = 0
and conclude that

N—-1

T(X) 1 —
S(X) =—5 A,;%[m
Is an efficient estimator of
— E x[T(X) |n]
A=Ex (X |n) = 5 = exp(n)
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and

_ 1 1 A
varx | (X | 1) = <5 varx | (T(X) [n) = 55N exp(n) = .
By efficiency,

— A
vary | A(X | A) = N CRB(\)

which is consistent with the CRB result for the Poisson mean
parameter \ in (6).
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Cramér-Rao Bound: Example

Consider a sinusoid of unknown frequency but known amplitude
and phase:

sin; f] = Acos@2mfn+¢) 0<f<0.5
sin; fl+Win] 0<n <N —1.

s
El
||

Assume that W n] is additive white Gaussian noise (AWGN)
with known variance o2. (Recall, the AWNG assumption on
W n] is that Wn| are i.i.d. zero-mean Gaussian with constant
variance 02). Then

\/2;? .exp | — 2%2 - (z[n] — s[n; f])?

fx (@[] ] f) =

Since the observations are independent, the likelihood function
of f for the data x is

fX|fa3‘f HfX|f

where & = [z[0],z[1],...,z[N — 1]]*. Taking the logarithm
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yields

1an|f(w|f)

(z[n] = s[n; f1)* +

Ol fxs(x|f) 1 = Osn f]
of - o2 e of
and once more:
8% fy | (x| f) 1 Psng f]
(‘9]1’2 0-2 nzzo an
LN~ (0sln £
o? nO( of ) |

const,

not a function of f

The negative expected value of this expression is the Fisher
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information:

dlnln fy| (x| f) 1 < 1(
I(f) = -Ex
If[ of } s
N—-1
= SNR: ) [27 N -sin(27fn+ )]’
n=0

where SNR = A?/0? is the signal-to-noise ratio. The CRB is

AN

1/Z(f) < varx | ¢(f)

for unbiased frequency estimators f.
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Cramér-Rao bound — Example (cont.)

Consider the case where SNR =1, N = 10, and ¢ = 0. Then
sln; fl = A cos(27 fn).

Recall that IV, A, ¢, and 0% are assumed known.

Cramer-Rao lower bound

1 1 1 1 1 1 1 1 1
o oos 01 015 0.2 025 03 0.35 0.4 0.45 0.5
Frequency

CRB for f as a function of f, for SNR = 1, N = 10, and ¢ = 0.

There are preferred frequencies.

Consider now the case where SNR = 1, N = 10, and ¢ =
—7/2. Then

siln; fl = Asin(27 fn).
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w10

Crarmer-Rao lower hound

u] 0os 0.1 015 0.2 025 03 0.35 0.4 0.45 0.5
Fregquency

CRB for f as a function of f, for SNR = 1, N = 10, and ¢ = —7 /2.

Here, f \ 0 is good for frequency estimation because we can
easily differentiate between the case of no signal at all (which
happens at f = 0) and a sinusoid with amplitude A.

CRB results can be used to design a good frequency-estimation
system.

In general, CRB is used as a

e measure of the potential performance attainable from the
system,

e benchmark for assessing algorithm performance,

e measure for system design.
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Multiparameter CRB

We extend the CRB to the case of several parameters, i.e. a
parameter vector

0=10...,04".

Proposition. Assume that the parameter space ® is an open
subset of IR" and that fx|e(x|0) satisfies conditions (i) and
(ii) when differentiation is with respect to 0; i = 1,2,... d.
We define the d x d Fisher information matrix (FIM) for the
parameter vector 0 as

7(0) = (T; 1(0)) i ke {1.2,....d)

where

9 9
5 o(X16) 5o-In fx|o(X|6) \9}

Tik(8) = E x|

Under the above conditions, the following hold:

(a)

0
EX|9{89i )\0}:0 i=1,2,....d
0 0
Ii,k:COVXw{aH o(X |0), 3(9 In fx o (X]0) ’9]
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for i,k € {1,2,...,d}. Using matrix notation, we rewrite
these results as

%
Ex (0|59 fx o(X]6)] 6] = 0

d X 1 vector of zeros

and

9
Iw)zawmgbemfm Xwe\ﬂ

(b) For i.id. measurements X|0], X[1],..., X[N — 1] and
X = [X[0], X[1],...,X[N —1]]*, FIM for 0 is

N1Z:(0)

where 11(0) is FIM for 8 and a single measurement X |0],
say (or X|[1] etc).

(c) If, in addition to the above regularity conditions,
fx1e(x|0) is twice differentiable and integration (with
respect to X ) and double differentiation (with respect to 0)
under the integral sign can be interchanged, then

02 .
Z(0)]ik = —Ex|o 90,00, In fxo(X|0) i, ke{l,2,....d}.
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Example. Suppose

X6 ~ N(u,0°)

and
0 = [HvO_Q]T
Then
In fxjo(216) = —@m) ~ Fno?) — 5 5(r — p)?
T0(6) = ~Ex|o{ g nlx1o(X0)]}
= Ex|e(0_2) =0 ”
T12(0) = —Ex|e{%%ln[fx|e()(|9)]}
= —0 "Ey|o(X —p) =0=1T7(0)
0? 4
T00) = —Exio [mln[wa(XW)]] )
Therefore Ly
7(6) = [ o P ] | (22)

Multiple I.1.D. Observations:

X[n]|0 ~N(u,o?) n=01,....,N—1
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with
0 = [u,0°]".

Then, (22) implies that

and, consequently,

7(6) = N [ (’O 0_2 /2 ] . (23)

Decoupling: FIM in this example is diagonal. Therefore, CRB
for ;1 remains the same whether or not o2 is known. Similarly,
CRB for o2 is the same regardless of whether or not u is known.

In general, the more parameters!, the larger (or equal) the
CRB; the CRBs are equal in the case of decoupling. See
problems 3.11 and 3.12 in Kay-I.

Theorem 3. Assume that the regularity conditions from p.
3 hold and suppose that FIM Z(0) is positive definite (hence
nonsingular). Then, for

E x16[T(X)| 6] =v(0)

IWe have to compare nested models; otherwise, we would be comparing apples and
oranges.
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the following holds:

_1 09(6)
00

vary o[T(X) | 6] = 220)

— 007 Z(6)

(24)

More generally, for a d-dimensional statistic T(X) =
T1(X),..., Ty(X)]* and

$(0) £ Exo[T(X)|0] = [11(6),...,10a(0)]  (25)

we have
oY (60 o (T
covx oT(X) 6] = PP 76) 1 P
Comments:
’ oY (0 o (0)"
covx o[T(X) 6] = 70 ()1 7 10)
means that
O (0) _109(6)"

covx|o|T'(X)|0] — > 0

00" Z(0) 00

I.e. the matrix on the left is positive semidefinite. Recall: a
matrix A is positive semidefinite if

g Ag>0 Vq. (26)

EE 527, Detection and Estimation Theory, # 2 37



e If T(X) is an unbiased estimator of 0, i.e.
E x |o[T(X) 6] = (6) = 6

then
covx |o[T(X) 6] >Z(8).

e Suppose now that
() = 0;
corresponding to T;(X), where T;(X) is the ith element of
T(X) (and T'(X) is an unbiased estimator of 8). Now,

oy (6) T
— = e 1 :
86 [07 07 707 . \/_/ 707 70]
1th place
and, consequently,
var x | Q[TZ(X) ‘ 9] 2 [I(H)_l]z,z — QRBZ,Z(HZ
(i, )th element of CRB matrix for @
e Notation: If
i a1(9) ] i (91 |
CI,(H) _ aggﬁ) ’ 9 _ 9:2
i am(H) i i Qd i
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I 8(11(9)/891 8a1(9)/602
80,(9) 8&2(0)/@91 8&2(9)/892

90 (0)/00, Dan(8)00,

and

00 007
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Multiparameter Exponential Family and
Efficiency

Consider the canonical d-parameter exponential family:

B

Fxtalw|m) = exp | 3 Ti(w) m—A(m)]| hiw)

=1

&S
I

7

T @)1

and assume that the parameter space of 77 is an open subset of
IR?. Then

Oln fx|,(z|n) 0A(n)
=T(x) — . 2
on (z) on (27)
Hence, the Fisher information matrix is
0% A(n
T(n) = covy |, [T(X) | ] = 221 (3g)
on on
——

d X d matrix

Theorem 4. FEach T;(X) is an MVU estimator of
EX|77[T7L(X)‘77]-
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Comment: The claim in Theorem 4 is different from stating
that 7;(X) is an MVU estimator for estimating

0A(n)
on;

EXln[ ( )|77]

if ni, k £ ¢ are known, which follows directly from Theorem 2.
How do we show this new claim?

Proof. (Theorem 4) Without loss of generality, we focus on
i = 1. Note that (15) implies

0% A
vary |,[T1(X) [n] = an(%n)
0A
By [T0(X) 1] = 3751” 2 b,
Therefore 5(m) ) S A(m)
onT  omonT
Is the first row of 5’2A( )
Z(n) =5, 87’77
implying that
1,
gﬁ;g) I(n)~' =[1,0,...,01Z(n) Z(n)~" = [1,0,...,0]

first row of Z(m)
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and, finally,

oY(n) .., _,0v(n)  (n) 9*A(n)
o T e T o o

= vary | ,[T1(X)]

i.e. (24) in Theorem 3 is satisfied with equality and T1(X) is
MVU for E x| ,/T1(X) |n]. O

Example: If X[0], X[1],..., X[N —1] given p and ¢ are i.i.d.
N (i, 0?), then

o 1N—l
X==) Xl

n=0

is the MVU estimator of i and

N1
~ 2 X[l
n=0

is the MVU estimator of 1 4 0%, This result follows by noting
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that

xio@]6) = @m0t 2exp { 103" (afn] - p)?)

N 2
= (2mog?)~NV/? exp(— a )
202

] | Nl
-exp{——(N— w’n] —2uN - 7 )}
202 N?;) )

\ 7

Ty ()

belongs to the two-parameter exponential family of distributions
and that T7(X) and T5(X) are natural sufficient statistics.
But, it does not follow that

is the MVVU estimator of o2.

EE 527, Detection and Estimation Theory, # 2 43



Gaussian CRB

Theorem 5. Suppose that X has an N-variate Gaussian

distribution,
| X ~ N (u(6),C(6))
0@ 10) = ————exp [~} (@ — )" 7 (& — )]

V(2m)NIC
Then, the (i, k)th element of FIM for 0 is given by

ou" o op 1 L8C ,_, 0C
- 2
Lik =567 ¢ g, (C 56, o0, (29)

(29) is a convenient general formula for analysis.
Proof. See Kay-I, App. 3C. O

Example: Consider the following signal-plus-noise model:
X[n|=sn;0]+Win] n=0,1,...,N —1

where 6 is the unknown parameter and Wn| is AWGN with
known variance o2. Then, we can write this model specification
in a vector form as follows:

N X N identity matrix

(X |0} = p(0) + W ~ N(u(0),c>___ T~ )

oY
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where

- s[1;0]
pu(0) = S[zf ’
s|IN — 1;0]

and C' does not depend on 6 (and, furthermore, is completely
known).

)

which is the familiar expression that we derived earlier, see p.
19. What if we have a vector of parameters 87 In this case,

1 optop 1 ~— Os|n; 0]
I(9>_02 o0 ae_ﬁnzzo( o0

N-—-1

I _ 1 oplop 1 Z Os[n; 0] 0s|n; 6]
YR 02 00, 00, o2 80, 00,

n=0

Example: X|[n|n =0,1,...,N — 1 is AWGN with variance
o2, i.e.

{X |0°} ~N(0,0° Iy).

If o2 is the unknown parameter, then

oLy 9C OO 1 N
I(O’ ) = 9 tr (C 80'2 C 80‘2 — 5 (0_2)2 tr(IN) - 9 (0_2)2
(30)
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and, therefore,

CRB(0?) = [Z(0?)] ! = 2 (;‘V) | (31)

Say we wish to compute CRB for o

CRB(o) = [Z(0)) " = [ (0 5EC50) | =

which can also be computed using (8): (0?) = (0?)Y/2,
Y'(02) =1/2- (62)7/2, and

(> _ (1/4) -0 o’

Z(02)  N/(20%) 2N’

Here, we consider the same measurement model as Example
2 in handout # 1. There, we studied the following family of
estimators of o2:

| V-1
52 = CN nz:% X2[n]

and found that
N

COPT:N+2
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yields an estimator

| Nl ;| Nl
s = Copr - N Z z%[n] = N 12 Z z%[n]
n=0 n=0

whose MSE is the smallest within the family:

MSEMIN = — CRB(O'2)

see (31). Note that 02 is a biased estimator of o and that
CRB is a lower bound on variance of unbiased estimators only.
Applying (10) leads to

2¢? gt

MSE{5?} = var, | {57} +°(0%) 2 =

+ (¢ —1)*(6%)?

since b(c?) = 1(0?) — 0% = (c—1) 2. Interestingly, the above
inequality becomes equality for

N
N+ 2

C = CopT —

The MSE bound (10) is not always attainable; we just happen
to be lucky in this case.
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