Detection and Estimation Theory

Outline:

e Overview of the course.
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Detection and Estimation Theory

What is this class about?

e Goal: Extract useful information from noisy data.

e Strategy: Formulate probabilistic model of data = that
depends on underlying parameter(s) 6.

e Terminology depends on the parameter space:

— Estimation:
o @cR" C" etc.
— Detection (simple hypothesis testing):
o 0§ €{0,1}, i.e. 0 means signal absent,
1 means signal present.
— Classification (multihypothesis testing):
of e {0,1,...,M — 1}, e.g. symbols in an M-ary
constellation.
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Applications

e Communications,

e Radar and sonar,

e Nondestructive evaluation (NDE) of materials,
e Biomedicine,

e Controls,

e Seismology, etc.
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Bibliography: We refer to the following books:

(Kay-1) S.M. Kay, Fundamentals of Statistical Signal

Processing:  Estimation Theory. Englewood Cliffs, NJ:
Prentice-Hall, 1993.

(Kay-11) S.M. Kay, Fundamentals of Statistical Signal

Processing:  Detection Theory.  Englewood Cliffs, NJ:
Prentice-Hall, 1998.

(Poor) H.V. Poor, An Introduction to Signal Detection and
Estimation, 2nd ed. New York: Springer-Verlag, 1994.

(Gelman et al.) A. Gelman, J.B. Carlin, H.S. Stern, and D.B.
Rubin, Bayesian Data Analysis, 2nd ed. New York: Chapman
& Hall, 2004.

(Wasserman) L. Wasserman, All of Statistics. New York:
Wiley, 1987.

For further reading, we may refer to a few other books or
material available on the Internet.
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Basics of Estimation Theory

Basic Ingredients:

e 1 Is measurement that we collect, modeled as a random
variable X,

e 0 is the true state of nature (parameter that we wish to
estimate),

e Data model, describing the probability distribution of X for
a given 6. If, according to this model, X is a continuous
random variable, then we specify the data model using
fx(x|0), the probability density function (pdf) of X given
6. If X is a discrete random variable, then we specify the
data model using px(x|0), the probability mass function
(pmf) of X given 6. Examples:

— continuous X : Gaussian: discrete X: Poisson, Bernoulli.
If we decide to assign a probability distribution to 6,

then we also need

e 7(0) = prior pdf/pmf of 6 (epistemic probability).
(Epistemic® refers to our knowledge about the true state of
nature.)

Goal: Find the true state of nature 6.

'From the Greek words episteme (knowledge) and epistanai (to know or understand).
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Example: Discrete-time Data

Measurements x[n] vs. sample index n, n =0,1,..., N — 1.

Assume that a finite data set is available:

x[N.— 1]

The measurements x depend on the parameter 6 through a
probabilistic model. An estimator of 6 is a function of the data:

AN

0(z[0],z[1],...2[N —1]) = 6(x).

AN

Note: The estimator 6(x) depends only on the observed data,
l.e. it must be realizable.
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Types of Estimators:

e Off-line (batch) estimator. Example — linear in data:
L N-1
0=0(x)= Z Ay, T[N
n=0

e On-line (sequential) estimator. Example (0 = s[n|):

sin]=apzxn]+a1xn—-1+...4axy_1z[n — N +1].
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Maximum Likelihood (ML) Estimation

fxi1e(x]0) [or px|e(x|0)] viewed as a function of 0 is the
likelihood function.

Comments on the likelihood function:

e For a given 0 and discrete case, py|o(x | 0) is the probability
of observing the data point x. In the continuous case, the
pdf fx|e(x|0) is approximately proportional to probability
of observing a point in a small rectangle around z.

e However, when we think of fy g(z|0) or px|e(z|0) as
a function of @, it provides, for a given observed z, the
likelihood or plausibility of various 6s.

ML estimation: Maximize the likelihood with respect to 6,
l.e.
6= argm@axfm@(a: 16).

ML is one of the most popular methods in statistics,
communications, and signal processing. We will see later that
the mean-square error of ML estimators typically attains the

best possible asymptotic performance (given by Cramér-Rao
bound).

EE 527, Detection and Estimation Theory, # 0 8



Bayesian Inference

In Bayesian inference, parameters (6, say) are assigned
probability distributions and inference is based on the posterior
distribution of 6

fxjol@|0)w(0)
[0 n(0) i

Bayes' rule (continuous-parameter version)

f@|X(‘9|5’3): (1)

Note: fo|x(0|x) is an epistemic probability.
Common Bayesian estimators:
e Maximum a posteriori (MAP):
Oviap = Ouap(z) = arg max fo | x (0| 2)
and

e Minimum mean-square error (MMSE):

é\MMSE — é\MMSE(a:) — E@|X[@ | X = z].

Comments: MAP estimation is typically the most tractable as
it does not require computing the denominator in (1), which is
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usually analytically intractable. (Note that the denominator is
not a function of 6.)

The MMSE estimator is derived by minimizing the Bayesian
mean-square error (BMSE):

BMSE{0} = E y.o[(6 — 6)?. (2)
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Bayesian vs. Classical (Non-Bayesian) Analysis

e In classical (non-Bayesian) analysis, inference is made based
only on the likelihood function (probabilistic model):

Ix | o(z]0)
say.

Criticism against Bayesian approach:

e subjectivity,

e different inferences possible based on the same data.

Criticism against non-Bayesian approach:

e ignores prior information,

e data that have never been observed used for inference.
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Model and ldentifiability
A model is a parametrized pdf or pmf fy | g(z|0).

Example: DC level in Gaussian noise

X= 0 + WV

parameter  noise ~N(0,02)

leading to
X ~N(0,0%)
or
Fria(z]0) = Nz ]0.0%) = ——— exp | ~ 55 (z — )
X|@ ) 27_‘_0_2 20_2 .

Note: Kay-l uses § = A to denote the DC level, see e.g.
Chapter 1.3.

For a specific value of 0, the density defines a model. Our goal
is to estimate the “best” model based on observation(s) .

Identifiability: An important property of a model structure is
parameter identifiability:

fx1e(-10) = fxje(-In) <= 0=n. (3)

Note: we do not care much about identifiability when deriving
estimation algorithms: there are many examples of deliberately
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fitting models that are not identifiable, some of which we will
mention in this class (e.g. PX-EM algorithm). But, this needs
to be done carefully.
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Example: DC Level in White Gaussian Noise

;o : . noise

DC level

el /|

observation— X [n] = a +\W/[n]

Choose white Gaussian noise model:
Wln] ~N(0,0%) n=0,1,...,N —1

where W[0], W[1],...,W[N = 1] are independent, identically
distributed (i.i.d.), and, therefore,

Fur (0], wll]. .. w[N — 1)) = T fow(awlnl)
! | Nl ;
— oVZRIN exp(—ﬁ;w[n]).
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Hence, X[n| are i.i.d. Gaussian N(a,0?). Why? We will
explain in detail in handout #0b.

For simplicity, assume first that the noise level o2 is known.
Statistical inference is based on the likelihood function:

(27”712)]\7/2 exXp [_ 2102]\[221(55[”] - CL)Q] (4)

fxjale|a) =

What if 02 is unknown? Then, the likelihood function is

1 1
2\ _ 2
fxjalz| \a,(, U/2>) (2w o2)N/2 eXp {—202 E 0: (z[n]—a) ]
0= a,o n=—

What is the difference between (4) and (5)7

Classical estimation theory from a signal-processing point of
view is covered in detail in Chapters 2-9 of Kay-I.
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Example: Bayesian Estimation of DC Level

e 4. known to be within
the interval [0.5 1.5] i T '
eAll values equally likely F & = .

Again, assume that o2 is known and set a prior distribution for
the DC level A:

1, 05<A<15
fala) = m(a) = { 0, otherwise

Then, Bayesian inference is based on the posterior distribution
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of A:

likelihood function
?X|A(aj | 615 m(a)
ffx|A(33|Oé)7T(Oz) dov

7

faix(a]z)

fx. alz,a)
exp | = 55 0 (aln] — )% | m(a)

01"55 exp [ — 2%‘2 Zivz_ol(x[n] — 04)2} do

Recall the common Bayesian estimators on p. 9:
e MAP:
Qniap = arg max faix(a|x) = arg mjx[fXM(a: la) m(a)]
and

e minimum mean-square error (MMSE):
avvse = E 4| x[A[ X =z] = /afA|X<04‘a7)d04-

Bayesian estimation from a signal-processing point of view is
covered in detail in Chapters 10-13 of Kay-I.
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A More Sophisticated Example:
Mitochondria Segmentation

Here, the data x are the electron micrograph of a cardiac
muscle cell.

The parameter vector 6 contains:

e number of mitochondria and

e Fourier parameters describing mitochondria shapes.

The prior distribution (@) is learned from hand-segmented
training data, using several hundred hand-selected electron
micrographs.

Idea: Mitochondria and cytoplasm have different textures; we
can utilize Markov-random-field (MRF) models to learn the
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texture from training data. Then, we use Markov chain Monte

Carlo (MCMC) techniques to draw samples from the posterior
distribution fg | x(0|x).

Reference: U. Grenander and M.l. Miller, “Representations of

knowledge in complex systems,” J. R. Stat. Soc., Ser. B, vol.
56, pp. 549-603, 1994.
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Another Bayesian MCMC Example
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See

A. DogandzZi¢ and B. Zhang, “Markov chain Monte Carlo defect
identification in NDE images,” in Rev. Progress Quantitative
Nondestructive Evaluation, D.O. Thompson and D.E. Chimenti
(Eds.), Melville NY: Amer. Inst. Phys., vol. 26, 2007, pp. 709-
716.

and

A. Dogandzi¢ and B. Zhang, “Bayesian NDE defect signal
analysis,” |IEEE Trans. Signal Processing, vol. 55, pp. 372-378,
Jan. 2007.
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