Kalman Filter

Reading:
e Ch. 13 in Kay-I.

e Ch. 13 in Moon & Stirling.

e A general exposition on state space and hidden Markov
models:

H.R. Kiinsch, “State space and hidden Markov models,” in
Complex Stochastic Systems, O.E. Barndorff-Nielsen, D.R.
Cox, and C. Klupelberg, Eds., London UK: Chapman & Hall,
2001, ch. 3, pp. 109-173.

EE 527, Detection and Estimation Theory, Kalman Filter 1



Kalman Filter: Model

Measurement equation:

Y= OOt Lp Tl 1)
interference noise

where k denotes the time index and the covariance matrices

V = cov(vg) (2)
R = cov(e) (3)

are assumed known. The matrix @ is assumed known as well.

State equation:

Br=HpB,_1+JIny (4)

where the covariance matrix

Q = cov(mny) (5)

Is assumed known. The matrices H and J are assumed known
as well.
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We assume that the random sequences vy, €, and 7, are
e i.i.d. and zero-mean,
e Gaussian, and

e mutually independent.

We also adopt the following prior pdf for the initial state:
fa0(B0) = N (8] B(010), P(0]0) ).

Choosing B(O|O) = 0 and a “large” prior covariance matrix
P(0]0) corresponds to a noninformative prior on 3,,.

These assumptions are depicted by the following hidden-
Markov-model (HMM) graph:

‘?: ’g'l
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implying, for example,

f50a51a52aylay2(/8071317/827y17y2)
X fﬁo(ﬂo) fﬁl |30(/31 |5o) f(52 |/31) fy1 |ﬁ1(?/1 ’/31) fy2 |32(92 | 52)-

The above model provides

fYk|5k(yk:|/3k) :N(yk ‘ g-b/Bk;V‘|‘R) (obs. eqn.)

and

f,@k|,3k;_1(/3k | Br—1) =N (B | HBy_1,J Q JT) (state eqn.)
where £k = 1,2,... Note the special conditional-independence
structure

{Y17 <oy Ykaﬁ()) S 76/{—1} uil {Yk—|—17 Yk—|—27 <o 76/€—|—176k—|—27 . } | Bk

depicted by the following graph:

)

2

Yi.O YEQ
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Useful Facts
It is really easy to marginalize Gaussian random vectors: if

fwix(w|z) = N(w|Az,Y) (conditional)
fx(x) = N(xz|u,C) (marginal)

then the marginal pdf of w is

fw(w) :/fW|X(w|a:) fx(x)de = N(w|Apu, AC AT+ X)
(6)

where “I" denotes a transpose. Of course, this also holds if
we condition on a realization y of some random vector Y (say

the observed data in the Bayesian setting): if

fwixywl|z,y) = N(w|Ax,X) (conditional)
fxiy(®|y) = N(z|p,C) (marginal)

then

fwiy(w|y) =N@wlA p A C A+ X ).

marginal marginal conditional
mean covariance covariance
of @ of x of w
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We introduce the following notation:

Y. — [y17 Y2, ... 7y/€]T

and denote the conditional density of i given y,.; by

f,@k; | Y1;l(/6 | yl:l)'

If k> 1, then f5 |v,,(B|yy,) is a prediction density.
If k=1, then f5 v, (B|yy.) is the filtering density.
If k <1, then f5 |v,,(B|y1,) is a smoothing density.

Matrix inversion lemma:
(A+BCD) ' =A"1'-A"'B(C'+DA'B)"'DA™. (7)
A useful identity:

(A+ BCD)'BC=A"'B(C'+DA ‘B (8)

which follows from BC(C~!' + DA™'B) = (4 +
BCD)A™'B.
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What Are Our Goals?

Goal: Estimate 3, on-line (in real time).

We need to determine the filtering density fs |,,.. (8% | Y1.1),
which is Gaussian. Then, its mean is the MMSE (online)
filtering estimate:

lg(k ’ k) — E,B]g | Y1,Y2,---,Yk(/8k ‘ Y1,Y9, ... 7yk)

We need the one-step posterior-predictive pdf

f,@k | yl:(k:—l) (IBk: | yl:(k—l))

also Gaussian. Its mean is the best one-step predictor:

/B(k | k o 1) — Eﬁk | Y1,Y2,...,Yk_1[/6k ’ yl) y27 “ e 7yk—1]‘

The Gaussian smoothing density fg, |y, (Bk [ Y1.(kts)) May
also be of interest. Its mean is the best delayed (smoothing)
estimate:

B(k | k + S) — E,Bk | Y1,Y2,...Yk+5[/8k | Y1,Yog, - .. 7yk—|—s]

for some positive index s.

How do we compute these pdfs and corresponding estimates?
Here, we answer this question for filtering and one-step
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posterior-predictive densities under the linear observation and
state-space Gaussian models (described above). This answer is
known as the Kalman filter.

HW: Compute the smoothing pdfs.
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Kalman Filter: Derivation
We derive the Kalman filter by induction, starting with £ = 1:

o Ile(k_l)(Iqu | y1:(kz—1))‘k:1 — fﬁ0|ylzo</80 | Y1)

nothing

= fa0(Bo) = N'(By | B(0]0), P(0]0)).

At time index k — 1, our knowledge about 3, _; is given by the
filtering pdf

fﬁk_l | le(k_l)(ﬁk—l | yl:(k—l))
= N (Bir | Bk = Lk = 1), P(k = 1]k — 1))

where
-~ AN
IB(k —1 ‘ k o ]‘) — E,Bk_l | Yl:(k—l) [IBk—l | yl:(k—l)]
AN
P(k —1 ‘ k — ]‘) — COV,Bk_l |Y1:(k;—1) (IBk—l | yl:(k—l))' (9)

Suppose that we are at time k£ — 1 and wish to predict 3,. We

assume that the filtering pdf fﬁk—1|Y1:(k—1)(’6k—1 | Y1.(k—1)) 1S
known. Our prediction task requires the computation of the
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one-step posterior-predictive pdf fgk|Y1:(k_1)(ﬁk|y1:(k_1)):
fﬁk | Yl:(k}—l) (13]{3 | yl(k—l))
— / fIBkan:—l | Yl:(k—l) (IBkﬁ l8 ‘ yl(k—l)) dIB

:/ fﬁk; | ﬁk_1,Y1;(k_1)(IBk | 3, yl:(k—l)z f,@k:—l Ile(k_l)(ﬁ | yl:(k—l)) dg

fe,18,._,Br|8B)

_ / Tt on s (Be 1 B) Fa_y 1vre sy (B Y06 1) dB (10)

see the HMM graph below, where we observe:

(3 1]

i S }
G Q Yko

Br LY o1y | Br_q

implying
or, equivalently,

f,Bk- | ,8]{,_1,Y1;(k_1)(18k: | Bk—l? yl:(k—l)) — fﬁk; | ,3]<;_1(/6k ‘ IBk—l)'
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Both fﬁk; | ﬂk_1,Y1;(k_1)(/8k | /614—17 yl:(k—l)) — fﬁklﬁk_l(ﬂk ‘ IBk—l)
and fg,_ . |Y1:(k_1)(,8,€_1 | Y1.(k—1)) are Gaussian:

conditional
A

ffﬁk | Bk—laYL(k—l)(’Bk | /Bk:—la yl:(kz—l)j — N(Bk ‘ H/Bk:—la JQ JT)

fﬁk—l |Y1:(k—1) (IBk—l | yl:(k—l))
ma:énal

= N(Broy | Blk =11k = 1), P(k = 1]k - 1))

and we evaluate the integral (10) using (6):

Fon 1 v, Be | Urgemy) = N (B | HB(k — 1]k — 1),
HPk-1k-1)H"+JQJ").

Define
~ A ~
Bklk—1) 2 HBMk-1k-1)
Plklk—1) 2 HPk—-1lk-1DHT+JQJT

which leads to compact notation for the one-step posterior
predictive pdf of the hidden process 3;:

Fon1¥ae Bi | W) = N (81 | Bk | k=1), P(k | k—1)).
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Suppose now that time k has arrived and that we have collected
a new observation y,. Here, the one-step posterior predictive
pdf pﬁklyl;(k_n(/ak‘yll(k—l)) is known. We wish to update
our knowledge and incorporate y, by computing the filtering
density fs, |y, (Bk | Y1:1):

fﬁk; | Y1;k;(/6k (Y1) = fak | Yk,le(k_l)(/Bk | Y, yl:(k—l))
X fﬁk,Yk; | le(k_l)(lgkv Yi ‘ yl:(k—l))
X fYk |IBI<;’Y1:(I€—1) (yk ’ 18]{7 yl:(k—l)z fIBk|Y1:(k:—1) (Bk ‘ yl:(k—l))

fy 18, (vE | Br)

N | V4R N(am(krk ~1),P(k | k- 1>>

X exp[—% (yk - ¢/3k)T (V T R)_l (yk - gpﬁk)]
cexp{—4 By — Blk|k—1)]" P(k|k—1)""[8), — Bk |k — 1))}

see the HMM graph below, where we observe:
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implying
Y, LY 1| B

or, equivalently,

fYk | Bkal:(k—l) (yk | lgk’ yl:(k—l)) — fYk; | ,Bk(yk | /6]{)

Expanding the quadratic forms in the exponent and grouping
the linear and quadratic terms vyields

oy | Y1;k(16k | Y1.k)
> exp { — 3B, [9T(V+R)"'0+ P (k| k—1)] B,

P=1(k | k)

+BL [BT(V + R) Yy + Pk k= 1) Bl k- 1))}

= N (Bic| POk k) [#7(V 4+ R) My + P~ (k[ k= 1) Bk |k — 1))
P(k| k)
implying [see also (9)]
Pk|k)=[¢"(V+R) o+ P ' k|k—-1)]"
and

Bk |k) = P(k|k) [8"(V+ R) 'y, + P~ (k |k —1) Bk |k — 1)]
= P(k|k) T (V + Ry, + Pk|k) P~ (k|k—1)B(k|k—1).

EE 527, Detection and Estimation Theory, Kalman Filter 13



Recall the matrix inversion lemma:
(A+ BCD) ' =A"t'—A"'B(C'+DA'B)"'DA™!

and apply it as follows:

P(k | k)

! A e — X D
P Y k|k—1)+ &7 (V+R)" 179 ]!
= P(k|k—1)

—P(k|k—1)0"[V+R+ ®P(k|k—1)0"]" oP(k|k — 1)

2 K (k)
yielding
Pk|k)=Pk|k—1)— K((k)oP(k|k—1) (11)
where

4

K(k) = P(klk—1)?"[V+ R+ ®P(k|k—1)o"]!

is known as the Kalman gain. Apply the identity

(A+BCD)'BC=A"'B(C'+DA'B)™!
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as follows:

P(k|k)
Pk )+ I (VR o) e (VAR
A B C D B C

= Pk|k—1)@'[V+R+®Pk|k—1)d"] = K(k). (12)

Now, we utilize the identities (11) and (12) to simplify B(k | k)

in (11):

K(k),Js\ee (12)
Bk|k) = P(k|k) T (V+R) "y,
I—K(k)/qz see (11)
+Pk|k)YP Nk |k—1) B(k|k—1)
= K(k)y,+[I—K(k)®|B(k|k—1)

= Bk|k—1)+K(k) [y, — B(k|k—1)].

We now summarize the Kalman-filtering scheme:

Bk|k—1) = HB(k—1[k—1)
Plklk—1) = HP(k-1|k—1DH"+JQJ"
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and complete the recursion as follows:

Bklk) = B(k|k—1)+K(k) [y, — ®B(k|k—1)]

NG 7

N~

prediction error

Pk|k) = Pk|k—1)— K(k)®Pk|k—1)

where
K(k) = P(k|k) o7 (V + R)™L.

Both the one-step posterior-predictive and filtering pdfs are
multivariate Gaussian, implying that they are completely
described by their mean vectors and covariance matrices:

f,@k | le(k_l)(lgk ‘ yl:(k—l))
= N(,Bk |,/6\(]€ | k — 1), P(k ‘ k — 1)) (one-step post. pred. pdf)

fop 1Bl yr) = N (B | Bk | k), P(K|8)) eing oo
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Comment

Since Kalman filter is linear (affine, more precisely), it is also
the LMMSE estimator.
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LMS and RLS Algorithms

Note that
K(k)=P(k|k) o7 (V + R)!

see (12). Now, the expression for the posterior mean B(k’ | k)
can be written as

Bk|k)=pB(k|k—1)+ K(k) [y, — B(k|k—1)]
= HBk-1|k—1)
+Pk|k) T (V+R) My, — @HB(k—1]k—1)]. (13)

To establish a relationship between the Kalman recursion and
RLS and LMS algorithms, choose H = I and J = 0, in which
case the state equation (4) reduces to the statement that the
“state” is constant:

Br=HpBy 1+Jm. =0, = B

. . . T-]_
Replace the matrix @ by the time-varying vector x; :
T

Then, the measurement equation (1) simplifies to

yr = T3, B+ v + €.

1The time-varying extension of the Kalman recursion is trivial.
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Under the above assumptions, (13) simplifies to

V+R

Bk |k) = Blk—1]k—=1)+ [yr—af Blk—1]k—1)]

which (almost) corresponds to the basic form of the recursive
least-squares (RLS) algorithm. We need an update equation
for P(k | k):

P(k | k) P(k|k—1)

HP(k—1| kI)HTJrJQJT
- K (k) ¢ P(k|k—1)

S =
P(k|k—1)oT [V4+R+-OP(k|k—1)0T]—1

which reduces to

Pk |k —1)zpxl P(k |k — 1)

Pk|k)=Pk—1|k—1)—
(kk) =Pk =1k=1) V+R+alPk|k— 1y,

P(k|k—1)=P(k—1|k-1)

Pk — 1]k —1)zpal Pk —1]k—1)
V+R—|—£BZP( —1“6—1)3% .

Plk—1]k—1)—

If we define

1>

h 2 Plk—1k—1)a
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then

 hgx P(k—1]k— 1)z,
V4+R+alPlk—1|k—1)xy
V+R

— Ay,
V+R+alhy "

To summarize, here is our RLS iteration:

BUEK) = Bk [ k=Dt gt ek Bk 1 k1)
where
he = Pk—1|k—1)z
T
Pk|k) = Pk—-1|k—1)— v+2kf§;{hk‘

Compare the above recursion with the least-mean-square (LMS)
algorithm:

B(k|k) =Bk — 1|k —1)+ pay[yx — ot Bk — 1]k —1)]

where p replaces P(k — 1|k —1)/(V + R+ ! hy) in the
RLS iteration. Thus, the LMS algorithm can be viewed as an
approximation to the Kalman filter, for a simple constant-state
dynamic model.
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Kalman Filter: Example

Example 13.3 in Kay-l. Time-varying channel estimation:

p—1

y[n]zz w vin — k] + i‘i[fl (14)

k=0 time-varying  transmitted noise
channel signal

If the channel coefficients are not changing too fast, we can
model their variation by the following state equation for h|n]:

hin] = Ahln — 1] + w(n]
where

pin) = | el

| hplp — 1]
A is assumed to be a known p X p matrix, and w{n| is a
noise vector with covariance matrix o2 I, where I denotes the
identity matrix of appropriate dimensions. The measurement
equation follows by rewriting (14) in the matrix form:

yln] = [v[n] vin —1] -+ v[n — p+ 1]] hn] + wn].
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Kalman Filter: Example

Consider the following scalar linear system in state-space form:

Yp = O+ €k
B = hBr_1+JIn kE=1,2,...

where the random sequences €, and 7 are
e i.i.d. and zero-mean with variances 02 and 1 (respectively),
e Gaussian, and

e mutually independent

and the prior pdf for the initial state is

f3,(Bo) = N (50 0,0).

(a) Write the Kalman-filtering equations for this system.

(b) Interpret the prior pdf fg,(80) = N(Bo|0,0), i.e. how
much do we know about the initial state 3,7

(c) What happens when

2

<1
oF:
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and when
J2

— > 17

Oc

Interpret the behavior of the Kalman gain in these two
scenarios.

(d) Consider the steady-state scenario where & 400 and
obtain the corresponding Kalman-filtering equations. Find
the Kalman gain K (k) as well as P(k|k) and P(k|k — 1)
under this scenario.
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